T =X 4784

RN EAERET BRI

TOPICS ON REACTION-DIFFUSION
EQUATIONS WITH LARGE DIFFUSION
RATE WITHIN THIN COMPONENTS

R AR ERE
RSB TRIMRBIEEZIR

—O=—%FHH



EWNE7KE: 029 2ERREYS . 14325

ERRE 5 EE: QA299.6 weh: NI
PR 22D L
R B A IERET BEE RN
mETHRE: =5
& S M FRIMIRBIEEIR

B 5 ¥ i Pt

F R T A B

% Bt H HA: 20215 H

B o B AR

RIS T AL AR A



Classified Index: 029
U.D.C: QA299.6

Thesis for the degree of Master of Science

TOPICS ON
REACTION-DIFFUSION
EQUATIONS WITH LARGE
DIFFUSION RATE WITHIN THIN
COMPONENTS

Candidate:

Supervisor:

Academic Degree Applied for:

Speciality:

Date of Defence:

Affiliation:

Degree-Conferring-Institution:

Huang Zhonggan

Assistant Professor Linlin Su

Master of Science

Mathematics

May, 2021

Department of Mathematics

Southern University of Science and Technology



S

wm E

X IESCE ENE 1 IE R SER0D RS RIS SR, TR SEROA FR
PRI L AR H, ASCRE— 1T IR s W _ERYSERB0D F 2k fF, IR —
NRBCHBIANE, FATE B SRR L R R BB B AT X DEMRAK
REFE B EA IR R L RERCR AV ILIE IR, 25 T SR TR IR BOTE N GEAS R AR O A%
R AR T ERXFEEN ARG NI, )5, TATTIR T IERSEE &
REREY, SLRUERRRAIE KR, &5, ASOCEH T ML R AR B
W SEOER R R — B T AR

KPR ERSEROAFRM, SRULHRARL, 951k, P eloRR



ABSTRACT

ABSTRACT

This thesis discusses the homogenization problems of Road effective boundary con-
ditions (EBCs). The concept of Road EBCs was proposed recently by H. Li and X. Wang,
and in this thesis, we extend the effective conditions on closed curves to those on patterns,
especially on the included nodes. We derive an explicit formula for the effective diffusion
tensor by using the solutions to some effective cell problems after homogenizing Road
EBCs. We also prove that homogenization process commutes with the derivation of Road
EBCs. By analyzing the effective diffusion tensor, we obtain several rules for maximiz-
ing its trace with given Road-effective-diffusivity/scale and length/scale in each cell and
define a notion of balanced patterns. Moreover, we give an estimate of the trace of the
effective diffusion tensor of patterns satisfying some connectedness as Road-effective-
diffusivity/scale goes to infinity. Finally, we present a convergence rate result of Road ef-
fective boundary conditions (EBCs) in reaction-diffusion equation with Fisher-KPP type

nonlinearity, which was an unsolved question in Li and Wang’s article.

Keywords: effective diffusion tensor; Road effective boundary condition; homogeniza-

tion; balanced pattern; convergence rate
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CHAPTER 1 INTRODUCTION

CHAPTER 1 INTRODUCTION

A reaction-diffusion equation is a partial differential equation (PDE) that models
mass/species diffusion/dispersion, creation/reproduction and degradation/death within
some space-time region. Let T > 0 be the final time and u(x,t), x € R",r € [0,T]

the density of mass/species. Then the model (without a boundary condition) usually takes

the form
ou
—=V - (AX,)V.u) + f(x,t,u), x e R", t € [0,T]
o X o+ (1.0.1)
u(x,0) = w(x),

where A is called diffusion tensor and satisfies some proper conditions, y is the initial
density, and f is called reaction source term and describes how fast the reaction takes
place in the time-space and how it depends on density u.

The main purpose of this dissertation is to investigate the effects of A, especially
when A takes large/small values within some thin spatial regions. This topic was first
proposed by Li and Wang [22] in 2017, in which they assumed that on a thin road R X (0, 6)
with 6 > 0, A = 6(8) and A = 1 elsewhere. For different scaling relationships between
o and 6 as 6 — 0, they derived various effective boundary conditions (EBCs) on the
road without width (i.e., R X {0}). In each of the cases, the EBCs indicate the effects
of the singular values within some thin regions in a neat way. To test the effects of these
EBCs, they assumed that f = u(1 — u), which relates this idea to another famous theory
about Fisher-KPP equations, which was first proposed by Fisher [14], and Kolmogorov,
Petrovsky and Piskunov [20]. In the classical 1-D setting, the solutions with compactly
supported initial values to the equation (1.0.1) with diffusion rate 1, and reaction rate
u(1 — u) will be asymptotically equivalent to a function of the form U (x — ¢*t), with U
satisfying the ODEU" +¢*U'+U(1-U) = 0. Here ¢ is called the propagation speed of
the species, and it was computed that in this particular case ¢* = ZW = 2. In higher
dimensional spaces, one can also define propagation speed of solutions, and if the diffusion
tensor is identity and f = u(1 — u), the propagation speed will still be 2. Returning to Li
and Wang’s article, we will see an interesting result that, when 66 — a > 0as é — 0,
the propagation speed in x-direction will be much larger than 2, which clearly exhibits the
effects of the EBC. For more materials on the study of propagation speeds, we refer to

[5-7,9, 12-13, 16-18, 20, 34, 40].



CHAPTER 1 INTRODUCTION

In the main part of this dissertation, we will take a further look at the effects and
properties of A with large jumping discontinuity. To begin with, we extend the road ef-
fective boundary conditions to those on patterns, and discuss the homogenization problem
of these effective conditions. The following results have been published in Journal of Dif-
ferential Equations.

The major issue is the commutation between the classical periodic homogenization
and the “Road” effective boundary condition (EBC) proposed by Li and Wang [22-23].

For €, 6 > 0, we consider the following family of problems,

=V - GV’ (x) = f(x), x € QCCR? (1.0.2)

u’€(x) = 0, X € 002,
where 6(x) is 1-periodic, and (in [ ] = (0, 1)2) equals o = O(1/6) when x lies in a o-net
Rg defined by using a collection G, called “pattern”, of C? curves in the flat torus 1]'2, and
1 elsewhere. Without losing generality, we assume that the curves in G do not intersect
one another at interior points and any two curves cannot compose a new smooth curve.

We invoke a result in [15] (Lemma 14.16) that given y € G, when 6 > 0 is small,
there will be a C! curvilinear coordinate system (s, 7), where s € [0, /] along the tangents,
and 7 € (-0, 0) along some smooth unit normal field are both unit speed. Define Rg to
be the image of (0, /) X (-6, 6), and RQ+ = Rg N {r > 0}. We further define

r=J\R.Rs=|JR;and R} = | J R},
y€G 6>0 yEG Y€G

After choosing a proper periodic extension of G to R2, we may consider the above curves
and sets as distributed periodically in R?. Notice that given a periodic extension of G, its
planar translation is still an appropriate extension. In the major part of this article, we will
ignore this small difference caused by translation because it will not change the ultimate
effective model, but in Section 4, we will point out its importance in further analysis. A
typical example is illustrated in Figure 1.1.

Physically, these §-roads R;’ represent thin wires that possess a higher diffusion rate
than in the materials elsewhere, and the solution %€ to the full model (1.0.2) could de-
scribe the effects of the roads in a sufficient way. However, there are many obstacles
in directly considering the full equation either analytically or computationally. In PDE
theory, the solutions don’t have much regularity because of the discontinuity of diffusion
rates, and in computational PDE theory, obtaining the solution requires huge computa-

tional resources due to the small scales involved in the equation.

2



CHAPTER 1 INTRODUCTION

i D D D
- Ye(71)
(a) Viewed in one cell. (b) Viewed in a nine-palace.

Figure 1.1  This is a qualitative illustration of a typical pattern extended periodically in R?; the
blue curves enclose Rg’ for 1 < i < 5 (“ys” and y, are regarded as the one single
curve); even though y; and y, form a straight line, the intersection of which and y,
forces us to consider the two arcs separately; each y; splits Rg" into two (curved)
quadrangles, and Rg’ . can be chosen to be any of the two.

To resolve these issues, we exploit the periodic homogenization and EBC theories,
and discuss the effective model after sending 6,e¢ — 0. One may immediately observe
two ways that possibly lead to two models. The first model is the relatively traditional
one: sending € — 0 and then 6 — 0. By periodic homogenization, the first step gives us a
homogenized model with constant diffusion tensor X5 dependent on 6, and so this method
mainly focuses on the limit of X5 as 6 — 0.

The second way is to reverse the above process: sending 6 — 0 first and then € — 0.
According to Li and Wang’s theory [22-23], when sending 6 — 0, we know that at the
scale of ¢ > 0, the road width should be €6, and if 66 — a > 0, then there will be a Road
EBC on each copy of ey for each y € G,

0e 0™ )t
acuss = S - i,
on on

in which the notations will be discussed in the ensuing theorem (“ae” represents the Road

2

effective diffusivity, “6€” the road width and “e” the scale). At this stage, sending ¢ — 0
means to do homogenization of interior boundary conditions. It is worth mentioning that
in this article, we find the EBCs on a collection of C? curves including nodes instead of
disjoint C? closed curves as presented in [23]. Certainly, the arising conditions on the

nodes in this case will be carefully discussed in section 2.4. The following theorems are

3
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our main results.

Theorem 1.1: The two intermediate effective models are actually the same. More pre-
cisely, on the one hand, by sending ¢ — O first, we obtain a solution u® to the classical
homogenized problem with index 6. On the other hand, by sending 6 — 0 first, we obtain
u®¢, which is isotropic but satisfies Road pattern conditions with road diffusivity ae. If one
sends 6,¢ — 0 (for some subsequence) respectively, then both two sequences converge

weakly to uVin H é(Q) as €,5 — 0. Moreover, u®? satisfies the effective equation

V- (Z,Vi")x) = f(x), xeEQ,

(1.0.3)
u*0(x) =0, X € 002,
where for I,k =1, 2,
(Zo)yg = -+ @ | @@, (104)
I
and v = w; — x; satisfies the following conditions in the weak sense
—Av(x) =0, x e [\,
v(x) + x satisfies Road Pattern Conditions with road diffusivity a, x € I7,
v is 1-periodic in R?, and ID v=0,
(1.0.5)

where a proper function u satisfies Road Pattern Condition with road diffusivity a if
1. For each arc y € G, if s represents a unit-speed reparametrization and 7 a unit
normal field on y, then the domain is locally split into two by the arc, and we may
call the one directed by # positive, and another negative. On this arc, u satisfies
a”—_—M(ifu— v+ x,, we have av,, + a(x;).. = o _ ot
o o - k> ss k7ss = "o o’

while if u = u”€, the Road effective diffusivity a should be replaced by ae);

+ - —
u" =u and aug =

2. u|y(V) = 0 for all y that intersects the outer boundary at V' € 02 (this condition

corresponds to the case that u = u*¢ and should be removed for the case u = v+x,);
3. If V is contained in £, and y,y’ € G are two arcs that join at V, then u|y(V) =

ul,, (V) (if u = v+ x,, we have v| () = v| ,(V));
4. For V € £, if Gy, is the collection of arcs that join at it, we have

D, ug, (V) =0,
r€Cy
where s, is the arc-length parametrization of y starting from V' (if u = v + x, then

we have Zyegv(v + xk)sy(V) =0).
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To evaluate the efficiency of a pattern G, we consider the trace of the effective diffu-

sion tensor X, and obtain the following result.
Theorem 1.2:  Among all regular (see Definition 2.2) 1-periodic patterns G with total
length / > 0 of I'; in [], we have tr(X;) < 2 + al, and equality holds if and only if all
arcs of G satisfy the following conditions
1. Every arc is straight;
2. There are at least two different arcs joining at each node;
3. (Balance Condition) Let V' be anode and y{, ---, 7,, € G be distinct linear segments
that join at V. Denoting by V; another end point of y;, i = 1, ---, m, we have
Zm: M =0. (1.0.6)
&V -V
We call a 1-periodic pattern balanced if it satisfies the above conditions, and it is worth
mentioning that this definition is beyond the periodicity restriction. The above rules give
clues to find optimal patterns regarding the total effects of the enhancing thin layers. Since
finding all such patterns will be a distinct subject, in this article, we will only exhibit
several cases that best illustrate these phenomena.

In the early 70s, Babuska proposed the idea of homogenization [2], and in the 70s
and 80s, the theory of homogenization/averaging of PDEs became a distinct mathemati-
cal area. This theory has been extensively applied in the fields of mechanics of composite
and perforated materials, filtration, disperse media and in many other branches of physics,
mechanics and modern technology. The definitions and many classical results can be
found in the monographs [3-4, 30] and etc. The core idea of homogenization is to find the
effective model of a mixture of several kinds of materials with different physical proper-
ties, say electricity and heat conductivity. For a well-mixed material, the heterogeneity
will be not observable in large scales, and the model then become homogeneous. On the
other hand, the idea of using EBCs came from the classical book [11] of Carslaw and
Jaeger. For more information about EBCs, reinforcement problems and optimally aligned
coatings, see [10, 24-26, 33, 35]. And for more materials about homogenization, see
[1, 8,19, 21, 29, 31-32, 36, 39].

The idea of mine involves both EBCs and homogenization. The most related idea was
first proposed by L. Tartar, who in 1975 considered a model on perforated materials. The
model was taught in a course by J. L. Lions in College de France [27], but we didn’t find

the original paper of Tartar. The idea was that there are many holes periodically put in the
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domain (these holes exactly correspond to the word “perforated”) that the material sits in,
and the material satisfies Dirichlet or Neumann boundary condition on the boundaries of
these holes. Similar to this, we in this dissertation, try to replace the boundary conditions
by the EBCs derived by Li and Wang. We will particularly consider the case 66 — a >
0, which interpreted in Physics says that highly diffusive materials accumulate near the
interior boundaries.

After investigating the homogenization problems of thin layers, we now propose a
convergence rate result of road effective boundary conditions in the setting of F-KPP

equations. We consider
u,x,t) =VeeVu)(x,t) +u(l —u) == V(©eVu) (x, 1)+ f(u), (X,1)€E R? x R,
u(x, 0) = g(x) € C*(R?),
(1.0.7)
where 6 = 6(y) =0 if 0 < y < 6, and = 1 otherwise, and ||g||,, < 1. Whencd = a >0
as 6 — 0, according to Li and Wang’s theory, there will arise a road effective boundary

condition au,, = uj, — u}

y y ony = 0. If we let v be the solution of the following problem

(0,(%,1) = Av(x, 1) + v(1 — v), x1) € REXR,, y#0,

oov,.(x,0,1) =v,(x,0,1) — v} (x,0,1), xeR,t>0,
) xl ) =0 )y ) (1.0.8)

v (x,0,1) = vt (x,0,1), xeER, >0

L0(x,0) = g(x) € CP(R?),
then we have the following convergence rate result.

Theorem 1.3: Let u and v be defined above. Then we have for some M > 0 and any

small § > 0, if O(1) < ¢ < 05~ 1*9) for some 0 < a < 1/2, then
12

max J lu—v>(x,ndx| < CT)c"?5'%2 (1.0.9)
R2

Furthermore, if the initial value g = 0 on the tube R X (—«, k) for some x > 0, then for

Ol)<o< 0(5_2), we may replace “gli2gl—al2> by “gli257.

This thesis is composed mainly of two parts. In chapter 2, we give several simple
inequalities, a density result and a convergence rate result. In chapter 3, we present the
derivation and description of EBCs on patterns and the proof of Theorem 1.1 from two
perspectives. Moreover, we prove Theorem 1.2 and list several balanced patterns, and then

we give an estimate of 1r(X) as a = oo.
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CHAPTER 2 PROPERTIES OF THE “ROADS”

2.1 Road Effective Boundary Conditions: from a Road to a Pat-
tern

2.1.1 Several Useful Facts

Suppose u is a C ! function on some subdomain of R?, then we have the following facts.
Moreover, by density arguments, these facts can be applied to H' functions.

Lemma2.1: Let¢& be the linear segment (0,7)x {0} C R?, with! > 0,and z = (z1,29) €
R? a vector such that z5 > 0. Denoting by A the parallelogram spanned by z and (/, 0),

then we have

J udx — Judx < HJ |Vu|dxdy;
z
E+z & 2 A

J udx| < 1 J luldxdy + m J |Vu|dxdy.
) Z2
¢ A A
Proof: For 0 < x < [, we have by Fundamental Theorem of Calculus (FTC)
1
u(x + zq, zp) —u(x,0) = J(Vu ~Z)(x + 521, 52,)ds.
0
Thus, we have
!

I
J |u(x + 2y, 2) — u(x,0)| dx < |z J
0 0

|Vul|(x + sz, 525)dsdx

O — —

I+y=L
Z yzz

_ J |Vl (x, y)dxdy
z23 J

0,2
yzz

= m |Vuldxdy.
z J

A
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As for the second inequality, we set z to be sz for some s € (0, 1], and thus

Judx < J luldx + M J |Vu|dxdy.

\YV4)

¢ E+sz A
Integrating both sides w.r.t. s from O to 1, we obtain the result. |
Lemma 2.2: Let u(r,0) := u(rcos 0, rsin@). Then for fixed 6, € (0,z] and [ > 0, we
denote by B the sector {0 <r < 1,0 <0 < 6,}, and we have

! !

J u(r, 6y)dr — J u(r,0)dr| < J |Vuldxdy.
0 0 B

Proof: By FTC, we know that
by
u(r,0y) —u(r,0) = J ug(r,0)do,
0
and then
! L %
J lu(r, 60) — u(r,0)ldr < | | |ug| (r, 0)dOdr
0 00
16,
([ |ug| (r 0)

= —rdOdr
r

00
< | |Vuldxdy.
B

|
Lemma2.3: Leté = (0,1)x {0} be defined in prior lemmas, and g(x) some continuous
function on & (here ¢ is considered as part of x-axis, and the image of g is the y-axis.) We

then have the following estimate
I

J lu(x, g(x)) — u(x,0)| dx < J |Vul(x, y)dxdy,

0 D(g)
where D(g) is the domain enclosed by y =0, y = g(x), x =0 and x = [.
Lemma2.4: LetO< A< 1,!>0,a> 0, then we have

Al I

V2 +12/a?
i ]' u(x,a)dx — J u(x,0)dx| < % J |Vuldxdy,
0 0 C
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where C is the (closed) trapezoid induced by the four vertices: (0, 0), (/,0), (0, a), (41, a).
Proof: We define
G :[0,/1x[0,a] — C,
wp (1= 1500) ).
Then, it can be shown that G is a nondegenerate diffeomorphism. We also have
e u(G(a,0)) = u(a, 0), and u(G(a, a)) = u(ia, a);
* Let V; be derivatives w.r.t. @ and f, we have

|Vu|2 = VGM . (HVGM) ,

where

Observe that

1-27\>_
1>det(H)=<1——ﬂ) > 2> 0,
a

and
2 _ 2 _ 2
24 S - T =14 (1-22p) + (F2a) 214250
a a a
Thus, we have that the two eigenvalues 4, 4, satisfy
P2
22 24 =(1=24)
< Al’ A’Z X =
2+ L -2 A
a2

Now, by Lemma 2.1, we have

I I I a
J u(G(a,a))da — J u(G(a,0))da| < I J' |Vouldpda
0 0 00

/

[ IVoul
= | | 22 \fdet(H)d pd
l\/det(H) ¢

0
[ V2 + [%/a?

S | T|Vu|dxdy
C
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2.1.2 A Density Result

Within some domain 2 C IRZ, we consider a finite collection G, called a pattern, of
C? curves (also regular at end points), each two of which intersect at most at their end
points. The union of such curves (including end points) will be denoted by I C Q. On
each element y € G, we may consider a Sobolev space H'(y) defined by naturally taking
a unit speed reparametrization. Meanwhile, any u € H!(£2) by Trace Theorem has an
Lz(y) trace on each y € G.
Definition 2.1:  We define

H(@) = {ue HY(@)u, € H'() forally € G} @.1.1)

This function space endowed with the inner product

(D) 10, = [ Vu-Vo+ ) J v,
2 =
= JVu-Vv+{usvs
Q r
becomes a Hilbert space, where for each y, s(= s},) is a unit speed reparametrization.

It is clear that C8° KL2)Cc H ;’0(!2), but the question is whether it is dense in this
new space. Before that, we need to make several assumptions on the pattern. Notice
that there are in general four cases in viewing the topological components in I": regular
closed curves, arcs without intersecting others, closed curves with a conic point and graphs
composed of arcs and intersection points. We will call the conic/intersection/end points
arising in all these cases “nodes”.

Definition 2.2: A pattern is called regular if

* near each node of the pattern, the arcs that approach this node are mutually nontan-

gential;

* any arc that intersects the outer boundary 0£2 will approach it nontangentially.
Theorem 2.1:  (Density Result) If the pattern G is regular, then the subspace C°(£2) is
indeed dense in H }’O(Q).

To show this theorem, several basic facts have to be clarified.

Lemma 2.5: Suppose that a pattern G is regular, and in I there is only one element y
that does not intersect the outer boundary 0£2. If either of
1. yisa C? closed curve;

2. y has two different end points,

10
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is satisfied, then, without any regularity assumption on 0¢2, we have the above density
result.
Proof: The idea is to splitu € H}’O(Q) into a sum u + v, where y = O on y. In case 1,
we extend u|y to a tubular neighborhood Ny = {x € Q;dist(X,y) < 6} for some 6 > 0
by taking constant values along the normals. The auxiliary function v is then defined to
be the multiplication of the extension and a cut-off function n € Cé (L) satistying n = 1
on N5, and n = 0 on Nj45,. Because u|y € H'(y), we know that v € Hé(Q). Let
v, € Cl(y) be a sequence that converges to u|y in H 1(;/) as n — oo, then the extensions of
v,, similar to u|y will then converge to v in H}’O(Q) asn — oo. Since y is C?, and u |y =0,
we know that, according to classical trace theorem, u can be approximated in Hé (£2) by
a sequence of C8° (£2) functions with restriction O near y.

Case 2 is similar to the first one. We first extend y a little bit along the tangent lines at
the two end points, so that the extension 7 is still a C I curve of case 2. Since u|y e H(p),
we know by Sobolev Imbedding Theorem, it is also in C 2(y). From y to 7, we extend u|y
by connecting boundary values and 0O linearly, so that the extension &# € H, 5 (¥). Similarly
to Case 1, we may further extend i to be some v € H, 5 (£2). The remaining problem is that
whether there is a sequence of C°(£2) functions with restriction 0 near y approximating
U=u-—vin H&(.Q).

To tackle this problem, we assume that one of the end point is at the origin, and for

k > 0, we consider

Hi(0,1) = pu(0,r) - y(kr),

where (0, r) € [—x, £]X[0, o0) is the polar coordinate system, and y € C(‘)’o (R.) satisfying
yr) =0, r <Ly =1, r 2 2and 0 < v < 1. Clearly u, converges to y in
LZ(Q) as k — oo, and if one can prove that Vy, also converges to Vyu in Lz(Q), then the
approximation problem is reduced to a piecewise C'! (referring to the interior boundary)
domain £\ (B(p, 1/k) U B(q, 1/k) U y), which is a known result [28].

Observe that

2 1
Vi |” = |<uk),|2+r—2|(ﬂk>0|2.

Clearly, (u;)p = (uw(kr))y = (u)gw(kr), and so we only have to worry about (y;),.
Notice that

(uy), = uw + kuy' (kr),

11
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and thus it suffices to evaluate
x 2k

sz(yw’(kr))zrdrdﬁ < Ck? [ J u*rdrdé. (2.1.2)
- 1/k
Observing that, when k is large, any component of y contained in the ring {1/k < r < 2/k}

is nontangential to the 6 direction of the ring, we may write this component as some
function graph {0 = g(r); 1/k < r < 2/k}. By the proof of Lemma 2.2, we know that the

error (2.1.2) satisfies

P2 Z{k
RHS = Ck? J (u(r, 0) — u(r, g(r)))*rdrdo
7 1k
2k s 7 2
<C’k2J wae rdr
1/k \—m
2/k T 5
<C”k2 2J | gl d0d
r2
1/k -

< c” J |VM|2dX
B(0,2/k)

k— o0
—_—

|
Lemma 2.6: Suppose that a pattern G is regular, and in I" is composed of exactly one arc
y that has one end contained in £2 and another on 0£2 at the origin. Then if u € H 11:0([2)
satisfies u|y(0) = 0, we show that u can be approximated by C(‘)>o (£2) functions in H }’O(Q).
Proof: The crucial point is to delete a proper function so that u vanishes on y. To do
this, we start with a small disc B(0,d) with d > 0 and consider a smooth cut-off of u
in this disc. Since @ is regular, y approaches 0£2 nontangentially, and so we may find
0,,0, € (—z,r) and € > O such that the cone {0, + ¢ < 0 < 6, — €} contains y, and
the cone {6; < 6 < 6,} N B(0,d) C 2. Then we define 0 < ¢(0) < 1 to be the cut-off
function on (—x, ) such that ¢ = 0 outside (6;,6,), and ¢ = 1in (6 +€,60, —¢).

When d > 0 is small enough, the segment of y in the disc can be written as some
function graph {6 = g(r);0 < r < d}. Since y is C?, we know that u(r) == u(r, g(r)) is
in HI(O, d). We claim that ¢(@)u(r) is in H(}({Hl < 6 < 6,}). To see this, we merely
have to worry about the L? integrability of the gradient. Since (u(r)¢p(0)), = u.(r)p(0),

12
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we only have to check the derivative along 8, which is

d 0, ) 2 d

J J M - rd@dr < C(6, — 0)) J(M(r))z/rdr
R

0 6, 0

<C'(0,—0))d
< 00,

where we have used the embedding H 1(0, d) < cV 2([0, d]), which implies that
|u(r) — u(0)| < r’2. Moreover, it is not hard to observe that u¢ can be approximated
in H, ({6, <0 <6,}) by C® ({6, < 0 < 6,}) functions.

Now, by a partition of unity and compactness of y, we may handle the trace piece by
piece, and finally we arrive at the piece that involves another end point. This end point
can be dealt with by using both the above method and the extension method in the proof
of the above lemma.

|
Lemma 2.7: Suppose that a pattern G is regular, and in I’ there is only one component
compactly contained in £2, composed of only one node at the origin and arcs y;, -:-,7,, € G

connecting to it. Then ifu € H 11:0([2) satisfies
ul, @) =ul (0),VI<i<j<m,
Vi Vj

we show that u can be approximated by Cg°(£2) functions in H 11_,0(9)_
Proof: Deleting a C(‘)"’(.Q) function that takes value uln (0) at the origin, we see that we
only need to consider u that has value O at the origin. By a partition of unity, we may
safely consider u with support contained in the disc B(0, d) for some small d > 0, and we
have the following observations:
1. By the property of the partition of unity, we may without losing generality assume
that uln =0ondB(0,d)foreachi =1, .-, m;
2. Because d > 0 is chosen small, we see that each arc y; can be written as some
function graph {6 = g;(r); 0 < r < d} in polar coordinates.

By the second observation, each u|yi can be extended to B(0, d) by revolution, and
we denote this extension by ;. Suppose both {#; < 6 < 6,} and {; + ¢ < 6 <
0, — e} fore > 0,0,,0, € (—x, x) are cones that only contain y;. Then we define 0 <
¢;(0) < 1 to be the cut-off function defined in the proof of the above lemma, and by the
proof of the above lemma, y;¢; € H, ({6, < 0 < 0,}) and y;¢; can be approximated in

13
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H,” ({6, <6< 6,}) by C ({6, < 6 < 6,}) functions.

Therefore, we see u — Z;": | Mi$; is an Hé (B(0, d)) function with trace 0 on I" (this is
more exactly “I" N B(0,d)”, but since we have reduced our problem to this special case,
we use the same notation), which can certainly be approximated by C5°(B(0, d)) functions
that are O near I".

|

Lemma2.8: The conditions on G in the above lemma implies that for every u € H 11:0([2)
ul, (0)=ul, (0), V1 <i<j<m.
Yi Yj

Proof: We set h; = u|7,-(0) for each i = 1,---,m, and consider some n € C;°(£2) with
n(x) = 1 for x € B(0,d/2). Define n; = h;n. For each i, we have (u — ni)|7/i(0) = 0, and
so by the proof of Lemma 2.7, we may find some H& (B(0, d)) function v; with support
disjoint from other curves so that (u —#; — Vl')|y,- = 0. Therefore, we may observe that
vi=u— YL v is constant &; on each y; N B(0,d/2).

Recall that when d is small enough, each segment y; N B(0,d) can be written as
function graph {6 = g;(r);1 < r < d}, and for convenience, we assume that g; < g;
forl1 <i < j < m. Taking i = 1 as an example, we consider for k > 1 the domain
O, = {g1(r) < 0 < g(r);dl(k+2) <r < d/2}. Notice that by Lemma 2.7, there
will be a sequence v" € C 1(Ok) N CO(O_k) that converges to v in H 1(Ok) and satisfies
" (pdites)<r<diz) = T

Applying Fundamental Theorem of Calculus to v", we have for d/(k +2) < r < d/2,

&(r)
I vy(r,0)d0 = hy — hy.
&1(r)
If hy # hy, then we have the inequality
8(r)
()= 60D | WpPdo> lhy -
g1

and because g,(r) > g,(r) for r > 0,

& () ) )
J W2do > |hy — Ay S |hy — Ay
" 0 (&2(r) — g1(r) 2z

g1\r

14
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Moreover, we have

drR g (r)

- CAR
[VU"|*dx > > dOdr
r
O, di(k+2) g,(r)

, dan

lh, —h 1
L

2 r

di(k+2)

2 O(| In(k))),

and so by the convergence of v" to v in H 1(Ok), we have the estimate

[ 192ax > omawn,

Oy
which is impossible because v € H 1(B((), d)).

|

Corollary 2.1: If a curve y C £ approaches 02 at the origin nontangentially, then for
u € Hy"(Q), we have ul (0) = 0.
Proof: The proof is covered by the one of the above lemma. |
Proof of Theorem 2.1: By a partition of unity, the problem can be divided into the

cases that have been discussed above in detail. [ |

2.1.3 EBCs on Patterns: Truncation Method

In this subsection, we deal with an EBC problem on some Lipschitz domain £2 as-
sociated with a given pattern G. The formation of an EBC in some “distributional” sense
does not require the regularity of the whole pattern described in prior subsection. How-
ever, the regularity of the whole pattern ensures that the solution to the effective model is
unique.

Recalling in prior subsection, we have already decomposed G into several cases. In
this subsection, we also keep in mind these cases, but because the methods in dealing
with different patterns are so similar (we call it truncation), we only present a proof for a
classical case: G composed of one arc y = I' with one end on 0£2 and one in £2.

Let 6 > 0 be small and (s,7), s € (0,]), T € (-4, 0) a normal reparametrization of
a 6-tubular neighborhood of y defined in Introduction. As before, we define R to be the
intersection of €2 and the image of (0,/) X (=6, ) in R?. We further define the truncated
roads R; , to be the image of (¢,/ — g) X (=6, 6) for some g > 0. By basic geometry,
for every g > 0, there is some 5q > O such that forall 0 < 6 < 5q, the truncated road

15
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R;, CcC Q.

What we concern about is the following problem

~V- (EVud)(x) = f(X), XE L, (2.1.3)

u’(x) = 0, X € 002,
where 6 = ¢ >> 1in Rs; N {r > 0} and = 1 elsewhere. Assuming that 66 — a > 0,
what will u° converge to? This problem has been well investigated by H. Li and X. Wang
[22-23] for the case that I is a circle without conic points that is contained in the domain

€. In fact, their proofs are the main tools to tackle this generalization.

We start with the weak solution u® € H 5 (£2) to (2.1.3), and then for v € H 5 (),

JVU - (6Vu®) = qu, (2.1.4)
Q0 0

)

and by replacing v = u®, we obtain the energy estimate for u°

J&qu5|2 < O(1), (2.1.5)
Q
which leads to the weak convergence of u® to some u* in H, é (£2),as 6 — 0.
Lemma 2.9: Suppose that V| € 002, V, € Q2 are the two end points of I". Then for every
Q' cc Q\{V,} and d = min{dist(Q2’,00),dist(2',V,)} > 0, there is some 5, > 0 such
that for all 0 < 6 < 6,, we have

J &|V2u|> < O(1).

Ql

Proof: Assume that / > 0 is the arc-length of I" and define d/6 > 6, > 0 to be the

number such that for all 0 < 6 < 26, the truncated road R; « is compactly contained
’31

in \{V,}. For convenience, we set p = %5‘1 and g = %. Observe that R; N 2" C R;,
for 0 < 6 < 6, then it suffices to establish the estimate in the region R, ,, because the
operator coefficients are smooth elsewhere.

Now, by the choice of §,, we have that the mapping (s, 7) — I'(s) + zh(s) defines
a diffeomorphism from (h + 2¢/3, k — 2q/3) X (=4p/3,4p/3) 10 Ryp3243- ON Ryp30083,

assuming that 0 < 6 < 6,4, one may derive from the PDE of (2.1.3) that

- uS — —_
(1+7K(s)f +6 <m>s+6((l +7i(s)u, ) =0, (2.1.6)

where « is the curvature of I". The above equation holds locally for s € (2¢/3,1—-24¢/3), and

16
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T € (—4p/3,0), (0,6) and (8, 4p/3) respectively. We also have the transmission condition

u(s,07) = u(s,0"), u.(s,07) =ou,(s,0%),

2.1.7)
u(s,67) =u(s,6"), u.(s,6%)=ou,(s,6).
. 1’ |T| < 5(1’5
We define two cut-off functions #5(zr) = and &(s) =
0, Izl>p,

both of which are bounded by 0 and 1.

0, se&(2q/3,5q/6) U (l —5ql6,1 —24q/3),
1, se(q,l-9q),

Applying nzézuss to (2.1.6), we obtain

J nzfzuss(l +7x(s))f+06 <1++SK(S)>S nzéjzuss +0 ((1 + TK(S))MT)T nzfzussdrds =0,
' (2.1.8)
where I = (2q/3,1 — 2q/3) X (—4p/3,4p/3). Notice that
J o ((1 + TK(S)uT))T nzézussdfds =— J o ((1 + TK(s)uT))” nzézusdrds
I I
- Zj' o ((1 + TK(S)L{T))T nzfﬁsusdrds
I
= =Y, = 2Y,.
Then
1-2q/3 0 1-2q/3 6
Y, = J J (1 +7x()u, ) n*Eudrds + J J o ((1+zx()u,)  n*Eudrds
2q/3 —4pl3 243 0
1-2q/3 4p/3
+ J J (1 +7x()u, ) n*Eudrds
2g/3 o
1-2¢g/3 0 1-2q/3 6
@17 J [ (a+ TK(S))MT)S &2 (nzus)T drds + J [ o ((1+ TK(S))MT)S &2 (nzus)T drds
2q/3 —4p/3 2g/3 0
1-2q/3 4p/3
+ J J ((1 + TK(S))MT)S &2 (nzus)T drds
2g/3 o
1=2q/3 4pl3
= J J o ((1 + 1'1<(s))uT)S§2 (’12%), dzds,
2q/3 —4pl3

17
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and
1-2g/3 0 1-29/3 &
Y, = J J ((1 + TK(S))uT)T nzggsusdrds + J Ja ((1 + TK(S))L{T)T ,12§§susd7:ds
2q/3 —4p/3 2g/3 0
1-2q/3 4p/3
+ J J ((1 + 7x(s)u,)_n*EEugdrds
2¢/3 6
1-2g/3 0 1-2¢/3 &
[ ((1 + TK(S))MT) EE, (nzus)T drds + J Ja ((1 + TK(S))L!T) EE, (nzus)T drds
2q/3 —4p/3 2¢/3 0
1-2q/3 4p/3
b || e g (), avds
2¢/3 6
1-2q/3 4p/3
= J J o ((1 + TK(S))MT) EE, (nzus)T dzds.

2q/3 —4p/3

2.17)

The rest of the proof is covered by that of Lemma 3.2 in [23]. |
Lemma 2.10: 'We have that the limit u* € H}’O(_Q), and
J |Vu*|? + aJ(u’;)Z <o sz. (2.1.9)
Q r Q
By “<.” we mean the left hand side is less than or equal to a constant multiple relating

possibly to “o” of the right hand side.

Proof: Recall that we have
J5|vu5|2 <o sz. (2.1.10)
Q Q

Because u° weakly converges to u* in HS(Q), we have

thiOan |Vul|? > J |Vu*|2. (2.1.11)
Q Q
Moreover, we have
I—q 6
(6 — 1)J IVil|> > o J J(uf)2+(uf)2drds, (2.1.12)
Rs q 0

18
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with 0 < 6 < 6,. According to Lemma 2.9, we have
q q

]—

+0o J

q

/ /

q q

)
J(uf)z(s, ) — W)%(s,0")drds| < o W’(s, ) — ul(s,0")) dzds
0

O—

q
20’ (s, 0M) WP (s, 7) — ub(s,0M))dzds

Ce—

=0+ 0y,
where
I-q6(6 2
O,<o0 [ J Juf,dr drds
qg 0\O
<0
and
I—q 6 I—q o 172
0, <20 J J( O(s,0"))dzds J J(uf(s, 7) —u’(s,0M))drds
q 0 qg 0

I—q

—q 6 (6
< Cs'? |62 JJ I ul.dz | drds
g 0\O0

< 0(9).

Here we have used trace theorem. Similar things still occur if we replace uf by uf in
(2.1.12), and thus, we have
I—q I—q
(c—1) J |Vl |? > 66 J @?)*(s,0)ds + 6 J @2)*(s,07)drds + o(1).
R; q q

Because by Lemma 2.9, u® converges weakly to u* in H(; (") for any Q' cc 2 without

% converges weakly to u* in H 1(Q' N IN), which

crossing I', according to trace theorem, u
leads to the following inequality
I—q I—q
lim inf 05 J °)*(s,0)ds > a J )% (s, 0)ds. (2.1.13)

q q
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Combining (2.1.10), (2.1.11) and (2.1.13), we have
l-q
J Vi ? +a J Y ds Sq [ 12
Q q Q
and by using monotone convergence theorem, we are done. |

Lemma 2.11:  For every n € C;°(£2), we have the convergence

6—0
J&Vu-Vn—>JVu*-Vn+aJujns. (2.1.14)
Q Q r

Proof: It suffices to consider the limit of the following quantity forn > 1 and 0 < 6 <

5l/n

aJVu-Vnza J Vu-Vn+0O]lo J |Vul||Vn|
R; Rs1/m RsNB(V,,3/n)
= I] + Iz.

: -1 - .
Notice that I; converges to a j;f +1//: uyn, as 6 — 0 by Lemma 2.9 and transmission condi-

tions. Be careful that this part requires the C? smoothness of the arc.
Moreover, the error term satisfies
1/2 12
no|l | v G

RsNB(V>,3/n) RsnB(V>,3/n)

50< %).

Using Lemma 2.10, we know, by Lebesgue Dominated Convergence Theorem, that after
sending n —» o0, a fll/_nl/n uyn, will converge to a Jr uin,, and in effect, we obtain the
convergence (2.1.14). |
Remark: The setting for a general pattern is quite similar to the above one. Associating
each arc y € ¢ with aroad family Rg as defined before, we consider the union Rs5(= Rg) =
UyegRg, and call this a road net with width 6. The truncated road net will be simply the
union of truncated roads. The truncation method used in the case with one arc having

end points one on 0£2 and one in 2 above can be immediately applied to other cases

with different patterns. Without a regularity requirement on the pattern, the following
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convergence result is always true, provided that each arc is C?:

6—0
(o) J Vu-VI’]—>CIZJU:7ISa

=Y
RIn{z>0) Y

where u™ is the weak limit of u in H(} () and n € C;°(£2). (The tangential derivative of

u* on the arc is well-defined because of Lemma 2.9)

2.1.4 Specifications on the EBCs on Patterns

By the above subsection, we obtain an integral equation for the limit u* € H 11_’0(.(2),
that
Jvu*-vanJujns:Jm, (2.1.15)

0 YE€G y 0

for all n € C°(£2). This result does not require the pattern G to be regular.
By the Density Result, we know that if the pattern is regular, then the above equation
holds forally € H II_’O(Q), which gives both the uniqueness and existence for u*. We claim

that in this situation the PDE of u* takes the form

— A (X) = f(X), x € Q\T,
u*(x) satisfies Road Pattern Condition, x € T, (2.1.16)
|y =0,

where the Road Pattern Condition is described in the following list:

1. In the interior of each arc y € G, if s represents a unit speed representation and 7
a unit normal field on y, then locally the domain is split into two by the arc, and
we may call the one directed by 7 positive, and another negative. In this arc, u ,
pointwise satisfies u* = u~ and au , = 66“—7: - %;

2. u| (V)=0forall V € ynog;

3. If V is contained in £, and y,y’ € G are two arcs that end at it, then u|y(V) =
ul,, (V;

4. For V € £, if Gy, is the collection of arcs that end at it, then we have

D, u, (V) =0,
r€Cy
where s, is the arc-length parametrization starting from V';
5. According to elementary geometry, by introducing several “ghost” curves, the pat-

tern G (if it is regular, but it still holds even if it is not regular near nodes on the
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outer boundary 062) will split a C' subdomain ' cc £ into several piecewise

C! subdomains. On these ghost curves, the solution is considered to satisfy “no-
- +
= u ,and aa% = aaLﬁ. By classical elliptic theory, we know

that such boundary condition has no effect, and the solution is simply smooth across

effect” condition: u™

the corresponding boundary, which implies that the choice of “ghost” curves is not
intrinsic in studying the problem.

Let v be some piecewise C? and continuous function on (2 that satisfies (2.1.16).

Multiplying n € C°(£2) to —4v = 0, and do integration by parts on each subdomain

obtained by splitting supp{n} CC 2, CC £ using G and some “ghost” curves described

in 5.. This will give

- +
JVu-Vn— Z In(%—%>=JM~

0 y€GU{“Ghost” curves} y 0

Noticing that the second term in the left hand side equals

2 [n(5 %) e g o

(S (S
}’Qy rQy

Yeg

=—aZvans+0.

Y€G v

=-a) J vgtts + 0,V = v, (V) (V)
14

Therefore, formally we derive that v satisfies (2.1.15).

2.2 A Convergence Rate Result

2.2.1 A Heuristic Computation of the Expansion Speed

In the article [22], Li and Wang proposed several effective boundary conditions and

analyzed their effects on the asymptotic expansion speed of the solutions to F-KPP equa-

tions. Let us now focus on the original equation

u,(x,t)=VVu) (x,t) +u(l —u) = V(@eVu)(x,1)) + f(u), (X,1) € R? x R,,

u(x,0) = g(x) € CF(R?),
(2.2.1)

where 6 = 6(y) = 0 if 0 < y < 6, and = 1 otherwise, and ||g||,, < 1. When 66 — a > 0

as 6 — 0, according to Li and Wang’s theory, there will arise a road effective boundary
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condition

=u, —u?

au, y y

on y = 0. Moreover, the expansion speed of the effective model on x-direction will be

2 < c*a) = \/_\/ V1+3a2 - ( 1+3“2_1>=O(\/5).

This is a nice result, but when we talk about the effective model when 66 — o0, the
asymptotic speed becomes 2, which is a weird thing because there should have been a
very large propagation speed.

The idea is to use the following effective model to approximate (2.2.1): let v satisfy
v,(x, 1) = Adv(x, 1) + v(1 — v), x,H) ER*xXR,, y #0,
av,(x,0,1) = U;(X,O, t) — U"y"(x,O, 1, x€R,t>0,

(2.2.2)
v (x,0,1) = vt (x,0,1), xeR,t>0,

[ 0(x,0) = g(x) € CP(R?).
where a = 66.
Recalling the definition of the expansion speed: for w some function on R? x R 4

the asymptotic expansion speed c, (w) along x-direction of w satisfies

Ve > c,, lim sup w(x,y,t) =0, (2.2.3)
t—o0 |X|>CZ
and
VO<c<e,, hm inf w(x,y,t) = 1. 2.2.4)
o0 |x|<ct

Now, if we have proper closeness between u and v, we may have
c,(w) ~ ¢, (v) = c*(66) = O(Vo0).

2.2.2 Some Estimates

Letting w = u — v, we define for ¢ € C(‘;"(IR2 x[0,T))(0 < T < o0 and Qf =
R x (0,T))

L(¢p) = J w,¢ + J VwVe +a J w, b, + J c(X)we,
Or Or {y=0}x(0,T) Or
where ¢(x) = (f(u)— f(v))/(u—v) is abounded function with bound M whenO < u,v < 1.
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According to (2.2.1) and (2.2.2), we have

T
L¢p) = aJuxqu —(c—-1 J VuV¢ | dt
o\ R Rx(0,5)
T
=|I+I1I+1I11Idt,

0

where

© o
I=c [ J u, . (x,0,1) —u, . (x,y, t)dydx,
o 0
o 6
Il =-c J Juy¢y(x, y,Hdydx,
0

© 0O
111 = J JVqu’)(x,y,t)dydx.
o 0

To evaluate the above quantities, we need to establish some estimates on u. Before that,

let us recall the following two theorems.
Theorem 2.2: (Theorem 2.3. in [22]) For any fixed T > 0, (2.2.1) admits a unique

bounded solution

ue w," R?*x(0,7)nC(0,T]; L _(R?)).

loc

Moreover, 0 < u < 1,

loc

ue Ci (RRX0,0)x (0.71) n ¢z, (RX0,8) x (0.71) n €t (R*x (0,71)
for some a € (0, 1), and the following “transmission condition” is satisfied.

(., 6%, =u(x, 57,1,  xeR,1e[0,TI,

u(x,0%, 1) = u(x,07,1), xeR,te[0,T],

< (2.2.5)
(X, st 1) = ouy(x,6”,1), x€R,t€(0,T],

Kauy(x,OJ’, N=u,x,07,1), x€R,1€(0,T]

And on the regularity of v, we have:
Theorem 2.3: (Theorem 4.1. (i) in [22]) The solution v satisfies

vt e C® (H@x (0, oo)>
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and the initial condition is fulfilled in the L2-sense.

Lemma 2.12: For fixed T > 0, the solution u of (2.2.1) satisfies

T
[max J u?(x, 1)dx + 2J J &|Vu(x, 1)|?>dxdt < C(T) J g2 (x)dx;
\t\
R2 0 R2 R2

T
max J &|Vu(x, t)|2dX+J J u?(x, t)dxdt
0

0T

R2 R2

< C(T) J g2 (X)dx + J 5|Vg(x)|%dx |;
R2 R2
and

tu?(x, t)dxdt + max J 16|Vu(x, 1)|>dx < C(T) J g2 (x)dx.
o<i<T

AN

R2 R2 R2

S

(2.2.6)

(2.2.7)

(2.2.8)

Remark: The complete proof of this and following lemmas essentially require an approx-

imation to u by solutions to the equation with mollified coefficients. In those cases, the

integrals and derivatives are considered in the classical sense, and all derivatives of the

solutions satisfy exponential decay as spatial variables go to infinity.

Proof: Multiplying the PDE in (2.2.1) by u and integrating over R? x (0, ¢) for any fixed

t € (0,T], we are led to

| —

t t

J di J u(x, s)dxds + J o|Vu(x, s)|2dxds
s

0 0

|

t t

2 R2

R
J u?(x, s)(1 — u(x, s))dxds,
RZ

from which it follows

J u?(x, 1)dx + 2J J &|Vu(x, s)|?dxds < 2J J u?(x, s)dxds + J g2 (x)dx.

R2 0 R2 0 R2 R2

An application of the Gronwall’s inequality yields (2.2.6). To see (2.2.7), we multiply the
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PDE by u, and obtain

J u?(x, )dx + [ &Vu(x, ) - Vu,(x, 1)dx
R2

R2

= J u(x, H)(1 — u(x, 1)u,(x, 1)dx

R2
1 2 1 2
< 7| (x,1)dx + 2| (x, 1)dx.
R2 R2
That is,
% J u?(x, )dx + %% J &|Vu(x, 1)|%dx < % [ u?(x, 1)dx.
R2 R2 R2

As aresult,

t
J u,z(x, s)dxds + J o|Vu(x, t)|2dx
0

R

¥}

R2

t
< J J u>(x, s)dxds + J 5|Vg(x)|%dx
0

R2 R2

< C(T) J g (®)dx + [ 5|Vgx)|dx |,
R2 R2
where we have used (2.2.6). This proves (2.2.7). We now multiply the PDE by tu,, then it
holds

J i’ dx + J t6Vu - Vu,dx = J u(l — u)tu,dx.
R2 R2 R2

Consequently,

2 1d —
[ tu;dx + YT, J to|Vu|“dx
R2 R2
< 1 tu?dx + 1 tu?dx + 1 &|Vul?dx
=2 2 ) 2 '
R2 R2 R2
Recall (2.2.6). Upon a rearrangement of terms and an integration in 7, we see that (2.2.8)

holds. n
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Lemma 2.13: For any fixed T > 0 and ¢ > 0, the solution u of (2.2.1) satisfies

T
J J 5|Vu, |2dxdt < C(T) J |Vg|?dx. (2.2.9)
0 R2 R2
We also have
T
J J 5|Vu, |*dxdt < C(T) J |V2g|%dx. (2.2.10)
0 R2 R2
In addition, if ¢ > O(1), and ¢ = O(1/6%) for some « > 1, then
T
§%1 J J &luy,|*dxdt < O(1). (2.2.11)
0 Rr2

Moreover, if g = 0in R X (—«, k) for some x > 0, then we have for general ¢ > O(1),

T
J I &luy,|*dxdt < O(1). (2.2.12)
0 R2

Proof: Differentiating the PDE (2.2.1) with respect to x, we have
(), =V (6Vu,) = (1 = 2u)u,. (2.2.13)

Multiplying both sides by u, and integrating over R? x (0, 1), we obtain

t t t

%Jdi I u>(x, s)dxds +J J & |Vu,|” (x, s)dxds < J J ux(x, s)dxds,
S
0 R2 0 R2 0 R2

from which it follows

t
% J W2, s)dx+J J & |Vu,|” (x, s)dxds
0

R2 R2

t

< % J g2(x, s)dx +J J ul(x, s)dxds.
R2 0 R2
Now, (2.2.9) follows upon an application of Gronwall’s inequality.

Similar to the above arguments, we differentiate the PDE (2.2.1) twice with respect

to x, and obtain

() = V (6Vuyy) = (1 = 2uuy, — 20, (2.2.14)
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Multiplying both sides by u,, and integrating over R? X (0, 1), we obtain

t t

1 J % (uy2)” (x, $)dxds +J J 5 |Vu|” (x. 5)dxds
0 R 0 R2

t t

< J ()’ (x, )dxds — 2J J WP, dxdt,
0 R2 0 R2

Observing that by an integration by parts, we have (this is done in the mollified cases)

J wru. dx = =2 J ulu dx,

XXX XXX
R2 R2
and then
t t t

ﬂdi J (txr)” (%, 5)dxd's +I J 5 Vi | (x, s)dxds < J J (rr)” (%, 5)dxds.
s

0 R2 0 R2 0 R2
Applying Gronwall’s inequality to the above inequality, we obtain (2.2.10).

As for the last estimate, by the equation we have that for almost every point

u; u(l —u)
Uy, = =~ Uy, — =
Then we have
2 2
2, <3 L yaud + L. 2.2.15
ouy, < = toun+ — ( )
This combining with (2.2.6), (2.2.7) and (2.2.9) implies that
T
) _ 2 2
J J ouy,dxdt < C J o|Vg|“dx + J g-dx
0 R2 R2 R2
400 6
<87’ |6% ! 4+ 68¢ [ J6_1|Vg|2dydx
—0 0

< C// 51—(1‘
Notice that when g = 0in R X (—k, k), then when 6 > 0 is small, we have
| o1varax= | vaax.
R2 R2
which is automatically bounded by a number regardless of 6. |

The ensuing lemma concerns about the boundedness of I, I'1 and I 11 with respect
to , .
”('b”Wzl I(RZX(O,T))
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Lemma 2.14: Suppose O(1) < 0 < 0(6_(1+“)) for some 0 < @ < 1/2, then we have

T
[11dt <65 CT. ) 1lly 10z
0
T
12 c1—al2
|111dt < 6"28'~ C'(T. ) 1]l 1920 7 (22.16)
0
T
|III|dt S 0-_1/2 C”(T, g) ||¢||W/21’0(R2X(0,T)) .
0
Moreover, if g =0in R X (—«, k), we have for O(1) < ¢ < 0(6_2),
T
[11d1 < 6'26 C(T, ) Il 19 0.1y
0
T
|II|dt < 0-1/25 C,(Ta g) ||¢”W21'O(R2X(O,T)) s (2217)
0
T
[111m1ar < 72 €. 101y 30
0
Proof: By using Integration by Parts, we have
o 5
1= o | | teedh(x,0,1) = uy (x, y, N ydx
_‘oo 0
e 9
= |0 [uxx(xa 0’ t) - uxx(x’ Y, t)] ¢(x9 Oa t) + uxx(xa Y, t) [d)(xa 07 t) - ¢(x7 Y, t)] dydx
0
o 6 © 6
<ob [ j iy, ldyI$1(x, 0. 0dx + 0 J J | xx|dyj 16, ldydx
-0 0 —o0 0

172 12

< ol2832 J oluyy,|*dydx J $*dx

00
(71/25 J
o0
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Integrating both sides from 0 to 7', using Lemma 2.12 and 2.13 and applying trace theorem,

we have
T
J |I|d[ S 61/25 C(T) ||g”H2(R2) ||¢||W21’O(R2X(0,T)) . (2218)
0

Now, we have

[11I| = |o uy(x, y, )Py (x, y, )d yd x

N

o u,(x,0%, D), (x, y, )d ydx

I
I

S—

OO

1)
|
1) )
J w,(x, y, 1) —u,(x,07, 0] ¢(x, y.)dydx| + |o J
0 —00
1)
|

o O
uy, WJ b, ldydx + J J|uy<x,o—,z)¢y<x, y.0)| dydx
—00 0

12 12 12 12

(o]

) © 6 &) o 6
<ob J Jluyylzdydx J qu’)ylzdydx + 612 J |u; |2dx J J|¢y|2dydx
—00 () —00 -0 ()

)

Integrating from O to 7" and using similar arguments to I, we have
T
[ 11111 < 25172 /(T ) gl 00
2
0

(R2%(0.T)) * (2.2.19)

if o < O~ 1*9) for some 0 < a < 1/2. If g = 0 in R X (—«k, k) for some small k¥ > 0,

we may extend the result to o < o(672) and

T
J |11|dt < 6?6 C'(T, g) ”¢||W21’0(R2x(0,T)) . (2.2.20)
0
Finally, we have
o 6
[II1]| = J JVqubdydx
—00 0
12 12
<o 12 J &|Vu|?dx J IVp|?dx|
R2 R2
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and so

T
J |[I11|dt <o 2C"(T,g) ||¢||W21,0(R2X(0’T)) (2.2.21)
0

2.2.3 The Convergence Rates

With the above lemmas, we are able to discuss the convergence rate of w to 0 as

6 — 0. At first, we define
L(¢p) = L(e™*M'¢p)

= J we Ml p 4 J Vwe MV + a J we Mp 4 J c(x)we Mg

Or Or {y=0}x(0,T) Or
= J w0, + J ViVe +a J W, + J(c(x)+2M)w¢.

Or Or {y=0}x(0,T") Or

(2.2.22)
By Lemma 2.14, we have for o < 0(6~*%), 0 < a < 12
12 s1—al2 —2M1t
|IL(®)| <0776 7°C ”e ¢||W21’0(R2><(0,T))

(2.2.23)

172 cl1—al2
<oc'’F6 ¢ C||¢||W21’0(R2><(O,T))’

for all ¢ € C8° (R2 X [0,7T)). This shows that L can be extended to the function space
I/Vzl’o([R{2 X (0,T)). In particular, we extend L to a proper subspace

EM®R%0.7) = { £ € W, @2 X O.T): [0 € W2 'y =0 x 0. T)}.

It is not hard to show that both u and v are contained in £ 1’0(R2 X (0,T)), and so is 0. We

now have fort € (0,T)

J w,w+J IVio|*+a J |be|2+J(c(x)+2M)|lI)|2 < o287 2C ||e—2M’w||W1,o(Qt
2

Qt Qt {y=0}x(0,1) Qz

Observe that

J W dxds =

o

4 J \dxds
ai

R2

O — O o
N =

e

- 1
|0 (x, dx — 3 j lg - gl*(x)dx
R2

|0)*(x, 1)dx.

2

N —
el
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This shows that

1 2 -2 ~ 12 ~12 12 ¢c1—al2 —2Mt ~
max —m +f Vit +a I @+ | MIDI* < o282 e |y 10, -

1€[0,T] 2
R2 Or {y=0}x(0,T) Or
2.2.24)

By using |af]| < elal® + ilﬂl2 for ¢ > 0, we have
1 -2, 1 12 -2, M ~12 P >
= - ||V — <C'oo77% (2225
ma 2kl [wapea | ek |1l <o @225)
R2 Or {y=0}x(0.T) Or
This gives the following convergence rate result:

Theorem 2.4: Let u be the unique weak solution to (2.2.1) and v the one to (2.2.2).

Then, we have for small 6 > 0, if O(1) < ¢ < 0(5_(1+“)) for some 0 < a < 1/2, then
12

max J lu—v>(x,ndx| < CT)c"?517%2, (2.2.26)
te[0,T']

R2
Furthermore, if the initial value g = 0 on the tube R X (—«, k) for some x > 0, then for
0(1) < 6 < 0o(67%), we may replace “c'28!=%2" py “c125.

Corollary 2.2: Suppose 66 = a € (0, 0) as 6 — 0T, then
”u - U”C([O,T];LZ(RZ)) < C(T)51/2 (2227)

Remark:
i. The above estimates give the evidence for the spatially global convergence of u to
vasé — 0,and 66 — a € (0,). When 0(6‘1) << 0o < 0(6_(1+“)) for some
1/2 > a > 0, we also have arbitrary closeness between u and v when 6 > 0 is small
and within a fixed time interval. These estimates are essentially based on evaluating

the source term (which is a functional)

T
<F,p>= J aJuxgbx —(c-1) J VUV |d1, ¢ € CX(R? X [0,T)).
0 R Rx(0,6)

Any further estimation of the error between u and v cannot ignore the influence of
this term. However, since there is no evidence for the smallness of u, Vu, Vu, and
Vu,, forlarge ¢ > 0, we are not able to establish a time global estimate;

ii. Another interesting observation is that the initial value g influences the convergence
rate of u to v as 6 — 0% substantially when ¢ >> O(5™"): When g = 0 near
R X (—«, k) for some small ¥ > 0, then the convergence rates can be strengthened

to 6'25.
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CHAPTER3 HOMOGENIZATION OF ENHANCING THIN
LAYERS

3.1 Derivation of the Ultimate Effective Model

From now on, we assume that G is regular on the flat torus Tz, and all G, I'|, Rz and
R; are considered as distributed periodically on R?. Notice that the definitions of I';, R;

and R; are dependent of the choice of coordinate system on the plane.

3.1.1 Method I: a traditional treatment

We start with the traditional method I. It is clear that for each &, Ag(x) =6(e”'x)I 252
is uniformly elliptic with lower bound 1 and upper bound ¢ = O(1/6). Therefore, we may

directly apply classical results, and obtain a model #®° as e — 0, which satisfies

-V (Z;Vu) = f,

(3.1.1)
u’’ e Hy(Q),

where X5 is a constant positive definite matrix. Furthermore, we may write

(X5 = J c(x)(Vwy +¢é)- ¢, k,1=1,2, (3.1.2)
O
with w,, satisfying
V-6(Vw, +¢,)) =0,

o (3.1.3)

w) is 1-periodic and ID w;, = 0.
Here we will call w,’s correctors, and (3.1.3) will be called corrector equations. The
proper function space H I}er([j) for the above equation should be the natural completion
of 1-periodic C,° (R?) functions under the norm of H 1(D). Notice that this function
space is different from H 1(|:|).
With this function space, by classical theories, we define the weak solution to (3.1.3)

to be the element w, € H I}er(D) satisfying

J 6Vu - (Vw, +¢€,) =0, (3.1.4)
O
forevery v € H I}Qr(D) and JI:I w;, = 0. According to Riesz representation theorem, we
have the existence and uniqueness of a weak solution w;.

To understand the convergence of uas s — 0, it is needed to establish uniform
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ellipticity of the tensor family { A5} s-(. The latter one is determined by the correctors, and
thus analysing the corrector equations becomes a crucial problem that opens our further
analysis.

Lemma 3.1: For k = 1,2, we have

[anuzgoax (3.1.5)
g
with the bound independent of small 6 > 0.

Proof: According to (3.1.4), we have by setting v = wy,
J 5|Vwk|2= J 5Vwk'gk.
d O

2
Using the inequality |ab| < ea® + i—e for every €, a, b > 0, we know that

JﬂWWFS8J5=Oﬂ)
O O
]

Now, we are ready to discuss the limit of w,. After passage to a subsequence, we
know that w, will weakly converge to some w; in H pler( [])asé — 0. To see the equation
that 0, satisfies, we focus on one representative cell [ ] = (0, 1)2 + with € R?, and
define

Lbk=wk+xk, k= 1,2

Clearly, by Lemma 3.1, 10, is also uniformly bounded in H 1(|:|), and so as 6 — 0, after
passing to a subsequence, it will converge to some w0, = W, + x;,. Moreover, it satisfies

forevery x € [],
V.- (@Vw,)x) =0.

Writing the above equation in the sense of weak solutions, we have
J oVn -V, =0,

O
for every n € C;°([]). By previous work, we know that as 6 — 0, the above equation

becomes

J Vn-Vw, +a J ny(wy), = 0.
O I
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Varying , this equation forces w,, to satisfy the following integral equation

J Vv -V, +a J v (), =0, (3.1.6)
O I
where v is any 1-periodic C;([Rz) function, and thus @, must satisfy
J Vu-Vi, +a J v (W) +a J vy(x)s =0. (3.1.7)
O I I,

To understand the above equality, a proper function space le_’]p “([) for 1, should be
defined:

Z"([0) =40 € Hp (D) v|, € H'(),Vy € Gand J v=0",
0

on which we introduce a new inner product

(u, U)le:]per(D) = J Vu-Vv+a J Ugy.
O I
After slight modifications of the density result in section 2.2, we see that C;(Rz) (SN

leilp “’([]) incarnates a dense subset, which ensures that equation (3.1.7) holds also for

1,per
I

descibed in Theorem 1.1.

v e Z;.([])- The proper PDE interpretation of the integral equation has already been
By the PDE of 0, it is immediate to see that v = 0 is not a solution to the above
equation once there is a nonlinear arc in G, because on this arc the term (x;),, is not 0.
Moreover, we have uniqueness of weak solutions in leilp ““([]) by the integral equation
(3.1.7).
With the convergence of w, as 6 — 0 well-understood, we are able to discuss the

convergence of effective tensors X5. Recalling the formula (k,/ = 1,2)
(Zé)k,l = 5'(X)(Vwk + gk) . gldx

O

= | 6(x)Vi,(x) - €;dx

O

- | (W), (X)dx + (o — 1) J Vit (x) - €,dx
O R;
= 1 + Q’
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we then only have to discuss the convergence of Q. Observe that
Q~oc | Vi, -&dx
2,

_ [ (l’bk)s =d ~ - -
=0 < T TK(S)T + (wk)rn> - e;dx

[

=o | |(@),(T - &)+ (), - &)1 + tx(s))d7ds

00

-

=o | [@),(s,07)T - &)dzrds + o(1)
00

6—0 [ -
5 a | (@) (T - &)ds.

I

Here T and 7 are the unit tangent vector field and unit outer normal field induced by I’
defined in Ry for small 6 > 0, and we have used Lemma 2.9, transmission conditions

(2.1.7) and trace theorem. Therefore, we arrive at the limit X, of X5 as 6 — 0, which is

(ZO)kI = 5](1 +a J(wk)S(T . gl)ds

I
(3.1.8)
= 5kl +a J(wk)s(xl)sds.
I
Lemma 3.2: X, is always positive definite.
Proof: We have
(Zo)k =0 +a J(wk)s(xl)sds
I
(3.1.9)
= 5k1 +a J'(M_)k)s(u_)l)sds —da I(u—)k)s(b@l)sds.
I I

Replacing v = ), in equation (3.1.6), we obtain

J le . VLDk +a J(Lbk)s(lf)l)s =0.
d I

Inserting this into (3.1.9), we see

(Zo)kl = 5k1 - J(wk)xl + J VLDk . VLD[ +a J(wk)s(wl)s

O O I
] I,
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Foru,ve H }I(D) (this space is quite akin to Z ;lp er(|:|), which is discussed before), we

similarly define

(u,v)) = J Vu-Vuo+a J Uy,
O I
and clearly ((-, -)) defines a semi-inner-product on H 1{1 ([_]), which induces a semi-norm
p(u) = \/m < ”””H}I(D)- It is clear that tr(%,) > 0, and so to show that X, is

positive definite, it suffices to show that det(X;) > 0. By simple computations, we have

det(Zg) = (@y, )0y, 7)) — (1, 1Dy))
20,
with equality holds if and only if for some 4 € R, p(iw; + Aw,) = 0, which forces

w; + A, = some constant C. If the equality holds, then we obtain
I/bl = —ﬁwz - /1X2 — X + C.

According to periodicity of 10|, we know by the above equation, @, should be discontin-
uous across x; = 0, but & is always constant 1 in a neighborhood of some point on this
line, and so by classical elliptic equation theories, 10 should be continuous, which causes

a contradiction.

Corollary 3.1: There are some u, 6, > 0 such that for all 0 < § < §,, we have

lIa’ < X5 <uld,
M

where two symmetric matrices A < B if B — A is positive definite.
With the tensor family { %5} uniformly strictly elliptic, we clearly obtain energy es-

timate

J Vi <, 0 sz. (3.1.10)
Q Q

Therefore, we see after passage to a subsequence of 5 — 0, u®C converges weakly to some

u®0in H 1(Q), and because X5 — X, as 6 — 0, we see u%0 should satisfy
—V - (ZVi?)x) = f(x), x€ L,
0 (3.1.11)
u®O(x) = 0, X € 0.

This then gives the effective model obtained through method I.
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3.1.2 Method IIl: homogenization of EBCs

The proof is inspired by Tartar’s Energy Method [37]. We consider I'] as a pattern
on a period as we mentioned in the introduction, and at scale ¢ > 0 and in the (i, j)T—th
cell we denote by T, e” the copy of eI in it. It was shown in the Preliminaries that for
each 1/e = N € N_, after sending 6 — 0, u = (uo’e) satisfies (even if there are interior

boundaries intersecting the outer boundary)

LN-1

JVu . Vydx + % J up,ds = thpdx, (3.1.12)

i,j
r,’

i.j=—LN

for every y € C°(£2). In fact, if the pattern is regular, by the density result, y can be

chosen to be H'° ., (£2) functions with compact support in £2. Moreover, regardless of
i,jte

the regularity of the pattern, we have an energy estimate
LN-1
a
Vul?dx + —
[ 1vupax+ &
Q

J ulds Sg szdx. (3.1.13)

i,j
r

ij=—LN

Let HI(Q) = (H 1(!2))2 with “(-)2” understood as Banach space product. For g =
(g1,.8) € HI(Q), we have by trace theorem, on each T, e” , £ has a unique restriction to
Lz(Fé’j), and

- - 1 -
[ tepas<cle | iparax+t | 1ar |,
€,0,j
6

€,0,j

r R RS

where C > 0 might be dependent of 6 > 0 but is independent of ¢ > 0, and Rg’i’j is a
copy of eRj; accessory to I, e” . Summing up the above inequality over all index (i, j) of

cells, we obtain

LN-1
Y | 1ePasse|ipapax ] [1atax
i,j=—LN Ji P 5

and by dividing both sides by N, we see

LN-1

LY [ aras<cllig, 611
i’jz_LNFi,j

with C > 0 independent of ¢ > 0. The above discussions lead to the following conse-

quence.
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Lemma 3.3: For each § € H'(Q), the following family of linear functionals

Jus<§-f>ds

i,j
e’

LN-1
Uy(3) = J Vu- gdxdy + %

0 i,j=—LN

is uniformly bounded in (H'(£2)) .

Therefore, by Banach-Alaoglu Theorem, after passage to a subsequence of N — oo,
we know that Uy *-weakly converges to some U in (HI(Q))*. On the other hand, by
energy estimate, we know that 1€ is uniformly bounded in Hé (£2), and thus after passage
to a subsequence of ¢ = 1/N — 0, u®€ will weakly converge to some u* in Hé (). It
is natural to ask whether u* and u®° are the same. To this end, one needs to find out the
integral representation of U, in terms of u™.

To derive the true effective model, one needs to be aware that, although the road
width 6 > 0 already sent to 0 and heterogeneity replaced by boundary conditions, the
process of homogenization continues to be the same. Looking back to Method I, we find
that the effective corrector i, should be useful. We then follow the way of classical

homogenization, and define an auxiliary function
wi (X) = x; + ewk(e_lx).

By the equation (3.1.7) that i, satisfies, we have that for all y € C(‘)"’ (9),

LN-1

JVw; Vydx+ o Y J (W)swyds = 0. (3.1.15)

i,j=—LN * .
Q Few

Replacing y by ww; in (3.1.12) and by wu®€ (u = u®€ if the symbols are clearly under-

stood) in (3.1.15), and combining the two equations, we obtain

LN-1

JVu-waZdX—J VwZ-Vt//udx+% | Z J Ui ds — J (wi)s wuds | = wazwdx.
Q Q ij==LN i i Q
(3.1.16)
With the notations defined before, we have
LN-1
n" - a
LHS =Uxn(Vyx)) +eUpn(Vyih, (e Ly — JVwZ - Vyudx — N Z J (wi)s yuds
o i,j:—LNFi’j

€

= Un(Vyx)+ 1 —-I1T—-1I1I.
Recalling that U, A U, in (H'(2))*, u converges strongly to u* in L*(£2), and Vuw,
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converges weakly to €, in L%(2) as N — oo, we immediately obtain that as ¢ — 0,
* Un(Vyxy) — Uy (Vyxy);
o Il — Igu*q/xk.

Moreover, by uniform boundedness of U, we have

I'<e ”UN”(Hl(Q))* ”V‘I/”Lm(ﬂ) ”Lbk”z‘F*IPe’(B)

Sellwlierq ”Lbk“Z}l”"(D) '

It then suffices to consider 111, but we have

LN-1
111 = % Z (wi)swsuds
i,j=—LNF~€iJ
INCT (3.1.17)
= % Z (wi)sf-unds.
i,j:—LNI:i’j

€

To find the limit of the above quantity, let us start with simple patterns. Suppose that
a l-periodic pattern G is composed of only one arc y of length / > 0 in each cell. To
specify the scaling relationship, we assume that the arc in [0, 1% is reparametrized by
y?’o : [0,1] = [0, 117 by arc-length. If a copy is in [i,i + 1] X [j, j + 1], then it can also be
reparametrized by arc-length by }/?’0 + (i, j))T. Atscale e > 0, the copy ey in the (i, j)T -th
cell can still be reparametrized by yé’j )= eyi’j e by arc-length. Notice that

Wl (e (9) = e (€7 () = e (r(€')), s € [0, €],
and thus we have
(it n) = (@°) s,
Moreover, on Fei’j, we have the unit tangent field T(e,i,j)(s) = T}I,O,O)(e_ls), s € [0,¢ell.

Therefore, by the above discussions, the sum (3.1.17) can be formally understood as
LN-1

D) Jﬁe‘ls)-ée(yé”'(s))ds,

ij=—LN
ry

where F is (wy,) ST, and ée is a weakly convergent sequence in H!(£2) with support of
its elements contained in a compact subset of £2. The case for a general pattern is simply
a sum like this over all arcs. The following lemmas focus on the simple case that G is

composed of only one arc, and vector-valued functions replaced by scalar-valued ones.
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Lemma 3.4: LetG, € Hé(Q) be weakly convergent to G, in H&(Q). Then, we have

LN-1
1

< > JGe(yé’j(s))dleiolJGo(x)dx.

i,j=—LN i P
Proof: Let K € N large, and we consider the uniform partition of [0, /] by mesh //K.
Let g, = y?’o(lk/K) for k = 0,---, K. When K is large, then because y is CZ, each arc
qkqu +1 can be written as the graph of function g, (5) on the linear segment g, ¢, |, where
5 € G qiq1-

According to Lemma 2.3, we know that enduring a small error o (1), the integral of
G, on the arc qk(Zc +1 can be replaced by that on the linear segment g, ¢, ;. After proper
translation (Lemma 2.1), rotation (Lemma 2.2) and rescaling (Lemma 2.4), we only have

to consider

Zf_ol |9k — Gkt o
= + ]
~ > JGe(x, jIN)Ydx.
j=—LN g

But IR G (x,y)dx’s are uniformly Cé/ 2([R) functions in y, and so we arrive at

K-1
Z |f]k - qk+1| J Ge(X)dX,
k=0 0

which converges to
K-1
Z |9k — dys1 | J G(x)dx,
k=0 0

by strong convergence of G, in L?(Q) as € — 0. Because y is rectifiable, we know that as
K — oo,

K-1

2 4k = G| — L.
k=0

Corollary 3.2: Let ¢ be a step function on y, then we have

LN-1
1

~ > J Be' )G (s)ds —> Jqﬁ(s)ds - J Gy(x)dx.
i,j=—LN At ’ o

Lemma 3.5: We have the following estimate

LN-1
¥ X | o960 onas| < CLIG i 19115,

i.j=—LN

1,
r
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Proof: By Cauchy-Schwartz, we have

172 172
LN-1 LN-1 LN-1

% > qu(e_]s)Gsds < % > Jngs % D J(j}z(e—ls)ds

i,j=—LN i i,j=—LN i i,j=—LN i

€ € € 1/2
3.1.14)
< ol |5 x LV [ #0ras

Y
172

14
|

Corollary 3.3: Corollary 3.2 can be extended to the case that ¢ € Lz(y). Moreover,
because (w0;,) ST is clearly Lz(y), the convergence of 111 is assured.

With these lemmas at hand, we obtain
LN-1
II71 = % > J Fe™') - Gds

ij=—LN .
r.’

e—0 N N
—>aJ'FdS-]'G0dX
I Q
=a J(wk)jds : Jun*dx
I Q
=a J(u?k)s(xl, x,)lds - Jun*dX.
I Q
Collecting all the terms after sending ¢ — 0, we obtain an equation
U,(Vyx;) — J Uy, —a J(wk)s(xl, x,)lds - JVWu*dX = J fwxdx.  (3.1.18)
Q I Q Q

Recalling the integral equation (3.1.12), we know that
LHS =Ug, (V(yx;)) = Uy (Vwxy) + Uy (€w),
which, combining with (3.1.18), provide equality

Uoo(gkl//) = [(u*)xkqj +a J(wk)s(xla XZ){dS : J' l[/Vl/l*dX =0, k=12
Q I, Q

Replacing y by . if k = L and 5 if k =2 for some n € Cy°(£2), and summing up over
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k=1,2, we see

J fndx =Uy(Vn) = J Vu* - (Z,Vn)dx.
Q Q

But the solution is unique, and so u* = u®o,

3.2 Analysis on the Trace of the Effective Diffusion Tensor
3.2.1 Optimization and Balance

One interesting question at this stage is that, is there a proper way to compare the
efficiencies between different patterns? Itis very natural to compare two effective diffusion

tensors X, and X) by considering whether
2o = X

However, this straight-forward method is not very practical in use, and so we turn to con-
sider the trace of the effective diffusion tensors € := tr (ZO) . This quantity measures
the total effect of the enhancement of the given materials and it is, according to Linear
Algebra, certainly a weaker form of comparison by semi-positive-definiteness.

By classical homogenization [38], we have the estimate
%Id < 25 < J 6ld,
Os 0]
which, by sending 6 — 0, gives that
Id<2y<(+alld,
where [/ is the total length of I'; in one cell at scale 1. The above inequality give rises to

2<EK2+2al,

and thereby we ask that when could the right-hand-side inequality replaced by equality?

In fact, the right hand side of the above inequality can be modified: if we take a look

at each component of %, we have for k,/ = 1,2,

(2o =0 +a J‘(wk)s(xl)sds

I,
(3.2.1)

=6, +a J(xk)s(xl)sds +a J(Lbk)s(x,)sds,
I I,
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where by equation (3.1.7),

a J(wk)s(xl)sds =— J Vi, -V, —a J(wk)s(bfj,)s. (3.2.2)
I O I

Therefore, we have

~ |2 ~
) =1+a J(xk)f - J Vi, | —a J(wk)g,
I ] I

which implies that

E=2+a J ((xD? + (x)?) = J <|V,,@1|2 + |VL@2|2> —a J ()2 + (,)?)
I O I
(3.2.3)
=2+ al — (energy(thy) + energy(i,))

<2+al.
This inequality also ushers us to the maximization of trace of effective diffusion tensors:
to maximize &, it suffices to minimize the sum of energies of 1 and 10,, which means
that we should find patterns that render them zero. Indeed, the balanced patterns defined

before exactly fulfill this property.

proof of Theorem 1.2: By density result, we know that if G is regular when considered
as a l-periodic pattern on R?, each of the corresponding effective corrector equations for
k = 1,2 admits a unique weak solution in Z}’lp ““([]). Thus, one only have to consider the
equivalent conditions that ensures t0; = W, = 0 to be solutions. By the boundary condi-
tions described in Theorem 1.1, we know that the three conditions proposed in Theorem

1.2 are evidently both sufficient and necessary. |

3.2.2 Several Examples of Balanced Patterns

The classification of balanced patterns will be a distinct subject, and here we only list
some examples. It is certain that the four cases do not cover all possible ones (see Figure

3.1-3.4).

323 Asa—- »

This subsection mainly discusses the asymptotics of tr(2) as a — oo. Before ev-
erything starts, we briefly prove the asymptotics of the trace as a — 0%. According to

equation (3.2.1), we only have to evaluate the term —a Irl(wk) <(x;),. By an integration
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0.8

0.6

0.4

02

—N2

Figure 3.1 [Lines] Straight lines that take rational slopes are akin to this picture

02

(a) Viewed in one cell. (b) Viewed in a nine-palace.

Figure 3.2 [Hexagons] Hexagons with each end point connecting to three arcs can be modified
to be balanced
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0,1
[( )‘ 0.1

y=120°
o

S 0o X 02 03 04 05 06 Mo "

/

(a) Viewed in one cell.

(b) Viewed in a nine-palace.

Figure 3.3 [Others] Balanced pattern composed of Pentagons and Hexagons

NI

084

HE

y =120

—02 0z o o2 04 05 08 1 12 1a s 18 22 24 26 28 3

(a) Viewed in one cell. (b) Viewed in a nine-palace.

Figure 3.4 [Others] Balanced pattern composed of Parallelograms, Pentagons and Hexagons
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by parts, we obtain

—a J(wk)s(xk)s =a J Wy (xXp)ss + O Y alw ()]
I I V is anode of G
=I+1I.

Observe that by trace theorem
12 12 2

n<al [a2| |[wou| =a| [ vaer] .
I I |:|
and similarly
172

II|Sa J Vi, |? + a J(wk)f
OJ I
Combining these two, (3.2.2) and (3.2.3), we have

2+al —0(@*) < tr(Zy) <2 +al.

This estimate shows that when a is very small, the major contribution of different patterns
get close. In order to see the differences among different patterns, we attempt to send

a — 0.

3.2.3.1 Some Function Spaces

Given a pattern G on a flat torus and a proper periodic extension of it on a plane
R2, we see that probably a curve y € G crosses the boundary o[ ] of a period [] =
(0, 1)%. This case is well exhibited in Figure 1.1, where 71 and “y” are considered as one
single curve. However, it is clear to see that if one translates the coordinate system of
R2, 71 and “y¢” combined will be contained in the unit cell (see Figure 3.5). In previous
discussions, we simply ignored the influence caused by different translations of coordinate
system of R? on the “real” pattern displayed in the unit cell [_], but in this subsection, we
will carefully point out the nuances because this is significant in the establishment of the
desired estimates.

We reuse the original definition of I'} in the introduction, where I is exactly the
subset of T2 comprising curves in G. We now differentiate I' yand I f , where the latter is
the restriction to one period [ ] of the periodic extension of I’ | following the extension

of . Be aware that the latter is dependent on the translation of coordinate system on IRZ,
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Figure 3.5 translation of coordinate system in Figure 1.1 makes y, to avoid crossing the boundary
of the unit cell.

while the prior is not. Collecting the maximal regular components of I f in E regardless
of the periodicity, we obtain a new pattern G*. Observing that in some cases (such as the
linear segment L5 in Figure 3.2(a)) there are arcs included by the boundary d[_], we delete
one of the arsing two copies in defining I f .

Definition 3.1:  We define
e H'(y), vy € ¢*, andVV € [],

u
M) = { u is measurable on I'; |y ,
ul (V) =u|,, (V) foranyy,y" € ¢ jointat V.
and
u|, € H'(y),Vy €G, and VV € T?,
Mll,e,(l“l) := { u is measurable on I'; 7

u| (V)=ul| ,(V)foranyy,y’ € Gjointat V.

We endow these two linear spaces with the following inner products

(u, U)M‘(Fl#) = J uv + U, U, U € Ml(F]#),
ry

and

1
(u, U)M;lwer(rl) = J uv +ugg, u, v € Mp,.(I')
Iy
respectively, which evidently makes them Hilbert. When the meaning is clear, we simply
use M! and M },er to denote the above two spaces.

Proposition 3.1: There is a canonical inclusion M} =< M! that preserves the inner
p

per
1

per

product. Moreover, M, is a closed subspace.

Proof: We may clearly identify I'; with I" f geometrically in an essential way, that is,
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there are isometries (obtained from the periodic extension of G) from each regular com-
ponents of Fl# to those of I'; with finitely many points deleted (in a translated coordinate
system on R>, T f changes and the deleted points on I} may vary). These isometries make
elements in M})e,
ditions in the definition of M!

per

functions on I f through composition in a piecewise manner. The con-
ensure that such functions must be in M'. The rest are
routine proofs. |
We present a Poincaré Inequality on bounded connected patterns. Here “bounded”
refers to the boundedness of the length of all the arcs involved in the pattern and “con-
nected” refers that given any two points on the pattern there are arcs composing a piecewise
C! curve in R? connecting them.
Lemma 3.6: (Poincaré Inequality on Bounded Connected Patterns) Let G be a

bounded connected pattern, and I" the union of all arcs. We have
12 12

J(u— <u>?| < Jug , Yue M, (3.2.4)
r r
where < u >= Ir u/l with [ the total length of arcs in G.
Proof: For any two points x, y on the pattern, we have, by connectedness, y, -, y; €
G, k € N such that x is contained in y, and y contained in y;, and each y; connects to y;,
foralli =1, .-, k—1 forming a piecewise C! curve in R?. Denotingby V;, i =1, -+, k—1
the intersection points of these curves between x and y, we have

k—
|u(x) —u < 2 |uV) —u(V )l + [uCx) = uV)l + [uV,_y) — u(y)l

[

=~
N

< J IMSI+JIMSI+JIMSI
i=1

Vit 41 Yk
12

< ll/2 J/u%

r

Now, we have

2
J(u_<u>)2=J<Irlu(X);u(y)|dy> dx<12

r r

2
[

r

We wish to consider the semi-inner-product

<u, 0>, 0= J ugvg, u, v € M1,
I
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through which we may define a semi-norm

p(u) = \/<u,u>,0.

We define

K'= {MEMI; p(u)=0}, I<1;er:I<lm‘/‘Vl1

per*
According to Lemma 3.6, we know that functions in K I take constant values on each

connected components of I'j, and because the number of arcs is finite in each cell,

dim K;e, < dim K! < co. We further define

M =&Y, M), = (K n ML, (3.2.5)

per

Also by Poincaré Inequality, we know that the restrictions of “<,>, 1" to M Vand M 1}er
now are inner products and are equivalent to the original inner products. From now on,

we consider M and M I}W as Hilbert spaces with inner product “<,>”.

3.2.3.2 The Estimate

As in the case a — 07, we still evaluate the term —a jrl(wk) s(xr);. We may assume

1
per

that (0., is not constant 0. Notice that i, € M., and x, € M!. Let w be the projection

of i, into M}, and z the projection of x, into M. Thus, we can rewrite
“Fl WsZs

per>
I, (@050,
- 12"

<Irl(’/bk)?>l/2 (Irl w%)

), we obtain by elementary geometry

Let df = dist(z, M,

er

“ w.z
r; WsZs < (< z,z>—(d,f)2)l/2,

12
[, wi
s

and then
12 12
[@oeo <|[@i| |[woi-w@p?| . (326)
IH [} IH
According to equation (3.2.2), we have
J(wk)? < J(Lbk)s(xk)s - (3.2.7)

I I
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Inserting estimate (3.2.7) into (3.2.6), we obtain

J(w,as(xk)s < I(xk)f — (dh?,
I I

which shows that
(Zohx = 1+ a(d}),
and hence
tr(Xp) 2 2+ a ((dH* + (d)?). (3.2.8)

Stopping here will not be enough because we find that in some cases, (d’I#)2 + (d;b )? could
be zero. Moreover, the translation of coordinate system also possibly change (d ?)2 + (dg )2,
and thus, to make a more intrinsic estimate, we take d? to be the maximum of (d f)z + (d;E )2

over all translations of coordinate system.

3.2.4 Examples on Patterns with different 0 < d < \ﬁ

1. The trace of the effective diffusion tensor of balanced patterns is exactly 2 + al,
regardless of the translations of coordinate system;

2. There is a pattern having the corresponding d = 0.

11
09
08
07
06
05
04
03
02

0.1

-0.1 0 0.1 0.2 03 04 0.5 0.6 0.7 08 0.9 1 11

-0.1

Figure 3.6 In the center of each cell there is a circle of radius 0.1; this is also considered as I 1#
of Type 0

We start computing d for the above six types of I" f . Tt is clear that in type 0, M
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N

0.8

\_/

0.4

0.4 0.6 0.8 1 12 14 16

#
(a) I'} of Type 1 (b) I} of Type 2

Figure 3.7 Type 1 and 2 are similar, but have different effects on calculating d,f for a given k =
1,2

(P <), il

G, S,

(a) I'f of Type 3 (b) I'* of Type 4

& S

B 5

© I 1# of Type 5

Figure 3.8 Type 3 and 5 have four connected components, while Type 4 has three.
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coincides with M},er,

and so the distance dZ =0 forall k =1,2. Intype 1 and 2,

the projections of x;’s to M !"are contained in M}

per» although, at this moment, x;’s

are not in M/

per» Which again forces dt = (. Similar proof also holds for type 3,

4 and 5. It is not hard to see that I f under any translation of coordinate system of
R? can be classified topologically into one of the six types listed above, and dz’s
remain constant in each class. In conclusion, d should be 0;

3. There is a pattern having the corresponding 0 < d < \/7 :

1.1

LT SRR .

0.9

08

0.7

0.6

05

04

03

0.2

0.1

-0.1

Figure 3.9 In the center of each cell there is a circle of radius 0.1 and there is one linear segment
crossing the boundary of the unit cell and connecting the north and south pole of the
circle

In this case, K! is exactly one dimensional and consists of constant functions only.
Observing that x, = y+ some constant C can never be in M ;er’ we see dg > 0, and
hence d > 0. Moreover, the involved circle makes the pattern non-balanced, which
ensures that d < \/7 .
Theorem 3.1: From example 3., we see that if (in some translated coordinate system)
r f is connected, and there is an arc of the pattern crossing 0[], then we have 0 < d < \/Z

such that

2+d?a<tr(Z)) <2+ 1a.
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