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Abstract

This dissertation consists of three projects in the analysis of partial differential
equations and geometric variational problems, motivated by questions arising in
homogenization theory, free boundary problems, shape optimization and geomet-
ric analysis. The unifying theme is the rigorous characterization of singular limits
and extremal structures from scientific or engineering problems, where classical
notions and techniques break down. We will also discuss the results in this dis-
sertation in a slightly broader context in Chapter |1| and raise some challenging

problems.

The first project, see Chapter 2| studies optimal effective conductivity bounds
for composite materials whose conductive phase is supported on lower-dimensional
sets such as networks. We address the attainability of the classical Wiener (Voigt-
Reuss-Hill) bounds in the singular regime. For the lower Wiener bound, we estab-
lish a sharp topological characterization: under a mild coercivity condition, the
kernel of the effective conductivity tensor coincides with the orthogonal comple-
ment of the homotopy classes of loops in the supporting network. In particular, for
periodic planar networks, positivity of the effective tensor is equivalent to a retic-
ulation condition. For the upper Wiener bound, we introduce a correspondence
between varifolds and matrix-valued measures, allowing us to reinterpret con-
ductance maximality as a form of area criticality. Using a fractional monotonic-
ity formula for stationary varifolds, we derive a pointwise dimensional bound for
conductance maximizers. These results give a complete characterization of when
extremal effective properties can be attained and have implications for models of

complex conductive networks such as leaf venation patterns.

The second project, see Chapter [3|and Chapter |4} is a joint work with my ad-

visor William Feldman and consists of two closely related works on elliptic and
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parabolic equations, in which the Neumann boundary data oscillates rapidly in
the vertical u-variable and the equations show singular behaviors after homoge-
nization. In the homogenization limit, we prove the emergence of a novel singu-
larly pinned rate-independent boundary condition: at zero tangential slope, the
effective Neumann condition becomes singular and anisotropic, producing an un-
constrained contact set reminiscent of the parabolic Signorini problems. A new
comparison principle for the heat equation with this singular boundary condition
is established, enabling a viscosity-solution-based convergence argument. This
provides the first multi-dimensional PDE example in which rate-independent pin-
ning behavior arises as the limit of a gradient flow with highly oscillatory energy.
Motivated by this limit problem, we then develop a regularity theory for a gradient-
degenerate Neumann problem. Such gradient-degenerate problems correspond
to the stationary case of the limit parabolic problem. They also generalize the
classical Signorini problem and feature new mathematical challenges. We prove
optimal C Ly regularity in two dimensions and obtain higher-dimensional regular-
ity under a non-accumulation condition on degenerate values. We also prove an
alternative characterization of the minimal supersolutions.

The third project, see Chapter [5] focuses on a foundational question in geo-
metric analysis: whether mean curvature flow can be realized as a genuine gra-
dient flow with respect to a nondegenerate Riemannian metric on the space of
curves / surfaces. While mean curvature flow is formally the L?-gradient flow
of perimeter, the associated metric structure is degenerate. We rigorously an-
alyze two natural nondegenerate candidates on the space of planar curves: the
uniformness-preserving metric and the curvature-weighted metric. In both cases,
we prove that mean curvature flow cannot be expressed as a gradient flow of any
energy functional with respect to these metrics. This yields a definitive negative
result for these natural geometric structures and clarifies intrinsic obstructions

to interpreting mean curvature flow as a true metric gradient flow.



For my mom, Anning.
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Chapter 1

Background of the dissertation

This chapter is meant to present the materials in this dissertation in a slightly
broader context and raise some new problems. That is to say, we will not cover
the materials in the dissertation in detail, so please read the introduction of each

chapter for the detailed descriptions of the results.

1.1 Loops in conductive networks

Networks can exhibit complex geometric structures at certain intermediate scales
as we vary their apparent conductivity properties. A particular example is the ap-
pearance of loops in networks that are under random fluctuations in the pressure
or damages in the links. In 2007, Bohn and Magnasco [34] studied a type of con-
ductive network with power sum constraints, which primarily models biological
networks such as leaf venation patterns. Specifically, given a finite connected
graph G = (V,E), assign to each node i € V a sink-source /(i) € R such that
Yiev 1(i) = 0, and to each edge ij € £ there is a positive number &;; = 5; that repre-
sents the conductance and a number J;; = —J;; € R that represents the flux from
i to j, and all these quantities satisfy: the Kirkhoff current law: for fixed i € V,

denote V; as the set of nodes so that there is an edge in E connecting i and j

> Ji=1(1), (1.1.1)
JeVi
and a power sum constraint
K7 = Enz] (1.1.2)
ijel

1



2 Chapter 1. Background of the dissertation

for some K >0 and 7 € (0,1). A good network (G, ,.JJ) minimizes the following total
dissipation
min min Z M, (1.1.3)
T jer K
over all configurations of fluxes J and conductance x that satisfy and
(1.1.2) respectively.

Numerically it was shown that an optimal configuration (kopt, Jopt) Will ex-
hibit tree-like patterns. That is, there are no sequences of edges of the form
i1io, i2i3,...,1,1; in G on which the conductances are all positive.

However if one takes a closer look at tree leaves, loops will show up at small
scales. This mystery led to the works of Katifori, Sz6ll6si and Magnasco in [104]
and Corson in [58]. In these works, it was observed that the appearance of loops
is a result of the random opening and closing of the sink-source (i) and possible
damage of edges. Specifically in the setting of Corson, we consider on a chess
board G = (V,E), where V = Z>n [0,N]? for some N ¢ N, and E is the set of
unit intervals that connect nodes in V, the source at the origin 7(0) > 0 and the
sinks elsewhere /(j) are random variables with expectation -1 and Y ;. I(i) =0 in
all instances. In this scenario, a good network will minimize the expected total
dissipation

min]E[min Z M], (1.1.4)
w I ijeE Rij
where the expectation E is taken with respect to the random sink-source /(i) and
the minimization is again taken over all the possible configurations of J and «.
Under appropriate assumptions on the randomness of I(i), they did observe the
appearance of loops in the optimal networks, see Figure 1 in [58] for example.

A natural and yet difficult question is

Can we mathematically illustrate the transition from tree-like
(P1)
to loopy as we increase the fluctuation of the sink-source?

Until now the author is only aware of a trial in this direction in the work of De
Masi, Marchese and Massaccesi in [1 18], which gives a well-posedness result of a
relaxed form of the minimization problem (1.1.4). In Chapter[2]of this dissertation,
the author derived loopiness under an additional periodicity assumption. Please

see the chapter for more details of the result.



1.1. Loops in conductive networks 3

1.1.1 Mathematical formulation

Let us now give a precise description of the problem (P1). To make a better connec-
tion with geometric measure theory and especially the branched optimal trans-
port theory, see [29,[57,176], we will reformulate the problems and
in a continuum setting. We emphasize here that the mathematical formulation
in this subsection is meant to present a possible framework to work with, and it
is possible that the actual answer deviates from the expectation made here.

Let v, and v_ be two probability measures supported on a bounded open do-
main Q c R? that represent sources and sinks respectively, and p a 1-rectifiable
Radon measure (for the definition see Section supported on Q that repre-
sent a conductive network that transfers heat / water / electricity from v, to v_.

The total power of dissipation of the configuration
pand v=v, —v_
can be computed via
H(psv) = inf{fRd (r2dpi; 7€ L2(RERY), 7(x) € To(n) and v+ div(rys) = o} . (.15

where Li(Rd; R?) is the L? space weighted by the measure p, T, (1) is the tangent
line of i at p-a.e. point x and the divergence “div” is defined in the distributional

sense. Given a parameter « € (0, ), the a-mass of the network y is defined as

Na(p) = wa%ml, (1.1.6)

where dy = wdH! \ 5 With #! the 1-dimensional Hausdorff measure. The a-branched
shape optimization aims to solve the following minimization problem
C = inf  H(u; 1.1.7
a(w)i= it H(iv), (1.1.7
where K > 0 is a constant and the infimum is taken over all 1-rectifiable Radon
measures . that are supported on 2. We shall discuss the well-posedness of the

problem C, in Theorem by establishing a connection of the problem C, with

2

a B-branched optimal transport problem for g = ;5.

In the random scenarios, the sink-source v = v, — v_ is the subtraction of two

random probability measures v, and v_ with law P, and the minimization problem



4 Chapter 1. Background of the dissertation

becomes

Co(P):= inf E,[H(uv)]. 1.1.8
(P) oot [H(p;v)] ( )

The problem can now be formulated as the following problems
1. Is the problem (1.1.8) well-posed for general P? Note that the problem is
indeed well-posed in the deterministic setting, see Theorem The well-
posedness issue has been carefully analyzed in a reasonable variant of (1.1.8]
in [118].

2. Under what law P will the connected components of the support of an op-
timizing p in the minimization problem (1.1.8) admit nontrivial first funda-

mental group?

The above problems can be made even more precise and quantitative if we make a
specific choice of sink-source. Particularly we follow the ideas in [58] and assume
that v and v, support on the grid points i € V := Z?> n [0, N]? for some N ¢ N, and
Q = [-2N,2N]?%. The source v, supports at the origin and the sink v_ support on
V \ {0} and satisfies

E[v_(i)] = -1 and E[v_(i)v-(§)] = 1 + 0%6;; (1.1.9)

for i,j € V ~ {0} and some o > 0. Note that v_ becomes deterministic when o = 0. As
suggested by the works in [95] we ask the following question of the transition of

phase from loopless to loopy:

3. Is there a critical o, > 0 such that the connected components of the support
of a minimizing p of (1.1.8) with v as described in (1.1.9) will have trivial

fundamental group if 0 < ¢ < 0. and nontrivial ones if o > 0.?

1.1.2 Branched optimal transportation and well-posedness in the
deterministic case

There is another highly relevant and widely known variational problem called
branched optimal transportation. We refer to [29,/56,/57,/176] for more details about
this problem. Specifically, we start with a 1-rectifiable current 7', denoted as

[F,0,j], such that when viewed as a vector-valued measure

dT = jo dr'|,,



1.1. Loops in conductive networks 5

where F c Q is 1-rectifiable, 6 is a Borel nonnegative function and j is a unit vector
field such that j(z) belongs to the tangent line of I’ at #!-almost every = € F.. Given

B €(0,00), the 5-mass of the current 7 is defined as
My(T) = fFG’Bd'Hl, where dy = j6.dH' . (1.1.10)
The S-branched optimal transportation aims to solve the following problem
€s(v) = inf Mp(T), (1.1.11)

where the infimum is taken over 1-rectifiable currents T = [F, 6, j] such that F c Q

and 07 is the boundary of T' that satisfies

T (¢) =T(D9)
for any ¢ € C(Q).

Theorem 1.1.1. For any a € (0,) and v = v, — v_ a difference of probability mea-
sures v, supported on (2, there is

l+a

Co(v) =%(527a(y))7, (1.1.12)

1+a

where C, is defined in (1.1.7), K > 0 is a constant and £ 2« is defined in (1.1.11).

1+a

In particular, the problem C,(v) is well-posed if and only if £ 2 (v) is well-posed.
1+

2
l+a

in the problem &g was discovered in [34] in the discrete setting. Here we check

Remark 1.1.2. The transition from the exponent « > 0 in the problem C, to 5 =

this relation in the continuum setting.

Remark 1.1.3. The result was obtained by Bouchitté and Buttazzo in [37] in 2001

200 _
l+a —

of the heat conduction optimization problem, the 1-D Plateau problem and the
Monge-Kantorovich problem with distance cost. The proof of Theorem is

in the case when o = 1, also see [42]. In this case, one obtains the equivalence

distinct from that in [37] as here we have a non-convex mass constraint.

Proof. Let us start with the total dissipation

H(pu;v) = inf{/Rd I712dp; v +div(rp) =0, 7 € LZ(Rd;Rd) and 7(z) € Tx(u)}.
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Note that H(\y;v) = $ H(p;v) for any A >0 and
___Kn
- Na(@)'fe

satisfies N, (u) < K¢ for arbitrary i without mass constraint. This implies that

Calv) = indH(p:0)

1
= inf — H(fi; ) Ny ()"

l+a

1 . 2 1 1+ ~a 1 1+(1 *
=— inf inf [/ |T|“wdH ] [/ wdH ]
K dji= 'LDd'Hl v+div(7ii)=0 (1 1. 13)

l+a

1
>— inf inf (/ |w7'|1+ad’H )
K dji= wd”H,l v+div(7ii)=0

1+a

> ? (€20 (V))

1+a

On the other hand, for any 1-rectifiable optimal current T, = [Fo,00,j0] Of €24

1+

such that 07, = v, we can construct an optimal du, = wedH'|, and 7, € L2 (R%;R?)

as follows

1/
K s () o
——— .0 and 7o = *“Té?g“jo. (1.1.14)
(£2.0)

1+

Eo = Fo, wo =

Note that N, (1) = K* whenever £ 2. (v) is positive and finite, and the boundary
1+
condition v +div(7ou0) = 0 is also satisfied. This shows that the inequality (1.1.13)
is an actual equality whenever £ 20 is well-posed, and the proof is done.
O

Remark 1.1.4. From the proof we can observe that even in the random case,
i.e., v is a random signed measure with some law P, a slight modification of the
inequality gives a lower bound on the problem C., whenever the branched
optimal transport problem & 20 is well-posed. However, we should not expect that
this inequality is sharp as v+vC:e saw them in the deterministic case in (1.1.14).
The main reason is that the optimizers of the branched optimal transport (in the
deterministic case) is known to be tree-like, see [29], and we expect the optimizers

in the random case to be loopy.
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1.2 Homogenization of the parabolic Bernoulli problem

The homogenization results in Chapter [3| and the gradient degenerate equations
in Chapter [4] are in close relation to the homogenization of the following parabolic

one-phase Bernoulli problem in dimensions d > 2

(1.2.1)

u; = Auf in {u® >0}
|Vuf| = f(z/e) on 9{u® >0},

where f is a continuous positive periodic function on R? and ¢ - 0*. In the sta-
tionary case (i.e. uj = 0) the homogenization is well-studied [45, 50, 80, 81,108].
The motivation of the problem comes from the homogenization of flame propaga-
tion at certain scales [47),48,107] and mean curvature flows with rough capillary
boundary conditions [5,|172].

For the stationary case it is known that there are pinning intervals
Iyle] = [Qr(e), Q" (e)] < [min f, max f]
for each e € RY, where
I¢[e] = I¢[-e] and If[Xe] = If[e] for all A > 0.

The limit solution u solves the following anisotropic one-phase Bernoulli problem

Au=0 in {u>0}
|Vu| € I¢[Vu] on 0{u>0}.
The homogenized coefficients Q;(e) and @’ (e) are obtained via the following plane-
like solutions, or in homogenization terms, correctors
Au=0 in {u>0}
|Vul = f(z) on d{u >0} (1.2.2)
SUP,e(s0) () — e ] < oo,
The slopes Qf(e) and Q/(e) are defined as the smallest and largest such a in
(1.2.2) respectively.

Define for each ¢ ¢ R? and 7 ¢ R

Ry[rie] = Q7 (e)m - Qple)(-7)-.
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We believe that the homogenized problem takes the following form that admits a

rate-independent boundary motion law

(1.2.3)

ur = Au in {u>0}
|Vu| € 0-R¢[ug; Vu]  on 0{u > 0},

where 0. R;[7;e] is the subdifferential of R;[7;e] in 7.

In Chapter [3| we characterize the homogenized limit in a linearized version
of the above parabolic equation under the assumption that f(z) = f(z1) depends
on only one variable. See Chapter [4| for the linearization near the free boundary
points in the stationary case. Specifically we derive the homogenized equation of

the following problem

ui = Au® in By n{x1 >0} x(0,00)
wS, =g(uffe) on Byn{z =0} x(0,00),

where ¢ is periodic. For convenience let’'s take g(v) = cos(v), and then the ho-
mogenized equation is the following parabolic problem with a rate-independent

gradient-degenerate boundary condition

{Ut _ Au in By n {1 >0} x (0, c0) (1.2.4)

Uz, € Olug|l{gry—0y 0N Brn{x1 =0} x(0,00),

where J| - | is the subdifferential of the absolute value function and V'u is the
(spatial) tangential gradient of v on By n{z1 =0} x (0, c0).

There are two main interests in the problem (1.2.3). The first interest is whether
we have uniqueness (or a comparison principle) for this limit parabolic problem.
It can be shown that the linearized problem admits a comparison prin-
ciple after some effort of deriving the viscosity solutions. This phenomenon is
definitely not obvious even in the linear case due to the differential inclusion con-
dition and the uniqueness actually does not appear in the stationary case. The
second interest lies in the occurrence of free facets (portions that are flat) on the
free boundary d{u > 0} and their evolutions. These free facets have been discov-
ered in the stationary case in general, see [80,81], but the temporal evolutions are
still mysterious. In Chapter [3] the viscosity solution notions we derive provide a

description of the rate-independent motion of the free facets in the linearized case.
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It will be interesting to generalize the results to the case of Bernoulli problems as
in (1.2.1).

It is also interesting to note that the stationary problem of takes the
following form

Au=0 in By n{x; >0}
{uz1|V'u| =0 on Byn{z; =0},

which generalizes the well-studied thin obstacle problem, see [19,|20}84,|163].
Whether such a solution « belongs to /2 up to the boundary B; n {z; = 0} is
still unknown. This regularity issue is also closely related to the flat asymptotic
regularity of some anisotropic one-phase Bernoulli problems, which we do not

specify here.
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Chapter 2

Attainability of the singular Wiener
bound and complex conductive
networks

2.1 Introduction

What are the appropriate geometric objects to describe leaf vein patterns? While
they are common planar networks, it is difficult to effectively characterize the
geometry energetically. In this paper, we approach this issue through a variational
problem on the hydraulic conductivity properties of leaves. More specifically, we
study the lower and upper attainability of a singular version of the Wiener bound
[174] for mixtures of conductive materials. This bound is also widely known as
the conductive analogue of the Voigt-Reuss-Hill bound [94,/149,|171] in elasticity
literature. In this new singular setting, high-conductance materials concentrate
on lower dimensional sets. Here by “attainability” we mean the characterization

of the mixtures that attain or do not attain the lower or the upper bound.

In particular, our work on the lower attainability provides a potential mathe-
matical support to an existing biological theory on the reticulation phenomenon in
higher-order leaf vein patterns, which states that random hydraulic fluctuations
imply reticulation [58,/104].

Let us recall the original version of the Wiener bound. By a standard homog-
enization argument [100}|134//168] (also see Appendix [2.7.2), a material mixture
is represented by a positive definite matrix field A(z) on the torus T" (or equiva-

lently A(x) is a periodic matrix field on R"). Such a matrix field often satisfies the

11
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following ellipticity condition
At < A(x) <\, for all 2 € T, (2.1.1)

for some positive constant A\. The effective conductance tensor of the mixture
A(x) is defined as the positive definite matrix Q(A) that satisfies the following
variational problem

Q= it [ (Vo) +p) A@)(Te() +p)aL",  @12)

where L" is the Lebesgue measure on T" and p € R" is an arbitrary vector that
represents the effective pressure gradient from the exterior that applies to the
mixture A(x).
The classical Wiener bound provides an explicit range of the effective tensor
Q(A). }
(fT A‘l(x)dﬁn) <Q)< [ A(w)ac”, (2.1.3)

The upper bound is attained if and only if div A = 0, and the lower bound is attained
if and only if curl A1 =0. See [100, Section 1.6] for more details and literature.

Although the attainability for the classical Wiener bound can be char-
acterized explicitly by the equations divA = 0 and curl A™! = 0 respectively, the
problem becomes much harder as one looks at A’s that concentrate on lower di-
mensional sets.

Indeed, to model leaf vein patterns, it is natural to consider the matrix fields
A on T? that have high magnitude near a 1-dimensional network I' c T2. To give a

heuristic discussion we consider the 2 x 2 matrix fields A; of the following form

l .
As(z) = |3 Irxo  for dist(z,T') < §/2
0 I»xo elsewhere,

where § > 0 is a small parameter. Note that A; does not satisfy the ellipticity
condition (2.1.1) uniformly. To sharply characterize the conductivity property of
I’ we send the small parameter 6 — 0*. The limit of A; turns out to be a matrix-

valued measure Ag of the form

dAo(z) = Inx dH'[ (), (2.1.4)
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where ! \F is the one-dimensional Hausdorff measure restricted to the 1-D set I'.

Note that at least heuristically the classical Wiener bound (2.1.3) degenerates to

0<Q(Ao) < fT dAo(z), 2.1.5)

where the lower bound becomes zero because A;! is infinite for Lebesgue almost
every point.
Now the difficulty immediately occurs as one looks back on the attainability

equations for the upper and lower bound in (2.1.5]
divA4y =0 and curl 4;' = 0.

Notice that Ay is a singular measure supported on a lower dimensional set I'.
The first equation div Ay = 0 can still be interpreted in the sense of distributional
derivatives. Unfortunately the second equation curl A;' = 0 is ill-posed even in
the distributional sense. This is because 4, is a singular measure and A;' is
supposed to be infinity for Lebesgue almost every point.

In this paper, we develop a theory to deal with both the lower and upper attain-
ability problem in the singular case (2.1.5), by using techniques from geometric
measure theory, calculus of variations, homotopy groups and etc. The main re-

sults are the two theorems:
Theorem [A on the lower attainability and Theorem [Bjon the upper attainability.

To make a more precise presentation, we will model singular matrix fields like
Ap in (2.1.4) by positive semi-definite matrix-valued Radon measures, which we
call medium for convenience (see Definition [2.3.1). More precisely we call 0 a

medium if it is a matrix-valued measure on T" that takes the form
dd=od|0| (2.1.6)

for some Radon measure ||#| and some positive semi-definite matrix field o such
that the trace Tr(o(z)) = 1 for ||f|-almost all x € T". Here o represents the local
anisotropy and ||f| represents the local magnitude of conductance. Note that the
effective tensor Q(f) can be defined similarly as in by replacing A(zx) by
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o(z) and dL" by d|6]. In this general setting, the singular Wiener bound (2.1.5)
becomes
0<Q(0) <o(T"). (2.1.7)

Our first main result, Theorem A} focuses on the lower attainability of isotropic
1-D media # on T". By 1-D we mean that the medium 6 takes the form
1
df = Iy, dw = —Ipyy, d(nw) (2.1.8)
n

with the Radon measure w satisfying

B,

O<limsupw<oo (2.1.9)
r—0% r

for w-almost every x € T". We also require the following coercivity condition

lim sup —w(Br(as))
r—0+ r

>c>0 (2.1.10)

for some positive constant ¢ and H!-almost every z in the support Spt w = Spt 6.
An immediate consequence of the coercivity condition is that H!(Spt #) < « (see
Section [2.2.3.5). Also note that whenever F is a closed subset of T" such that
H'(E) < oo, the restriction w = H'|, satisfies and (2.1.10).

For such 1-D media 6, we characterize the relation between the kernel of the
effective tensor Q(#) and the collection of homotopy classes of closed paths in the
support Spt § c T" of §. As we shall see later, the kernel of the effective tensor
represents the directions in which there is zero conductance in large scales. The
interest of this characterization lies in the interaction between the large-scale be-
havior in conductance and the microscale topology of the support of the medium.

The notion of homotopy classes is a standard tool to classify closed paths
in a topological space (see Section for the preliminaries and references).
However, to describe the corresponding topological properties of the support Spt ¢
for different ker Q(#), we need to introduce several new notions that apply the
homotopy classes in a slightly unusual way. First of all, we need to define a
notion that characterizes the abundance of loops in a given subset £ of T" in
terms of the closed paths in E. Specifically for each subset £ c T", we define
Hpg c Z" the collection of all the homotopy classes of closed paths in T" that have
image contained in E, see Definition for a precise definition. Next, we call £
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loopy if Hp spans the whole R” (not Z"; see Remark [2.6.4), and call F reticulate
if there is a loopy connected component in F, see Definition for more details.
We remark here that loopiness is equivalent to reticulation in dimension n = 2,

but they are not necessarily the same in higher dimensions. Please see Remark
[2.6.3]and Lemma [2.6.15 for more details.

Theorem A (see Theorem[2.6.5). Suppose a medium 6 takes the form with
w satisfying and the coercivity condition (2.1.10). Then the following identity
holds

ker Q(0) = HF,

where H{ is the orthogonal space of the homotopy classes of closed paths in the
support I = Spt w = Spt 6. In particular, Q(0) is positive definite if and only if Spt 6
is loopy.

As loopiness is equivalent to reticulation in dimension n = 2, the theorem im-

mediately implies the following corollary.

Corollary 2.1.1 (see Theorem [2.6.6). Under the same assumptions in Theorem[A|
and in dimension n = 2, the effective tensor Q(0) is positive definite if and only if

Spt 6 is reticulate.

We refer to Section for an outline of the proof of both Theorem [A and
the above corollary.

Both the positive definiteness of Q(#) and the term “reticulate” are closely re-
lated to the modeling of leaf vein patterns. To give an intuition on the term “retic-
ulate”, we refer to Figure for a graphical comparison among a real leaf pattern,
a reticulate network and two non-reticulate networks.

The positive-definiteness of () is closely related to the resilience of a con-
ductive network to random fluctuations. According to the biological literature
[58,/104] (also see Section below), a leaf will experience random fluctua-
tions of hydraulic pressure due to various factors like sunlight, humidity, insect
bites and etc. In terms of mathematics, the vector p in the definition of effective
tensor is a random vector with no preference in directions. It is then natu-

ral to define a “resilient network” to be those having positive effective conductance
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Figure 2.1: Left: a picture of higher-order veins in a tropical forest tree, Ampe-
locera ruizii. The picture is reproduced from [156], with permission from Wiley;
Middle left: a reticulate Z2-periodic network that has full rank effective tensor;
Middle right: a non-reticulate Z2-periodic network that has zero effective tensor;
Right: a non-reticulate Z?-periodic network that has rank 1 effective tensor.

in all directions. Equivalently, this is saying that the effective tensor of this net-
work is positive definite. See Definition for a precise definition of resilience
in terms of media.

We remark here that there is a gap between the original setting in [58,/104] and
the explanation above about the term “resilience”. We will make a clearer con-
nection between these ideas in Appendix by presenting a formal derivation
of the positivity of Q(#) from the minimization of the expected total dissipation of
a piece of leaf under random fluctuations.

Our second main result concerns the upper attainability of the singular Wiener
bound for general media. We use a transformation, first introduced in
[13, Remark 3.2] and also see [62], to show that all media can be equivalently
represented by varifolds. Varifolds are measure-theoretic extensions of surfaces
with nice compactness properties, which has been widely used in the field of
minimal surfaces (see Section for more details and references).

By using the notion of varifolds, we have the following formal identity
Conductance Maximality = Area Criticality. (2.1.11)

On the left of the above identity, we mean media that attain the singular upper
Wiener bound (2.1.7). On the right we mean stationary varifolds, which is a weak
notion of the critical points to the area functional of surfaces [6]. More precisely,

we have the second main theorem.

Theorem B (see Theorem [2.4.1). There is a continuous surjective map 7T from the

space of all varifolds on T" to the space of media. The following statements are
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equivalent for a _fixed medium 6:
(a) The medium 0 attains the upper Wiener bound (2.1.7).
(b) The medium 6 satisfies V-6 = 0 in the distributional sense (see Lemma|2.3.16).
(c) All varifold realizations € T-1(0) are stationary.
(d) There exists a stationary varifold p € T-1(6).

To give a quick explanation of Theorem [B| we apply the well-known Allard-
Almgren characterization of 1-D stationary varifolds that have positive densities
(see [8]; also see Theorem for a presentation of this theorem), and obtain
the following corollary. We refer to Figure for a graphical illustration of 1-D

stationary varifolds.

Figure 2.2: Both networks are Z2-periodic stationary 1-varifolds, with one period
indicated in the box enclosed by dotted lines. Theorem |B| indicates that these
are all appropriate models for leaf vein patterns, as leaves tend to maximize its
hydraulic conductance to maintain its functions.

Corollary 2.1.2. Let § be a medium that attains the upper Wiener bound (2.1.7)
and satisfies the 1-dimensional lower density bound

B,
liminfwz5>0 (2.1.12)
r—0+ 2r
Jor ||0]|-almost every = € T". Then T 1(0) = {u} contains a unique 1-rectifiable sta-
tionary varifold p that satisfies the following properties (we denote |u| = ||0| the

area/mass distribution)

1. the support Spt || = Spt 0 is, up to an H!-null closed set S, a countable union

of straight line segments, which are open relative to Spt ||u

’
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2. on each line segment there is a constant c > § such that the density

= g D (B@)) _
tla) = lim 5 =

Jor x on the line segment;

3. at every = € S, there exists a unique stationary tangent cone consisting of
finitely many half lines with constant densities. See Figure|2.3| for the illustra-
tion of a stationary tangent cone. In such a cone, the tangent vectors T} start

Jrom the origin and the densities w; satisfy

ijTj :0; (2113)
j=1
4. if the density ¢ is discretely valued, then the number of line segments is finite.

(ws,T3) (w3, T)

js(wlaTl)

(w5, T5) (w;, Tj)

Figure 2.3: For some integer m > 2, there are m half lines with the unit outward
tangent vectors denoted by 7; and densities w; > 0 for 1 < j < m. In a stationary
tangent cone the vectors 7; and the weights w; satisfy (2.1.13).

In 1977, Schulgasser [160] proved that the upper Wiener bound can be at-
tained by sequentially laminated isotropic materials, in which the notion of at-
tainability is slight weaker than what we mean here. Similar attainability result
of maximizing media to Theorem |B| was first addressed in the case of networks
in 2003 by Zhikov and Pastukhova [179,|180]. In 2020 the author [96] also ad-
dressed the network case. It was also discussed in [40] that the maximality is
attained by the superpositions of thin laminates. We refer to Section for a

more precise discussion on Theorem [B]
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The fact that the conductance maximality is equivalent to the divergence free
equation V-0 = 0 is well-known [63},90,/140,/146] in the composite-theory com-
munity (also see Section for a rigorous derivation). On the other hand, it
was discovered in [13,/62] that area criticality implies the divergence free equation
V-0 = 0. This implicitly proves that area criticality implies conductance maximal-
ity, although the transformation they proposed from varifolds to matrix-valued
measures was initially designed to study surface energies.

Based on the identity in Theorem B}, we establish a pointwise dimension bound
similar to [18, Corollary 1.4] and [17] by introducing a fractional version of the
monotonicity formula of stationary varifolds. See Section for a more rig-
orous discussion. Also see Theorem [2.4.5 for more details.

Interestingly, Theorem [B|also allows us to access certain questions on leaf vein
patterns in rigorous mathematical terms. Specifically, we can safely transfer the
questions on the geometry of leaf vein patterns to the questions on 1-D stationary
varifolds on T?, which has a more precise definition in mathematics and poten-
tially allows a more careful analysis. For example we can ask the question of
maximal valency of leaf vein patterns by asking the same question on 1-D sta-
tionary varifolds. We define a stationary network to be a stationary 1-varifold on
T? that has a.e. density 1. The maximal valency of such a network is defined as
the maximal number of edges joining at some node (see Problem for more
details).

Problem 2.1.3 (see Problem [2.4.18). Is the maximal valency of irreducible (see
Definition [2.4.17) stationary networks on T? bounded? Is it bounded by 4, 5 or
6?

The interest of this question is that the maximal valency bound 4 can be in-
tuitively discovered from real leaves (see for example Figure |2.1), but the math is
not so clear. We refer to Section for the rigorous formulation of this question

and some basic discussions. We also explain the notion of irreducibility there.

2.1.1 Rigorous discussion on the mathematical results

In the following we present some new techniques and consequences in Theorem

[Al and Theorem Bl



20 Chapter 2. Singular Wiener bound and complex conductive networks

* An outline for the lower attainability characterization

Let us briefly outline the new notions and techniques in the proof of Theorem [Al
There are three main ingredients in proving Theorem [A} countable decomposi-
tions, Wazewski parametrizations (see Section and some covering space
arguments (see Section[2.2.4). We refer to Section[2.6|for a complete presentation.

First, for a medium with its support having finite #! measure, we have the

following countable decomposition.

Theorem 2.1.4 (see Theorem 2.5.3). Let § be a medium such that Q(0) # 0 and
H!(Spt #) < 0. Then there exist countably many 1-rectifiable mutually disjoint con-

nected components E; c Spt 6 such that the submedia 6; := 9‘ 5. satisfy

Q(0) = iQ(Hi)- (2.1.14)
=1

The condition H!'(Spt #) < o is necessary as there is a counterexample in
Example 2.5.7]
Theorem [2.1.4|is proved by an induction argument to select “nice” connected

components, which hinges on the following characterization of nontrivial medium.

Theorem 2.1.5 (see Theorem [2.5.1). Let § be a medium with Q(0) # 0, then the
support Spt 6 is not totally disconnected, that is, there is a nonsingleton component

in Spt 0. This implies that the 1-D Hausdorff measure
H'(Spt 6) > 0.
In particular, the Hausdor{f dimension dimy (Spt ) > 1.

The decomposition in Theorem reduces the problem in Theorem [A|to the
case where the support I' = Spt ¢ is further connected and hence 1-rectifiable.

The second main step is the Wazewski parametrization, which states that there
is a surjective constant speed reparametrization v: [0,1] — I, with constant mul-
tiplicity along with many other fine properties (see Theorem for more details
and references). Using this we prove the inclusion H}j: c kerQ(f#) (see Section
[2.6.2). The key is to construct in a neighborhood of I' the linear function p -« for
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p € Hit. This is accomplished by analyzing the path lifting in the covering space

R"/ZHr of a surjective Wazewski parametrization v as described above.

In our last step (Section [2.6.3|and [2.6.4), we finish the proof by showing the

following inequality
p-Q)p > Clpl?,

for all p € ZHr (which is equal to Hr because I is connected in this step; see Lemma
[2.6.12), where C > 0 depends only on n, the geometry of I' and the coercivity
constant in (2.1.10). We establish this lower bound by a modification procedure
that improves the estimation of lengths and multiplicities of Lipschitz closed paths
in I without changing the homotopy classes via the techniques in [4].

The Corollary follows from Theorem [Aland Lemma [2.6.15], which charac-
terizes the equivalence relation between loopiness and reticulation in dimension

n=2.

* Fractional monotonicity formula and pointwise dimension bound

We will be using notations from the theory of varifolds. We refer to Section
for the preliminaries. It is known that a stationary k-varifold pu(z,7) satisfies that
ri’f || (Br(x)) is monotone nondecreasing in r > 0, where |y is the area distribu-
tion. See [6},[165] for references, and also see Section[2.2.3.7] In Lemma[2.4.11|we
extend this monotonicity result to a fractional version for media. To explain the
term “fractional” we introduce the following new version of “rank” (see Definition
for a positive semi-definite matrix A ¢ R™":
Tr (A)

Amax(A)

where Amax(A4) is the maximal eigenvalue of A. This new “rank” is useful as it

1 <dimg(A) := <rank(A),

provides a sharp characterization for media that can be realized as k-varifolds
through the transformation in [13,/62]. Indeed, in Lemma we show that a
positive semi-definite matrix A ¢ R”*" can be written as

A= o) P-dp(T)
for some probability measure p on the Grassmannian manifold G(k,n) (see Sec-
tion if and only if dim,(A) > k and Tr (A) = k, where P, is the orthogonal
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projection matrix from R" to the k-dimensional subspace 7. Based on this obser-
vation we obtain that all media can be regarded at least as 1-varifolds. This is
one of the key observations in proving Theorem Bl We refer to Theorem for

more details.

as introduced in (2.1.6) we consider the lower semi-

continuous envelope of the “rank” dim;(o(x)) of the local anisotropy o

For a medium df := o d ||0|

dim_(0)(z) := supessinf{dim (o (y)) ; |y —z| <, y € Spt 0},
6>0

where Spt 6 is the support of ||#| and “essinf” is taken with respect to the Radon
measure |0|. Based on these new notions we show a fractional monotonicity
formula in Lemma for media that attain the upper Wiener bound
(or equivalently divergence free media V-6 = 0 by Lemma [2.3.16). Specifically we
show that

for a e [1,dim,(0)(x)), L |0] (Br(x)) is monotone nondecreasing
rOl

in 0 < r < rq, for some r,, > 0. Moreover, if dim (0)(y) > m for y € U n Spt 6 in
an open neighborhood U of z, then a can be chosen as the constant m. This
result slightly improves the standard monotonicity formula for k-varifolds, as the

corresponding medium 6,, of a k-varifold y always satisfies
dim,(0,)(x) > k for = € Spt 0

with equality holds if and only if for |u|-(or equivalently |6,|-)Jalmost every z the
matrix field o, (z) := %ﬁ“ is an orthogonal projection to a k-dimensional subspace
of R™.

Based on this fractional monotonicity result, we can show a pointwise dimen-
sion bound similar to [18, Corollary 1.4]. We also refer to [17] for more references

on the problems of dimension bound.

Theorem 2.1.6 (see Theorem 2.4.5). Suppose a medium @ attains the upper Wiener
bound (2.1.7). Then for every point x in its support, one has the inequality

dim_(0)(z) < dimy,.(0)(x), (2.1.15)

where dim, () (z) is the standard lower local dimension of ||¢| (see Definition|2.4.4).

In particular, the lower local dimension always satisfies dim,,.(0)(z) > 1.
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The basic spirit of this result is that, when the maximality is attained, the
“rank” of the matrix field does not exceed the lowest dimension of the local mass
distribution. To be more specific, we consider a medium in T? of the form

df:=c d’Hz‘TQX{O},

where o is a constant positive semi-definite matrix. Notice that # attains the
upper Wiener bound (2.1.7) if and only if op = 0 for all p € {0}? x R. An immediate

consequence of this observation is that
rank(o) < dimy (T2 x {0}) = 2.

This shows that, at least heuristically, the conductance-maximizing media tend
to avoid the waste of material to put anisotropy off the plane T? x {0}. The bound
provides an extension of this observation in general maximizing media.
We refer to Example and Example for more examples around this

idea.

2.1.2 Literature: on leaves

¢ The cohesion-tension theory

Let us begin with a short presentation of the hydraulic behavior within a tree. The
water transportation within trees can be explained by the Cohesion-Tension theory
(CTT): the water molecules are cohesive and hence the water forms a continuous
flow within the trees; because of the air/water surface tension caused by the
effects of transpiration in the open pores of the stomata, the pressure of the water
within the transport system is negative; the negative pressure then drives the
water within the xylems upward against gravity to the leaves. After being driven
through the xylem to the petiole of a leaf [123], the water will be transported
through different hierarchies of the leaf veins to the opening sites of the stomata
and evaporate there [124}/154,156]. CTT was first proposed by Boehm [33] in 1893
and was soon summarized by Dixon and Joly [70] in 1894. The theory has been
thoroughly studied by experiments and remains the most accepted explanation

of water transport within plants [52//106}|181},182].



24 Chapter 2. Singular Wiener bound and complex conductive networks

* Darcy’s law

Darcy’s law is a widely used model for porous media, including the hydraulic
behavior in trees [122]/148]. It states that the flow velocity field j is related to the

pressure gradient V¢ in the following form
j = _Av¢a

where A is a positive definite matrix field that represents the local conductance
of the tree/leaf. We will give a more precise description of our model based on

Darcy’s law on leaf vein patterns in Appendix

* Hierarchy, fractal structure, and power law

The hydraulic properties of leaf venations have received much attention for decades
[55,/153,/154,/156,/157]. It is commonly accepted that lower-order veins are typ-
ically composed of a midrib and two orders of lateral veins and provide for bulk
and far-reaching water transport, while higher-order veins often show smaller and
reticulate patterns that provide “diffusive” local water distribution [154,156]. This
hierarchical order can also be observed in the models proposed in [34,(58,/104],
where Bohn et al., Corson, and Katifori et al. studied the optimization of hydraulic
dissipation of networks, based on some power law constraint [23], which naturally
leads to a fractal geometric viewpoints on the venation patterns. A well-known
power law, Murray’s law [161], originally proposed for modeling blood vessels, is
also used in the study of leaf venations. The law was discovered by finding the
balance between the efficiency of blood flow and the maintenance cost of vessel
construction. Murray’s law is shown in [121] to hold also for leaf venations under
some assumptions, but it was also pointed out in [154] that this law may not hold
for plants because plants are sun-powered and the plant vessels are often leaky.
In this paper, instead of looking at the local efficiency of veins, which leads
to Murray type laws, we look for appropriate geometric shapes of networks from
a larger scale by using homogenization method [100,/168]. We model leaf vein
patterns, especially the higher-order ones, with these networks. This method no

longer leads to a fractal geometry but it still satisfies the Darcy’s law for porous
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medium, which is appropriate for modeling the “diffusive” water transportation

in the higher order vein structures.

¢ The random fluctuations and reticulation

The random fluctuations of the pressure gradient p in can be justified by
the experimental results in [30,[31,[147], where it is observed that the closing
and opening of the stomata pores (sites of transpiration) form a random patchy
distribution (see Figure[2.4). The reticulation of veins is regarded as a redundancy
to deal with such random fluctuations and possible exterior damages [58/[104]. In
these works, the random opening and closing of sinks are shown to be sufficient
for producing loops in the optimal structure. Without random fluctuations, the
computation indicates that the optimal patterns are tree-like [24,29,[34,[74].

Figure 2.4: Backlit lower leaf surface of Arbutus unedo of different times of a day.
(Light area: infiltrated area; dark area: non-infiltrated area. A: 9 a.m.; B: 10
a.m.; C: 12p.m.; D: 4 p.m.; E: 5 p.m.) This picture is reproduced from [30], with
permission from Springer Nature.

¢ Other models on the venation patterns

Models on many other aspects of veins have also been proposed. In [66], Dim-
itrov and Zucker studied auxin concentration using reaction-diffusion equations
and used this to model leaf venation formation in the early stage of a leaf. In
[103l/151,[152], Ronellenfitsch and Katifori also proposed a model on auxin con-

centration and obtained the reticulation result if one assumes fluctuations in
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auxin production. In [150], Ronellenfitsch justified the optimality of reticulation

in the elasticity aspect of leaf vein structures.

2.1.3 Literature: mathematics

* Optimal design and Hashin-Shtrikman bound

The upper and lower attainability problem for the singular version of the Wiener
bound lies within the more general realm of optimal design [37,(39,/43|,113].
We also refer to [54,/134] for a detailed introduction in this field. In general, an
optimal design problem concerns about minimizing a cost function under some
mass constraints. In the theory of conductive composites, the most famous one,
other than the Wiener bound, could be the Hashin-Shtrikman bound [92]114].
In this problem, one can derive a bound sharper than the classical Wiener bound
for two-phase isotropic mixtures [92/114-116,/167]. Specifically in the case
that the matrix field A = [aly, + 5 (1 - 1y, )] Lnxn for two positive numbers a > 8> 0
and |U,| = h € (0,1), the effective tensor Q(A) satisfies

a+(n-1)+(n-1)h(a-p) B Tr(Q(A)) B nafB + (n-1)a’h - (n-1)aph

b a+(n-1)-(a-p)h n B no —ah + hp

. (2.1.16)

Interestingly, in the case that high conductive material concentrate on lower di-
mensional sets, i.e. o - oo, ah > m € (0,00) and g - 0, the upper H-S bound
becomes ”T’lm This is exactly the upper singular Wiener bound (in the form of
average eigenvalues) for (n—1)-dimensional medium 6 of the form df(x) = P;, dw(z),
where w is an (n - 1)-rectifiable Radon measure and P;, is the orthogonal projec-
tion matrix from R” to the (n - 1)-dimensional tangent space 7, of w at z. Note
that there is a formal dimension reduction from I,,x, to P;,. One should notice
that the classical sequentially laminated optimizers of the H-S bound no longer
capture the attainability property of this singular H-S bound as they simply ho-
mogenize in the limit. The author studied the attainability of this singular bound
in dimension 2 in [96], and this became one of the motivation for studying the

singular Wiener bound in a more general setting.
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¢ Singular structures, metric Sobolev spaces and .4-free measures

The modeling of singular structures is one of the most challenging problems in
calculus of variations. This topic has attracted attention for decades [22,/36,(38,
155,/180]. It also motivated the huge development of Sobolev spaces on metric
measure spaces in recent years [11,/12,|117]. Interestingly the study of minimal
surfaces also provides some good insight in some problems of singular structures.
As we have pointed out, the transformation from stationary varifolds to divergence
free matrix-valued measures made in [13]62] is an important ingredient in proving
Theorem [B] In fact, such observations have led to an extensive study of linear

distributional PDEs, specifically .A-free measures [17,|18}/62,142].

e Optimal transport as a model of leaf veins

There are also some works on modeling leaf vein patterns by using the theory
of optimal transportation [170]. We refer to [29,/176] for more details. In some
sense the optimal transportation approach follows the same route of Murray type
power laws. As we have alluded in Section [2.1.2.4] these models lead to tree-like
patterns. To the best of the author’s knowledge, there are no analytic results on

the emergence of reticulation under the assumption of random fluctuations.

2.1.4 Structure of the paper

In Section [2.2|we present some preliminary results from various fields, including
measure theory, geometric measure theory, calculus of variations and homotopy
groups on the torus. In Section we introduce the notion of medium and
its effective conductance tensor. We also introduce some novel properties of the
effective tensors in the singular case, which includes super-additivity, upper semi-
continuity in weak* topology, discontinuity and faithful convergence, and efficient
submedium. We also provide a rigorous derivation of the Euler-Lagrange equation
V -6 = 0 for maximal media. In Section we discuss the transformation of
varifolds and establish Theorem [B|rigorously. We provide a proof for the pointwise
dimension bound in Theorem [2.1.6] We also provide a rigorous discussion on
Problem[2.1.3] In Section[2.5|we provide the proofs of several useful theorems that
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characterize the supports of media 6 that satisfy Q(#) # 0. In particular, we prove
the countable decomposition Theorem [2.1.4] We also provide some examples to
show the sharpness of these theorems. In Section we prove Theorem [A| and

Corollary [2.1.1].
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2.2 Preliminaries
2.2.1 Notations

* Let n > 1 be an integer that represents the dimension. We denote R", Z" and
T" = R"/Z" the Euclidean space, integer lattice and the torus with dimension

n.

¢ If not particularly mentioned, ¢ represent a medium and y represent a vari-
fold.

* Denote L" as the Lebesgue measure on R" or T".

* Denote Tr(A) to be the trace of a square matrix 4, that is, the sum of the

diagonal entries of A.

¢ For any linear subspace 7 ¢ R"”, we denote P; to be the orthogonal projection

from R" to 7.

* Denote G(k,n) the Grassmannian manifold consisting of k-dimensional sub-

spaces of R".



2.2. Preliminaries 29

¢ For a measure w on a metric space X, we denote
Spt w = support of w,

which is the complement of the largest open subset of X that has zero w-
measure. For a matrix-valued measure the support is defined as that of its

total variation.
* For a real number ¢ € R we denote
|t] = largest integer below ¢,
and [t] = -|-t].

* Given a measure w on a measure space X and a measurable map ¥V: X - Y,

we denote the pushforward as
Uyw(A) = w(¥ ' (A)) for all measurable A cY. (2.2.1)
Given a measurable subset F c X, define the restriction of w as

wg(A) :==w(EnA) for all measurable A c X. (2.2.2)

* Let f: X - Y be any mapping, then define Imf as the imageof f. If f: X - Y
is further a linear mapping on linear spaces, then define ker f as the kernel
of f.

* Let S be any finite set, define #S5 as the number of elements in S.

2.2.2 Measure theory

Let X be a metric space. In this subsection we define and present some basic

properties of Radon measures and the matrix-valued versions.

* Radon measure and Riesz representation

A Radon measure w on a metric space X is a measure on the o-algebra of Borel

sets on X that satisfies

* w(A) is finite for any compact A cc X
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* w is outer regular on Borel sets and inner regular on open sets.

Denote by R(X) the space of all Radon measures on X. There is a functional

analytic characterization of R(X).

Theorem 2.2.1 (Riesz representation). Let Cy(X) be the space of compactly sup-
ported continuous functions, then there is a 1-1 correspondence between the posi-
tive linear functionals on Cy(X) and R(X). Specifically a nonnegative linear func-

tional v is related to a Radon measure w in the following form

W(f) = fodw for all f € Cy(X).
In particular, the functional norm
[l ) = w(X)
if both sides are finite.
A convenient consequence of this is the following compactness result.

Lemma 2.2.2. Suppose w; is a sequence of Radon measures with bounded total
mass

supw;(X) < oo,
J

then up to a subsequence there is another Radon measure w., such that we,(X) < co

and
[ fdw; [ Fdwe, 2.2.3)
X X
Jorall f e Cy(X) as j — oo.
Proof. This is an immediate consequence of the Banach-Alaoglu theorem. O

Definition 2.2.3. Call the notion of convergence in (2.2.3) the weak* convergence

*
and denote w; - We.

¢ Matrix-valued measures and polar decomposition

A matrix-valued measure on a metric space X is an R™"-valued set function ¢
such that for any countable sequence of pairwise disjoint Borel sets U; ¢ X we

have

9([] Uj) :ge(Uj).
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In this paper, we focus on positive semi-definite matrix-valued Radon measures.

More precisely we require
* J(F) is positive semi-definite for all Borel F c X.

* The trace
16| (E) :=Tr(6(F)) (2.2.4)
is a Radon measure.

Lemma 2.2.4. A matrix-valued measure 0 is a positive semi-definite matrix-valued

Radon measure if and only if 6 decomposes as
do=od|0|

where |0 the trace is a Radon measure and o € L*(||] ;R™") is the Radon-Nikodym

derivative

do
O'(IL‘) = m

that defines a positive semi-definite matrix field and satisfies Tr (o(x)) = 1 for ||0|-

(2), ve X (2.2.5)

almostall x € X.

Proof. By applying the polar decomposition theorem [9, Corollary 1.29]
df = fdw

for some Radon measure w and a unique positive semi-definite matrix field f such
that |f|. = 1 for some norm |-|. on R™". Observe that d 0| (z) =Tr (f(z)) dw(x). We

then define
iy I
Tr (f(z))

Notice that o is well-defined because f(z) is positive semi-definite and then f(z) #
0 if and only if Tr (f(x)) # 0. The proof is done by checking that for each 1 <i,j <n
the component o;; is exactly the Radon-Nikodym derivative df;;/d ||6||. O

* Disintegration theorem

The following theorem will be often referred to. For convenience we only present a

specific version. See [10, Theorem 5.3.1] for a more general version and its proof.
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Theorem 2.2.5 (Disintegration theorem). Let 1 be a Radon measure on the product
metric space X xY. Let w be the projection 7 : X xY — X that sends (z,y) € X xY
to x. Then if we denote ||| := m4p, there is a family of probability measures p, on'Y

such that

* for any Borel set B c Y the function z — p,(B) is Borel measurable on X .
e for |u|-almost all € X, we have p,(Y ~ 7 (x)) = 0.

* for all Borel function f on X xY we have

Jow f@ant) = [ 1 y)doe)dlnl ).

2.2.3 Geometric measure theory

* Lipschitz map and function

A Lipschitz map is a map f: X - Y from a metric space (X, dx) to another metric

space (Y, dy) satisfying that there is a constant C > 0 so that for all 2,22 € X

dy (f(z1), f(22)) < Cdx (21, 22).

A Lipschitz function is a Lipschitz map from (X,dx) to the real line.

* Lipschitz path and length

A path is a continuous map «: [0,1] — X. Define the multiplicity of v at z € X as
m(y,z) = #v (z) (possibly oo).

Define the length of a Lipschitz path v in (ag,bp) c [0,1] as

N-1
tCans i) =sup{ 3 dx (@) ) | <o

with the supremum taken over all possible choices of ag < aj <as <+ <an < by. We
write £(v) :=¢(v,[0,1]) as the total length.

Call a Lipschitz path v to have constant speed if ¢(v, (ag,by)) is proportional
to (by — ag) regardless of ag, by. It is known that any Lipschitz path having finite
length admits a constant speed reparametrization. Notice that if X is a Riemann

manifold with Riemann metric g, then a constant speed Lipschitz path v satisfies

Lip(7) = 'y = €(7).
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See [4], Section 3] for more details.

¢ Hausdorff measure and dimension
On a metric space (X,d), the diameter of a set F c X is defined as
diam(E) := sup d(z,y).
z,ye
For « > 0, the a-dimensional Hausdorff measure of a subset F c X is defined as
HYE) = Supinf{z diam(U;)® ; diam(U;) <d and Ec | Ui}.
6>0 i=1 i=1

The Hausdorff dimension of a set F is defined as
dimy(F) =inf{a>0: HY(E) =0} =sup{a>0: H*(E) = oo},

where we take inf @ = +00 and sup @ = 0. Notice that whenever F has finite #“ mea-

sure the restriction H®| , always defines a Radon measure. See [9, Section 2.8]

e
for more discussions on Hausdorff measures.

* Rectifiable sets and measures

On a metric space X, a subset £ c X is called k-rectifiable for some integer 1 <k <n

if there are countably many Lipschitz maps f; : R¥ - X so that
?ﬁ(E\LJﬁ(R%):o
i=1

A measure yu is k-rectifiable if there is a k-rectifiable set £ and a Borel function f
such that
dp = fdH"|,.
* Density
For a measure i on R”, the k-dimensional upper density at x € R" is defined as
B,
O (i) = O (p.) = limsup L1220,
r—0* WgT

where wy, is the volume of the k-dimensional unit ball. Similarly, the lower density
is defined as
B ()

O, (1, z) = OF(p, z) := liminf AL -
r—0* WET
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For a Borel set £ c R", the k-th upper and lower densities are defined by replacing
1 with ’Hk’ o
By [9, Theorem 2.56], we know that if ¢ is a Radon measure on R"” and E is a

Borel subset, then:

(@) If ©*(u,x) <t whenever z € £, then
u(E) < 281 (B).

(b) If E c U for some bounded open domain U and ©*(u,z) >t whenever = € E,
then
u(E) 2 tH*(E).

A basic consequence of this result is that if ©; (1, z) is positive and finite for #*-
almost every z € Spt 1 then there is a Borel function f such that du = f al’i’-lk|Spt u
See [112, Proposition 2.16].

* Tangent measures and rectifiability

Let 1 be a measure on R"” and « > 0. Define an a-tangent measure v, of u at x ¢ R"

to be a measure so that there is a sequence of positive numbers r; | 0 such that

p+n() «
Wa s v
as i » oo, where we have denoted w, the Gamma function extension of volumes

of unit balls. Denote by Tan,(x,z) the collection of all such v,, and Tan(u,z) :=
J Tan, (p, ).

a>0

Theorem 2.2.6 ([112, Theorem 4.8]). A measure . on R" is k-rectifiable for some
integer 1 < k < n if and only if for p-almost all x € R™, Tan(u,z) = Tang(pu,x) = {v.}
is a singleton, where v, is of the form cka\T Jor some ¢, >0 and T c R" is some k-

dimensional subspace. A set E c R" is k-rectifiable if and only if H* ‘ g s k-rectifiable.

Definition 2.2.7. For a Radon measure w, whenever for some integer 1 < k <n
the space

Tan(w, x) = Tang(w,x) = {v,}

is a singleton, where v, = cﬁ-{k‘T for some ¢, > 0 and 7 ¢ R a k-dimensional

subspace, we call 7 the tangent space of w at z.
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* Varifold, area criticality and monotonicity formula

Let us now introduce the notion of varifolds. We only present the definitions and
facts in R" as they can be naturally extended to the case of manifolds such as
torus. We refer to [6,/61,/125] for more discussions on this topic.

Denote for integers 1 < k£ < n the Grassmannian manifold G(k,n) consisting of
k-dimensional subspaces of R". Notice that G(k,n) is a compact smooth manifold.

A k-varifold p is a Radon measure on R” x G(k,n). Let = be the projection that
sends (z,7) e R” x G(k,n) to z. Define the area distribution |u| := m4u (see
for definition).

Call a varifold u to be stationary in an open domain U c R” if for all smooth
vector fields ® € C$°(U;R")

/, oty T (P-DR(@))dn(2,7) =0, 2.2.6

where P; is the orthogonal projection matrix from R" to the k-subspace 7 c R".
The following theorem states that stationary varifolds are critical points of the

area functional.

Theorem 2.2.8 (|6]). A k-varifold  onR" is a critical point of the functional ||u| (U) <

oo _for some bounded open domain U c R" if and only if i is stationary in the sense

of (2.2.6) inU.
Suppose pu is a stationary k-varifold on an open domain U c R"”, then the

following identity holds

x x - — )
|| (53( ) lul <§:< ) _ fUXGM (1 |;Z>£|g+2 W gy ) 20, (2.2.7)

for any z € U and 0 < s < r < dist(z,0U). In particular, the density limit

el (Br(x))
o([ul,z) = h%{ ook
r— LT

exists for every z € U.

e Wazewski parametrization

We now introduce the Wazewski parametrization of connected compact metric
spaces (called continuum) that have finite length. This will allow us to do fine

analysis on sets having finite length.
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Theorem 2.2.9 ([4, Theorem 4.4]). Let X be a non-singleton continuum such that
HY(X) < o0, then H!(X) > 0 and there is a Lipschitz mapping v : [0,1] - X satisfying

the following properties:

(i) v is closed, surjective and has degree zero.
(ii) The multiplicity m(v,z) = 2 for H'-almost all z € X.

(iii) v has constant speed equaling to 2H'(X), and in particular, for any Borel func-

tion f: X — [0, 00] (and in particular any integrable Borel function)
1
for@ant@ = [ e 2.2.8)
In particular, a continuum X is 1-rectifiable whenever H!'(X) < co.

2.2.4 Torus and its topology

In the following, we sketch some important known topological properties of torus
for audiences who are not familiar with them. Most of the materials in this section
are covered in the textbook [93].

We write the standard flat torus T" := R"/Z". If not particularly mentioned, we
denote

m:R" > T"

the standard projection that maps x € R” to the equivalence class of x modulo Z".
As 7Z" is a discrete subgroup of R", standard theory shows that 7 is also a locally

isometric diffeomorphism.

e Path and path composition

A path is a continuous map ~v:[0,1] — T". Given two paths ~; and 7, with v;(1) =
~v2(0), define the path composition

@) 0<t<1/2

122t —-1) 1/2<t<1. (2.2.9)

Y172(t) = {

It is not difficult to show that for two Lipschitz paths v, and ~, with 71 (1) = v2(0)
the path composition v;v; is still Lipschitz and the total length satisfies

C(172) = () +L(72). (2.2.10)
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* Homotopy classes on torus

Call a path v to be closed if v(0) = v(1). Two continuous closed paths 71,72 : [0,1] —

T™ are homotopic based at g =71 (0) = 72(0) if there exists a continuous map
H:[0,1]* > T"

such that H(-,0) =~ and H(:,1) =2, and H also satisfies H(0,t) = H(1,t) = x¢ for
all ¢ € [0,1]. By standard theory, the collection of homotopy classes in T" based at
any point zy endowed with the path composition forms a group, which we denote
by 71 (T", x9). There is a natural isomorphism from 7; (T", z¢) to Z". We will further

discuss this isomorphism in Section [2.2.4.4

* Covering spaces of torus

A covering space (g, X ) of a topological space X* consists of a continuous surjec-
tion ¢g: X - X* so that for each = € X* there is an open neighborhood U such that
¢ }(U) is a union of disjoint open sets in X, restricted on which g is a homeomor-
phism onto U. In this paper we consider for each subgroup G < Z" the quotient
space

¢ =R"/G:={[z] ; z~yif and only if z —y € G}.

By standard theory the spaces T¢, are smooth manifolds and the projection 7 :
R™ - T" can be factored as

7T:7TG07TG,

where 7, 7¢ : R" - T¢ and 7g : T — T" are locally diffeomorphic and isometric

projections.

¢ Path lifting property

Given a covering map ¢ : X — X* and a path v :[0,1] - X*, a lift of the path is
another path 4 : [0,1] - X such that v = go 4. The path lifting property states
that for each lift Zy € X of the starting point z( = g(0), there is a unique lift 5 of v
starting at Zg.

In the case of the covering map = : R® —» T", given a base point 2y ¢ T" and

its lift yo € 7 !(xg), each closed path v in T" based at v(0) = zy can be lifted to a
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unique path 4 in R” starting at 4(0) = yo. The vector 4(1) — yo € Z" turns out to
be independent of yy, and the choice of v in its homotopy class. The map from
the homotopy class [y] to 4(1) - yo is known to be an isomorphism, denoted by
izy, from 7 (T, z9) to Z". If the base point zy € T" is unambiguous, we do not
distinguish Z" and the homotopy group based at z.

One also notice that because the covering map 7 is a local isometry, the length

{(7y) is equal to the length of its lift /() whenever ~ is Lipschitz.

¢ Periodic extension of measures

For any Radon measure w on T", we can extend w uniquely to a periodic Radon

measure w on R”. Define for any ¢ € C;°(R") the following linear functional

Lu(@)= [ 3 oy)du(a).

yer~! (z)
By the Riesz representation theorem, this defines a unique periodic Radon mea-

sure w on R" such that
¢dw = Ly, ().
[n w (0)

In particular, for any a > 0 and subset F c T" such that H“(FE) < oo, the periodic

extension of H“| . is exactly H“\

& ri(m)°

Similar periodic extension can be done for matrix-valued Radon measures.
Specifically for a matrix-valued Radon measure of the form df = o d |#| we period-
ically extend the Radon measure ||f| as above to be a periodic Radon measure w

on R" and then define the periodic extension 6* of ¢ as

do* (y) == o(m(y)) dw(y). (2.2.11)

2.3 Conductive medium and its average behavior

In this section we present some elementary results on mixtures of conductive
materials that are presented by (especially singularly supported) matrix-valued

measures. We call such objects medium and define them precisely as follows.

Definition 2.3.1. Define a conductive medium (or simply medium) to be a pos-
itive semi-definite matrix-valued Radon measure on T" (see Section [2.2.2.2). A
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medium @ is called isotropic if 0(E) = A(E)I,x, for any Borel set FE c (2 and some

number \(F) > 0. Here ) is in fact a Radon measure.

Define the mass distribution of a medium 6 as its total variation with respect
to the trace
[0] (E) = Tr (0(E)). (2.3.1)

According to the discussions in Section [2.2.2.2] we know that any medium 6 can
be uniquely decomposed as
dd=ocd|b|, (2.3.2)

where |0|| is a Radon measure and o is a positive semi-definite matrix field such
that

Tr(o(z)) =1 for ||f| -almost every z € T".

In particular, if 6 is isotropic, we obtain that o = %Imn. If not particularly men-
tioned, we always identify Radon measures with isotropic media.

Physically the matrix field o represents the local anisotropy of the material
and the mass distribution |f| represents the local magnitude of conductance as
a sum of all directions. Our main goal in this section is to present some basic

facts on the average conductive behavior of a given medium.

Definition 2.3.2. For a medium 6, define the effective conductance tensor (or sim-

ply effective tensor) as the positive semi-definite matrix Q(6) e R™" that satisfies

Q= nt | (vorp) o(Terp)dlo] 2.3.3)
for every p ¢ R” and we also define the mean conductance as the average of eigen-
values

M) = w. 2.3.4)

See Lemma for the proof that is indeed a quadratic form. The
quantity in is known to be quadratic in periodic homogenization in [100,
Chapter 1] and in ergodic versions in [16, Chapter 1] for the case when |0]| is
absolutely continuous with respect to Lebesgue measure. The main difference is
that 6 in this paper can have singular support.

The main character of this paper is the following singular version that gener-

alizes the classical Wiener bound [174].
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Lemma 2.3.3 (Singular Wiener bound). The effective tensor Q(0) satisfies
0<Q(O) <O(T™). (2.3.5)
In particular, the mean conductance satisfies
0<M(9) < %Tr(&(?l‘”)) = % o] (T™). (2.3.6)

Proof. The lower bound immediately follows from the definition of Q(#). The up-
per bound is obtained by taking the special test function ¢ = 0 in the formula.
The bound for the mean conductance M (#) is obtained by taking the average

eigenvalue of Q(0). O

Recall the classical Wiener bound (2.1.3) when df(x) = A(x)dL" for some matrix
field A, one has

-1
( [ A’l(:c)dL'”) Q)< [ AG)dc.

The upper bound in (2.3.5) is a natural extension of the classical Wiener upper

bound, but the lower bound in (2.3.5), although looks more trivial, is sharp in

general. For example, one can consider any finite sum of Dirac delta

N
p= Z Oz
i=1

where z; ¢ T" for i = 1,..., N, and then find that

Q(p)=0

no matter how we choose N and the position z;’s. In fact, we will show in Theorem
that Q(#) = 0 whenever Spt 6 is totally disconnected.
To classify the media that have different average behaviors, we now introduce

some new terminologies.

Definition 2.3.4. Call a medium @ trivial if Q(#) = 0; nontrivial if Q(0) # 0; positive
(or resilient) if Q(0) > 0 is positive definite; maximal if Q(#) = 0(T"), i.e., § achieves
the upper bound in (2.3.5).

We remark here that a medium 6 is trivial if and only if M (#) = 0. It is maximal
if and only if M (6) reaches the upper bound in (2.3.6). Also note that a maximal

medium is not necessarily positive.
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In the following we show some basic properties of the effective tensor ). In
Section we show that the quantity in is indeed a quadratic form. In
Section we present basic properties of Q(#) with respect to the addition
of media. In Section we show that Q(#) is upper semi-continuous with
respect to the weak* topology of media. In Section [2.3.4 we introduce the notion
of efficient submedium. In Section we derive the Euler-Lagrange equation

for maximal media.

2.3.1 The effective quadratic form

Lemma 2.3.5. The quantity defined in (2.3.3) is indeed a quadratic_form.

Let us write

Coleup) = [ (Vo+p) (Ve +p)d|6] and Cy(p) = inf  Cylo.p).
T peC>(T")
Before proving Lemma we first show a technical lemma.

Lemma 2.3.6. A sequence of functions ¢; e C*°(T") satisfies

Co(pj.p) L Co(p) as j — oo (2.3.7)

if and only if for every ¢ > 0 there is a jo > 0 such that for all j > jo and n € C*(T")

| [ +p)-ovnalol| <=/ [ vn-ovnalol 238

Proof. To show the only if part, we take ¢; to be a minimizing sequence and for

some jy > 0 and all j > jo we have
Co(pj,p) < Co(p) +e.
By minimality of Cy(p) we have for all n e C*°(T") and ¢ # 0
Co(wj,p) < Co(pj —tn,p) +e&,
which implies that

2t fw(wj +p)-ovnd 6] - 12 fT v ovnd 0] <.
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If [, Vn-oVnd 0] = 0 the inequality is trivial. If [, Vn-oVnd 6] > 0 then by
arbitrariness of ¢ # 0
fen (Vs +) - ovmd O] _
S V-ovmd|o] T

regardless of the choice of 7.

To show the if part, we observe that if there is a § > 0 such that
Co(pj,p) 2 Co(p) + 0
for all large j, then for all j there will be a smooth test function n; such that
Co(j,p) 2 Co(pj +nj,p) +6/2
also for all large j. In other words, we have
-2 [ (Ve +p)-ovnd|6] - [ In-oTnd 0] > 572

while on the other hand, we have for all real number ¢

2
| Jrn (Vepj +p) - ovn;d 6]
Jn Vi - oV;d [0

2 [ (voj+p)-ovndl0] - [ n;-ovnd]6] <

By taking ¢ = -1, we have
-2 [ (Vei+p)-ovndlol- [ vni-ovnd]6] <e <2,
as j — oo by the assumption (2.3.8), which is a contradiction. O

Proof of Lemmal|2.3.5 We first observe that for all real constant A
Co(Ap) = inf Cyp(p, A
o(Ap) L 5(e0; Ap)
=X inf  Cy(p/A,
e 6(¢/A.p)

= \2Cy(p).

It then suffice to show that

(p1:2)0 = 5 (Co(1 +2) = Colr) - Cop)

is a bilinear form. By Lemma [2.3.6

Co(p1 + Ap2 + pup3) = jh_}})lo Ce@ﬁ{ + )\90% + M@%;pl + Ap2 + [1p3),
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where (pg ’s are minimizing sequences of Cy(-,p;)’s for each i = 1,2,3. Now we know
that
@hkm+¢w@e+%UJ=%(dei+M%+ﬂw§p1+Mm+Mm)—Cﬂwim)
~Co( A + b, ps + 1ps) )
= [Tl +p0) - o (VO + 1)) + Apa + pa)d 6]
A [ (Ve +p) o (Ve + pa)d 6]
+ an(VsO{ +p1)- o (Vg +p3)d 0]
= A(p1,p2)0 + 1(p1,p3)e + 0(1).

Sending j — co on both sides, we obtain the bilinearity of (p1,p2)s.

2.3.2 Submedium and super-additivity

In this subsection we discuss some basic behaviors of Q(#) with respect to addi-

tion of media #’s. Let us start with the notion of submedia.

Definition 2.3.7. A submedium of 6 is a medium ¢’ such that for all Borel set
AcT?

0'(A) < 0(A).

We also denote 8’ < §. We further write ' < 9 if ¢’ +# 6. For a Borel set E, the

restriction of # on FE is defined as
0p(A):=0(EnA), for every Borel set A cT".
Notice that if ¢’ is a submedium of ¢ on U, then the subtraction
0:=0-0

also defines a submedium. We call § the complement of ' with respect to 6. We
are interested in how Q(0) = Q(¢’ + 6) behaves as we view 0 as a sum of ¢’ and
its complement. It turns out that we don’t in general have additivity, but instead
an inequality (see Lemma below). This non-additivity comes from the
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intersection of supports of each summand. Indeed, we can consider the sum of

#; and 6, defined on T':
dfy = 1{p<s<1/2yds and dfz = 17 o513 ds,
where s:[0,1] » T! is a unit speed parametrization. Notice that both
Q1) = Q(62) =0,
but Q(61 +62) =1>0.
Lemma 2.3.8. We show the following basic properties of Q(6).
(1) Let ' be a submedium of 6, then
Q(0") <Q(0).
(2) Suppose two media § and 0’ satisfy that Spt 6 n Spt 6’ = @, then
Q0 +0") =Q(0) + Q(0).
(3) (Super-additivity) Given a sequence of media 0; such that
>0 (1) < o

then the following medium
0;

M

~
Il
—_

Ooo =

is well-defined and we have the following super-additivity
Q(0) 2> Q(6;).
i=1

In particular, if all §; are maximal, then the equality holds and 0., is also max-

imal.

There is in fact no countable additivity even if the supports of the summand are
disjoint from each other (see Example[2.5.5). Here we only present finite additivity
under the disjointness assumption, but we will discuss in further details on such

problems in Section [2.5
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Proof. To prove property [(1)] we decompose d¢’ = ¢’ d |0'|. For every ¢ € C*(T"), we

have

L ep) 0@ (Verpd|o| @) < [ (Verp)-o@) (To+p)dlo] ().

The inequality Q(6") < Q(#) follows by taking infimum over all ¢ € C*(T").

For property [(2), notice that the set Spt ¢’ has positive distance from Spt 6,
and both are compact by definition. This implies that the restriction of any test
function ¢ € C*(T") on Spt §'uSpt 6 can be represented as the restriction of ¢; + o

with
01,2 € C*(T") that satisfy Spt 6 c Spt o1, Spt 0’ c Spt p» and Spt ¢1 N Spt s = @.

This establishes the proof when one takes the infimum over the test function .
To show property we notice that 2, ; is a well-defined positive semi-
definite matrix-valued Radon measure, and

2.0

i=1

(1) = i 16:] (T") < oo.

We write

O = 000 d |0 | and db; := 0;d|0;| for each i > 1.

To show the inequality we observe that for all N >0 and ¢ € C*(T")

L (Te+p)0m (Vo +p) bl = [ Tr (T +p) ® (Vg +p) dbic)

=Y [ T (Vg +p) ® (Vo +p) o)
i=1
N

>y [ T (Ve +p)® (Vo +p) o)
i=1
N

=Y [ (Vorp)-oi(Vorp)dlil.
i=1

By taking the infimum over all smooth test functions ¢ we obtain
N
Q(00) 2 D Q(8:).

i=1

Sending N — oo establishes the inequality we desire.



46 Chapter 2. Singular Wiener bound and complex conductive networks

Suppose all §;’s are maximal, then by the singular Wiener upper bound (2.3.5]
> Q(0:) = - 0i(T") = 0oo (T") 2 Q(b),
i=1 i=1

which finishes the proof.

2.3.3 Weak* convergence, upper semi-continuity and faithful
convergence

In this subsection we study the continuity property of (#) with respect to the

weak* topology of media. Let us introduce the notion of weak* convergence.

Definition 2.3.9. Say that a sequence of media 6; weakly* converges to another

medium 6, if for any continuous function ¢ € C(T") there is
lim [ o(@)ab,(2) = [ p(@)dben(a).
We use the notation 6, 0.

The effective tensor Q(0) is generally discontinuous with respect to the weak*
topology of # as above. Such phenomena occur often because of homogeniza-
tion and have been studied in the context of G, H and I'-convergence theories
[41,/64,119,|137]. We are currently aware of at least two phenomena when the

discontinuity occurs:

* (Change of topology) When there is a significant topological difference be-
tween the supports of 6., and 6;’s. To see this phenomenon, one can consider
the medium

d05(s) := 1yoesc1-gyds, for s e T,

where s is a unit speed parametrization of T! and § > 0. Notice that for all
d>0, Q(fs) =0but Q(6p) = 1. On the other hand, Spt 65 does not contain any
closed paths belonging to a nonzero homotopy class, but Spt 6§y = T! does

contain one.

* (Homogenization) When 6; weakly* converge to a constant 6., but 6., does

not faithfully represent the limit of the effective tensor. A very simple and
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well-known example is the 1-D periodic homogenization on T! when df.(s) =
a(s/e)ds. As ¢ —» 0%, the media 6. ~ (a) := fol a(s)ds, but the effective tensor
Q(0:) » (a7

The characterization of discontinuities are left to future works. Although the

discontinuity is ubiquitous we can still show that Q(#) is upper semi-continuous.

Lemma 2.3.10. [f0; weakly* converges to another medium 6.,, then for any p € R"

we have

limsup p-Q(0;)p <p-Q(bs0)p,

7—00
and in particular

limsup M (6;) < M ().

Proof. We write

We first show that for all p € R" the quantity

p-Q(0)p

is upper semi-continuous with respect to the weak* topology. Indeed, let v be an

arbitrary smooth test function, we have for every i > 0
p-Q(0:)p < an(W +p)-0i(2) (VY + p)d|6i] () = an(W ) 0o () (V) +p)d [0 |,
where the convergence is by applying the weak* convergence in Definition [2.3.9
component-wise. This implies that for every 1

limsupp- Q0P < [ (V4 +p) - 0o (2)(T4 + p)d [01c]
This completes the proof of the upper semi-continuity by taking an infimum in
1. The upper semi-continuity of the mean conductance M (6) follows immediately

from the fact that
1 n
M(0;) = = > ej-Q(6:)ey,
n J=1

where {e;}"_; forms an orthonormal basis of R". O
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One of the advantages of using singular matrix-valued measures is that some-
times they can reduce the dimension of the problem and give sharper insights.
For example, when modeling the leaf vein networks (also read Example [2.3.13
and Section [2.6), one can simply look at singularly supported measures instead
of matrix fields that have high conductance in an e-tubular neighborhood of the
network. An important aspect of this approach is that one has to check whether
the singularization procedure faithfully indicates the conductive properties of the
original nonsingular setup. To that end we introduce the following stronger notion

of convergence.

Definition 2.3.11. Say that a sequence of media 6; faithfully converge to 0. if
0; > s and

lim Q(6) = Q(60).

Despite the general discontinuity of ), we show a principle of faithful conti-

nuity when the limit medium is a submedium of all the media in the sequence.

Lemma 2.3.12. Suppose §; is a sequence of media weakly* converging to 0..,, and

Jor alli>1 we have 0 < 0;, then 6; converge to 0, faithfully.

Example 2.3.13. In [96], the author proved an example of faithful convergence
that is outside the assumptions in Lemma [2.3.12] Let I' c T? be a finite union

of C? curves, having no tangential cusps at joining nodes. Define T := | J B; J2()
zel’
and

1
dfs(x) := (1 + %) Inyo dL?, where dC? is the Lebesgue measure on T2,

then 65 converges faithfully to Io.o dC? + Iy d?—[l\F as § - 0". Notice that Iy dC? +

Ioyo d’Hl‘F is not a submedium of s for any § > 0.

Proof of Lemma/(2.3.12] 1t suffices to show that
lim Q(0:) = Q(0o)-
By Lemma [2.3.10} we know that

limsup Q(6;) < Q(0),

71— 00
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and then it suffices to show the reverse inequality. Indeed, because 0., < 6, for all
i > 1, we have by Lemma the following inequalities

Q(0;) > Q(f) for all i > 1.

This finishes the proof.

2.3.4 Efficient submedium

There is often redundancy in a medium from the viewpoint of its effective tensor,
especially when the medium is singularly supported. To talk about such proper-

ties we define the efficient part of a medium.

Definition 2.3.14. Call a submedium 6. to be efficient in 6 if Q(6.) = Q(6). Call
6. to be minimally efficient in 6 if for any 6’ < 6, satisfying Q(0") = Q(0.) = Q(0),

then 0’ = 0,. Call 0 saturated if it is equal to all its efficient submedium.

We are aware of at least two types of proper efficient submedia.

¢ (Dimension reduction) The medium Ioxs dL% + Ioxo d’Hl‘F(az) in Example(2.3.13
has proper efficient submedium, where T' is the union of finitely many C?
curves with nondegenerate joining angles at nodes. Indeed, one can check

that if at some ¢ € I there is a ry > 0 such that I'n B, (z¢) is a C? curve, then
2 1 1
Ly dL? + Py, dH \FOBTO (2 (%) + Tox2 dH ’r\BTO 2y (®)

is a proper efficient submedium, with P, the orthogonal projection from R?
to the 1-D tangent space 7, of I" at € I' n B,,(2¢). This can be done by
modifying the smooth test functions in (2.3.3), which eliminates the normal
contributions without costs in the tangential direction. As a consequence

Ixo dL? + P, dH!| (z) is a proper efficient submedium if I is, outside a finite

I
set of singular points, the union of finitely many C? curves.

¢ (Trivial components) Suppose for a medium 6 there is a component E c Spt ¢
such that the restriction 6 is trivial, then by Lemma|2.5.10}, -6 is a proper

efficient submedium of 6.
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Let us show the existence of minimally efficient parts for nontrivial media. We
leave the characterization of minimally efficient submedia of a given medium (or

equivalently the characterization of saturated media) to future works.
Lemma 2.3.15. Nontrivial media always have nonzero minimal efficient submedia.
Proof. Consider a nontrivial medium 6 and the following set of submedia
L=1{0<0; Q) = Q0)}.
We aim to solve the minimization problem
ggmrwxwﬂy (2.3.9)

Suppose 0; is a minimizing sequence, then by weak* compactness, we can find a

converging subsequence, not relabeled, such that
0; = Oco.
By the upper semi-continuity Lemma [2.3.10, we know that

Q(00) 2 limsup Q(6) = Q(0).

1— 00

Notice that 6., < 8, and then we have 6., € L. We also know that 6., + 0 because 6
is nontrivial.
Notice that 6,, is minimally efficient because if there is another 6 < 6, and
0 € L, then the fact that 6., being a minimizer of is violated.
O

2.3.5 The Euler-Lagrange equation for maximal media

In this subsection we present the Euler-Lagrange equation for maximal media.
Lemma 2.3.16. A df = 0d||0| is maximal if and only if for every ® ¢ C*°(T™;R")
fw Tr (o(2) v (2))d 6] (z) = 0. (2.3.10)

Proof. We first recall that # is maximal if and only if Q(6) = 6(T"). As both Q(6)

and 6(T™) are positive semi-definite, it is not difficult to find that ¢ is maximal if
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and only if its mean conductance (average eigenvalue of ()(¢)) reaches the upper

Wiener bound
M(0) =~ (Q(O)) = . 6] () 2.3.11

Notice that if we write ® = Y7, ¢'e; with e;’s being an orthonormal basis for R"

M(6) = e (Q(6))

-3 e Q)

1 Zzl . ‘ (2.3.12)
-2t (96 @) e 0@)(T6' @) + e 0] (2)
} % e ingn) L. (e« D" @) (v + D)d[6] (=),

Therefore by applying (2.3.11) the medium 6 is maximal if and only if for all ®
C(T™;R™)
anTr((th + 1) o(x) (VB +1))d 6] (2) 2 6] (T").

Simplifying the inequality we get
fw Tr (V07 o () Ve)d 0] (z) +2 [Tn Tr (0 (2)Ve)d 0] (2) > 0.
Replacing ® by h® with |h| > 0 we see that
|h| anTr(vcha(x)vq>)d||9H (x) +2% /TnTr(a(x)Vfb)dHQH (z) >0,

which shows (2.3.10) after sending 4 — 0 from both sides. The reverse follows

immediately when we plug (2.3.10) into the last formula in (2.3.12).
O

2.4 Maximal medium, stationary varifold and dimension bound

In this section we characterize maximal media by applying some results from
geometric measure theory, especially the topic on varifolds and PDE for measures.
Specifically we discuss Theorem [Bland (2.1.11), which states the following formal
identity

Conductance Maximality = Area Criticality. (2.4.1)
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On the left of the identity we mean the media that achieve the upper Wiener
bound (2.3.5), and on the right we mean stationary varifolds, which are known
to be critical points of the generalized area functional (see Section for
more details). Based on this identity we prove a pointwise dimension bound for
maximal medium (see Theorem [2.4.5).

At first glance it is far from being clear why the equality makes sense.
We explain this by introducing a mapping, first introduced in [13, Remark 3.2],
from the space of varifolds to the space of media. From this transformation we
view medium, a matrix-valued measure, as a varifold having variable and frac-
tional dimension (see Lemma and Definition [2.4.3). Specifically we define
the mapping 7 as follows: First disintegrate a k-varifold p, by Theorem [2.2.5|

dp(x,7) = dpe (T)d || 1] (),

where p, is a family of probability measures on the Grassmannian manifold G(k,n)
and |p| = mxp is the pushforward of ; with respect to the projection n(z,7) = .
Second, we define the matrix field

B 1
"k JG(kn)

ou(w): Prdp, (1), (2.4.2)

where P; is the orthogonal projection matrix to the k-dimensional subspace 7 c

R™. We then define 7 (1) as the following medium
dT (p) = oud|pl . (2.4.3)

Notice that Tr (o) =1 and |7 (x)| = x| -
As we have seen in Lemma [2.3.16| (see also the discussions in [90], Section 6]),

the maximization of conductance is essentially solving the distributional PDE
vV-0=0 (2.4.4)

under various conditions (two-phase, anisotropic, etc.) on the medium 6. If § =
T (u) for some varifold x, then plug this into we obtain

0=V (ou@dlul @)= 15+ [ Pap(ill @), 245)

which is equivalently saying that p is a stationary varifold (see Section [2.2.3.7).
This proves the second part of the following rigorous version of (2.4.1).

(k,m)
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Theorem 2.4.1. The mapping T as defined in (2.4.3) is surjective and continuous
with respect to the wealk* topology of media and varifolds. Moreover, the following

statements are equivalent for a _fixed medium 6:
(@) The medium 6 is maximal.
(b) The medium ¢ satisfies V-0 = 0 in the distributional sense (see Lemma|2.3.16).
(c) All varifold realizations . € T-1(0) are stationary.
(d) There exists a stationary varifold p € T~1(6).

Proof. The proof of Theorem is complete by Lemma below, where we
provide a more precise discussion on the surjectivity and continuity of the map-
ping 7.

O

Our main contribution in this section is a pointwise dimension bound for max-
imal media. As we have pointed out in the introduction, for a medium in T? of the

form

df =0 dH?|p, .

where o is a constant positive semi-definite matrix, the rank of ¢ satisfies the

following bound when 6 is maximal
rank(o) < dimy (T2 x {0}) = 2.

More generally a global version of such dimension bound was established in [18]
for A-free measures, including maximal medium. At a heuristic level, the theory,
in terms of maximal medium, states that the rank of the matrix field o = #z“ does
not exceed the dimension of |§|| (see [18, Corollary 1.4 and Proposition 3.1] for
more precise discussions). In this case, we call the rank of the matrix field o is
bounded by the dimension of |§|.

To establish a pointwise dimension bound, the compromise is that one should

use a new slightly weaker notion of “rank”. We define the new “rank” as follows.
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Definition 2.4.2 (Realizable dimension). Given a positive semi-definite matrix

A e R we define its realizable dimension as

where \,.x(A) is the maximal eigenvalue of A.

Note that dim;(A) < rank(A) with equality if and only if A is an orthogonal
projection matrix. The interest of this new notion is that it sharply characterizes
whether a medium ¢ is in the range of k-varifolds under the transformation 7 (see
Section |2.4.1).

To state the dimension bound result more precisely, we define two notions of
dimensions. The first is the semi-continuous version of realizable dimensions of

the anisotropy matrix fields ¢ in media.

Definition 2.4.3. For a medium df = o d |¢||, we define its lower realizable dimen-

sion at x € Spt 0 as
dim (0)(z) := s;uop essinf{dim;(o(y)) ; |y - z| <0, y € Spt 6}, (2.4.6)
>
and symmetrically the upper realizable dimension
dim;(0)(z) == %rg(f)ess sup{dimr(c(y)) ; |y —z| <9J, y € Spt 6}. (2.4.7)

Here we take “ess sup” and “ess inf” with respect to the Radon measure ||#|. Define

the realizable dimension of 0 as
dimy () () = dim,(0) () = dimr(0)(z) (2.4.8)

if equality holds. Note that dim (6)(x) # dimy(o(z)) and dim.(0)(x) # dimy(o(z)) in

general.

Besides the realizable dimension, we also consider the local dimensions from
the viewpoints of fractal geometry. The following definition of local dimension can
be found in [169,/178] and the book [32].

Definition 2.4.4. We define the lower local dimension of a medium 6 as

¢ log 0] (B, (2))

di—mloc(g)(x) = hg(l){l log 7
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and similarly the upper local dimension

log 0] (Br())

dimyee(#)(2) := limsup
o0+ logr

The local dimension of § at x is defined as
dimloc(e)(fﬁ) = lim M’
r—0t logr

if the limit exists.

The main theorem of this section describes the relation between the above two

dimensions in general.

Theorem 2.4.5. Suppose a medium 6 is maximal, then for all x € Spt § we have
dim, (6) () < dimye(6) (2)- (2.4.9)
In particular, the lower local dimension dim,,.(0)(z) > 1 for all x € Spt 6.

The proof of this theorem does not depend on the theory as used in [18], but
simply a fractional version of the classical monotonicity formula for varifolds (see
Lemma[2.4.11). We do not know if still holds when the realizable dimension
is replaced by the standard rank.

Let us outline the structure of this section. In Section [2.4.1] we characterize
the media that can be realized by k-varifold for some 1 < k < n. In Section[2.4.2] we
prove Theorem by introducing a fractional version of monotonicity formula.
We also present some examples to show the sharpness of the bound (2.4.9). In
Section we show some applications of existing theorems on stationary var-
ifolds to maximal media. In Section we discuss Problem in rigorous

mathematical terms.

2.4.1 Varifold realizations of media

In this subsection we show some basic properties of the transformation 7 as
defined in (2.4.3). Let us first denote A the space of all varifolds on T", and F
the space of all media. We denote for each integer 1 < k£ < n the space H; of all

k-varifolds and therefore we have H = _J H.
k=1
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Definition 2.4.6 (Realization map). Call the mapping 7 : X — F as defined in
(2.4.3) the realization map. For each 1 < k < n, call the restriction 7} := T‘Hk the

k-th realization map.

Lemma 2.4.7. For each 1 < k < n, the k-th realization map T;, is continuous with

respect to the wealk* topology on H;, and F. A medium 6 € F is in the range of T if

do

and only if the matrix field o = aje]

satisfies
dimy(o(z)) 2 k for ||0| -almost all z € T".

In particular, the first realization map T; : H1 — F is surjective.

To prove the lemma we observe that a medium df = o d||f| is in the range of 7, if
and only if the matrix field o(z) can be written in the form for some Borel
choice in z of probability measures p, on the Grassmannian manifold G(k,n).
In the following lemma we prove a sharp criterion for the existence of such a

representation for fixed z.

Lemma 2.4.8. A positive semi-definite matrix A ¢ R™" that satisfies Tr (A) = 1

takes the form
1

- P.d 2.4.10
k Jocen p(T) ( )

where P; is the orthogonal projection to the k-dimensional subspace T and p is a

probability measure on G(k,n) if and only if the eigenvalues {\;}!", of A satisfy
0<\<1/k, foralli=1,...,n.
In particular, A can always be written in the form (2.4.10) when k = 1.

Proof. 1t is not difficult to see the only if part because

1 1
T f ZPd ):[ STy (P)dp(r) = 1,
r( o iPro@) = [ () do(r)

and for any unit vector p, we have

1 2
—|P d <1/k.
fG(k’n) kl r(p)[Fdp(T) <1/
To show the reverse, we first rotate the coordinate and reduce to the case when

A = diag(\y,...,\,) is a diagonal matrix. Observe that the set of A that are of
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the integral form (2.4.10) is convex. Therefore, by applying the Krein-Milman
theorem, it suffices to show that the extreme points of the set

n

F = {ogi <1k, Y A= 1}

i=1
are all of the integral form (2.4.10). Let us first determine the extreme points
of F'. Notice that the extreme points of F' are also extreme points of the square
{0 < \; < 1/k}, which are of the form )\; = 0 or 1/k. Because of the constraint

Y1 A =1, we thus find that the extreme points of F' are permutations of
A=1/k, . N =1/k Ape1=0,..., Ay = 0.

On the other hand, each k-subset J of {1,...,n} such that \; = 1/k for i € J cor-
respond to a k-dimensional space V; c R” spanned by the selection {e;};.; of the
orthonormal basis {e;}}" ;. Therefore, each extreme point A = diag(\,...,\,) takes

the form

1
A= f 2P.dsy (1),
G(kn) k v (7)

for some k-subset J of {1,...,n}.
O

Denote P, the space of probability measures on G(k,n). Note that Py is a Polish
space under the weak topology, which coincides with the dual space C;(G(k,n))
as G(k,n) is compact [88], Section 2]. By Lemma Py, is also compact with
respect to the weak* topology.

Proof of Lemma|[2.4.7]. To show the realizability assertion, we first denote the full
|6]-measure set

F:={xeSpth; dim(o(x)) >k}

and consider

K- {(x,p)eFka; o () PTd,o(T)}CFXPk.

B % G(k,n)

Because the relation o(x) = % /G( kon) P,dp(7) is Borel in z and continuous in p, the
set K is Borel. By Lemma [2.4.8| for each z € F' the slice

K, = {p; o(x) =% | o Ppo(T)}
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is compact and nonempty in P;. By [105, Theorem 28.8] and the Kuratowski-Ryll-
Nardzewski measurable selection theorem [109], there is a Borel selector R: F —
Pr such that R(z) € K, for all z € F. This establishes the existence of a k-varifold
in 771(9).

To show the continuity of the restriction 7 : #; — F, we first observe that for

every continuous test function ¢

(x,T) = (p(kx) P,

is continuous on T" x G(k,n). Suppose p; is a weakly* convergent sequence of

k-varifolds with limit p.., then if we write d7 (y;) = oyd ||| and dT (peo) = Tood | oo

]

we have as [ - oo

Joe@a@dlml @)= [ (e, 7)

Loy P b . 7)

- [ p@)ow(@)d e (2).

As ¢ € C(T") is arbitrary, we know that 7 (y;) weakly* converges to 7 (i) in the
sense of Definition 2.3.9]
O

2.4.2 Dimensions and fractional monotonicity formula

In this subsection we prove Theorem which is a fine estimate of the dimen-
sions of a maximal medium.

The proof requires a fractional monotonicity formula (see Lemma|2.4.11) that is
similar to that of a stationary varifold as we have seen in (2.2.7). Such monotonic-
ity formulae was first designed to study the fine structures of stationary varifolds
[6,61,165]. In the context of medium the monotonicity formula gives pointwise
dimension bound 2.4.9).

Before presenting the monotonicity formula and the proof of Theorem [2.4.5
let us first discuss the sharpness of the inequality in the following two

examples.
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Example 2.4.9. The inequality (2.4.9) is in general not an equality. Let 6 be a

medium on T? defined as
do(z) = ((1-N)ey ® 1 + Aea ® e3) AL (),

where 0 < A <1, £2? is the Lebesgue measure on T2, ¢; and e, form an orthonormal
basis for R%. For each 0 < ) < 1 the medium is a maximal medium because for any

® e C*°(T? R?) we have by integration by parts
fw Tr(((1-Ner ® e1 + Aes ® e2) V)AL () = /Tl le(1 C NP (w1, 20 )dary da
+ /11:1 []I‘l )\5'2‘1’2(1‘1,1‘2)d.%’1d$2
=0.
The local dimension of this medium coincides with the Lebesgue measure and is
always 2. However, its realizable dimension is

1

dimr(e) = dim, ((1 - /\)61 ®el+ ey ® 62) = m7

which can be any real number in the interval [1,2].

Example 2.4.10. The upper realizable dimension can be strictly greater than the
local dimension. This example also shows that the upper realizable dimension
does not capture the lower dimensional structures in a medium. To see this, let

6 = 61 + 65 be the sum of two maximal media on T? that are of the form
1 2
dgl(x) = §IQ><2 dLl (SU),

and

dfy(x) =e1 ® eld?-[l‘{mzo}(x).

By Lemma we know that ¢ is maximal and the local dimension of § on
{x5 = 0} is exactly 1. On the other hand, we know that the matrix field o = -

dfo]

1

O'(x) _ 5[, T F O,
e1®er, x2=0,

satisfies

which has upper realizable dimension 2 everywhere on T?. Notice that o(z) has

exactly lower realizable dimension 1 on {z3 = 0}, while 2 elsewhere.
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Let us now present the fractional version of the monotonicity formula.

Lemma 2.4.11. Given a medium df = od |60|. If 8 is maximal and z( € Spt 6, then

the following quantity

ra
is monotone nondecreasing in 0 < r < 1/2 for a = 1. If k = dim_(0)(x0) > 1, then for
all a € [1,k) there exists r, > 0 such that for all 0 < r < r,, the quotient
is monotone nondecreasing. If dim.(0)(y) > m for some constant m > 1 and all y €
U n'Spt 6 in an open neighborhood U > x then is monotone nondecreasing
Jor a = m. In particular, this gives the standard monotoncity formula when m is an

integer.

Proof. We may without loss assume that z( = 0 and apply a special ® € C*(T™;R")
to the E-L equation (2.3.10). To this end we consider for small § > 0 an auxiliary
function 7 =7, 5 € C§°([0, ) ) that satisfies n(s) =1 for 0<s<r-4, n(s)=0for s>r
and 7 is strictly decreasing on r - 0 < s < r. By plugging ®(z) = 2n(|z|) into (2.3.10)

and because Tr (o) = 1 we obtain
[, nd161@) == [, (@) (n(la) d16] (2)

:_[;”Tﬁ“%mme<w

By definition of realizable dimension, we know that

z-o(z)z ,
nd 0] (x) = - n (lz[)a[ 0] ()
fBT '/;BT 2 (2.4.12)

(o) | o
<r [ G sl d 9] ).
Because we always have dim (0)(z) > 1
[, nd1ol @) <r [ (e 0] (). 2.4.13)

If we write
Js() = [ nd10] (),
the inequality (2.4.13) implies that

Js(r) <rJ5(r),
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which shows that
J5(r)

r

is monotone nondecreasing in r > 0. Sending § - 0, we know that Js/r converges
monotonically to m. This shows that m is monotone nondecreasing in
0<r<1/2.

Let us now discuss the case when « = dim (#)(0) > 1. By the definition of
dim_(#)(z) (see Definition[2.4.2) and the inequality (2.4.12), we know that for every

a € [1,k) there is an r, > 0 such that for all 0 < r < r, we have

r
[ et <= [ Tr(o@)inlealol ).
B, « JB;,
Following the same argument as in the case for a =1 in (2.4.13), we obtain

101 (Br)

7«0{
is monotone nondecreasing in 0 < r < r,.
In the case dim_(0)(y) > m for some constant m > 1 and all y in an open neigh-

borhood U > zy, we obtain that
dim(o(y)) 2m

for |#|-a.e. y e U. Plug this into (2.4.12) and follow the same argument we obtain
the monotonicity of (2.4.11) with a =m. O

Proof of Theorem|2.4.5] We without loss focus on the case that 2y = 0 € Spt § and

argue by contradiction that
dim, (0)(0) > dimyo, (6)(0). (2.4.14)

We choose a number « € (dim,;,.(0)(0),dim_(0)(0)). Because « < dim (#)(0), by the
monotonicity formula in Lemma [2.4.11} we know that there is an r,, > 0 such that

101 (B:)

roz
is monotone nondecreasing for 0 < r < r,. Because |#| is a Radon measure on T"

and hence a finite measure, we know that

ol (B _ . 2.4.15)

ra
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for some C >0 and all 0 < r < r,. However, on the other hand, because

1 B,
fo 1og 101 (B

e IOgT di_mloc(a)(o) <o

there exists a sequence of r; — 0" such that

L log[6] (By,)
msup ———— < «
j—o00 log 7“]‘

which implies that for a small ¢ >0 and all large j
57 <6 (By,)
J - i/

Therefore we have
1_101(B)
o~ o :
T T
This contradicts the bound (2.4.15). Therefore, there should be no such an «
contained in the interval (dimy.(6)(0),dim.(6)(0)). This contradicts (2.4.14) and

hence proves the theorem. O

2.4.3 Applications of stationary varifolds

In this subsection we make clear the applications of the known theory of station-
ary varifolds in the characterization of maximal media. Most of the materials in
this subsection are known. Specifically we apply the celebrated rectifiability the-
orem on stationary varifolds given by Allard [6]. There are many recent results in
this topic, which we refer to [6, 125] for more discussions and references.

The following theorem is a result of Allard’s rectifiability theorem [7, Theorem
14].

Theorem 2.4.12. Suppose a medium 6 is maximal and satisfies the following lower

density inequality for some integer 1 <k <n -1

lim inf M >0 (2.4.106)

r—0F rk
Jor |0|-almost all € T". Then |0| is k-rectifiable, and there is a unique realization

1o that is a rectifiable stationary k-varifold.

For dimension k = 1,n there are stronger results. First we have a result by

Allard-Almgren.
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Theorem 2.4.13 (Allard-Almgren [8]). Suppose . is a stationary 1-varifold on U cc

R"™ that satisfies the lower density bound for | u|-almost every x

[l (Br(=)) | 55 0

lim inf
r—0+

Jor some § > 0, then u is 1-rectifiable with

dp(z,7) = §(x)dor, pud |1 (),

where the density £(x) = lim,_g+ W is ||u|-almost everywhere well-defined,
T.u c T, M is the 1-dimensional tangent space of the 1-rectifiable support Spt |u| at

x and u further satisfies

1. the support Spt|u| is, up to an H'-null closed set S, a countable union of

straight line segments, which are open relative to Spt ||u|;
2. on each geodesic line segment there is a constant ¢ > § such that¢ = c;

3. at every z € S, there exists a unique stationary tangent cone consisting of

finitely many half lines with densities (see Figure[2.3);

4. if the density ¢ is discretely valued, then for every compact subset K «c U the

number of line segments that have nontrivial intersection with K is finite.
The above theorem implies the following result.

Corollary 2.4.14. Let § be a maximal media that satisfies the 1-dimensional lower
density bound
lim inf 161 (B (2)) >0>0 (2.4.17)
T

r—0t
Jfor ||0|-almost every x € T™. Then 6 admits a unique 1-rectifiable stationary varifold

realization as described in Corollary

For isotropic media, or equivalently media that have realizable dimension % = n,

we have the following characterization.

Theorem 2.4.15. Let 0 be an isotropic maximal medium, thend || = cdL" for some

constant c > 0.
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This result for the case when |0| is absolutely continuous with respect to the

Lebesgue measure has been established earlier, see [100, Section 1.6].
Proof. It is not difficult to see that
1
dp(z,7) = —dog~(T)d[0] (2)

is the unique n-realization of §. By the monotonicity formula (see Section|2.2.3.7),

we know that
18] (B, (x))

T.n
is monotone nondecreasing in r > 0 for every = € T". By the Lebesgue-Besicovitch

differentiation theorem (see [112, Theorem 2.10]),

0| is absolutely continuous

with respect to the Lebesgue measure, that is, for some ¢ > 0 and ¢ € L' (T")
d|0] () = £(x)dL".
Now, by Theorem we have for every ® € C5°(U)

0= [ v-e@)dlt] @) = [ - @(@)(@)L"

which shows that £(z) = ¢ for some constant ¢>0 and all z € U. O

2.4.4 Stationary networks and the question of the maximal valency
of leaf vein patterns

As we have established the connection between the stationary varifolds and leaf
vein patterns in Theorem [2.4.1] it is natural to ask what geometric properties of
the leaf vein patterns can we derive from this relation. In this subsection, we
provide an example question on stationary 1-varifold on T? with density exactly
1 almost everywhere. In this example we formulate mathematically the question
on the maximal valencies, that is, the maximal number of edges joining at one
node, of leaf vein patterns.

By Theorem and Corollary[2.4.14] such objects are networks composed
of finitely many nodes and edges (V,€), where A’ ¢ T? and € is a collection of
straight line segments in T? with endpoints in N satisfying that for every node

x € N there is an integer k > 2 such that the edges joining at x can be written
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as eg,...,e, € £, and the edges always satisfy, according to (2.1.13), the balance
condition .
. T; =0, (2.4.18)
i=1

where for each 1 <i < k, the vector T; is the unit tangent vector of the line segment

e; starting from the endpoint z.

Definition 2.4.16. We define a periodic planar stationary networlk (simply call
stationary network in the following context) as I' = (N, £) as described above that
satisfies for all z ¢ N. We do not distinguish I" and the closed set consisting
of all points in A and edges in £. For a stationary network I', define the valency
Vr(z) at z € T? as

Vr(z) := Tli)r(l;l+ #0B,(z)nT.

To talk about the maximal valency problem, we need another concept, which

is the irreducibility of a stationary network.

Definition 2.4.17. A stationary network is called irreducible if it can not be writ-

ten as the union of two distinct stationary networks.
Our question on the maximal valency states as follows.

Problem 2.4.18 (Maximal valency). Is there a universal constant C' > 0 such that

for any irreducible stationary network I', the maximal valency
V(T):= max Wr(z)<C?
xTe
If the bound C exists, is C=4,50r 6 ?

The reason for using the notion “irreducible” is Lemma below, which
states that a reducible stationary network can be perturbed infinitesimally with-
out losing stationarity. This indicates that the maximal valency of reducible sta-
tionary networks is unstable in the sense that it changes after small and simple

perturbations of the network while the stationarity is preserved (see Figure 2.5).

Lemma 2.4.19. Given two stationary networks I'y and I'e, for any ¢ > 0 there is a
vector |p| = 1 such that

F1UP2+€p

is a stationary networlk.
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/

(@) A reducible stationary (b) After small perturba-
network with maximal va- tions the maximal valency
lency 6. becomes 4.

Figure 2.5: Instability of maximal valencies of reducible stationary networks.

Proof. Note that I'; uT'y is a stationary network whenever the intersection of the

edges is at most finite. This can always be achieved by a small perturbation. [

One might also ask whether there are only finitely many such irreducible ob-
jects. In the following we prove that there are infinitely many irreducible station-
ary networks. Note that the following construction does not enumerate all the

irreducible stationary networks.

Lemma 2.4.20. There are infinitely many irreducible 7Z?-periodic stationary net-

works. All of them have maximal valency 4.

e

Figure 2.6: An irreducible stationary network that has k = 7 parallelograms in the
middle. This example was first made in [96].

Proof. We prove this by constructing infinitely many such patterns. Let k£ > 0 be an
arbitrary odd number and we put £ equilateral parallelograms with inner angles
7/3,27/3 (diamonds) inside a unit square (0,1]%. In Figure , we put k =7 such
parallelograms along the line y = 0.5. There is no obstacle to set k to be arbitrarily
large as long as k is odd.

O]
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2.5 The support of nontrivial media

In this section we present three theorems about the support of a medium when its
effective tensor is nonzero. These results present the interplay between the geom-
etry of the support Spt § and the nonzero effective tensor Q(6) # 0 under different
assumptions. They are also important preliminary results for the discussion of
the 1-D attainability of the lower Wiener bound in Section [2.6] In Section
we also present several examples that can show the sharpness of these theorems.

Our first result concerns the dimension of a nontrivial medium and shows
that the support of a nontrivial medium is not totally disconnected, and hence
has at least Hausdorff dimension 1. This result is sharp in the sense that the
dimension of the support of a nontrivial medium can be any real number in [1,n],
see Example for more details.

Theorem 2.5.1. Let 6 be a nontrivial medium, then the support Spt 6 is not totally
disconnected, that is, there is a nonsingleton component in Spt 6. This implies that
the 1D Hausdorff measure

H(Spt ) > 0. (2.5.1)

In particular, the Hausdorff dimension dimy (Spt 0) > 1.

Our second result concerns the decomposition of § into the countable sum
of its restrictions to the components of Spt . In general there is no countable
additivity due to Example We also show the existence of a maximal medium

having uncountably many connected components in Example [2.5.7]

Theorem 2.5.2. Let ) be a nontrivial medium and suppose Spt 6 have countably

many components E; with
E;cSptd, Sptf=|JE;, and E;nE; =@ for i + j.
i=1
Define the restrictions 6; := 0| . then

Q) = ZQ(@).

In particular, if 6 is saturated then all §;’s are nontrivial.
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Our third result concerns the countable decomposition of ¢ solely when Spt ¢
has finite #' measure. The key improvement of this theorem is that it does not

require the medium to have only countably many components.

Theorem 2.5.3. Let § be a nontrivial medium such that H!(Spt 6) < co. Then
there exist countably many 1-rectifiable mutually disjoint connected components

E; c Spt 0 such that the submedia 6; := 6|, satisfy

Q(0) = i@(&-)- (2.5.2)

We postpone the proofs of Theorem Theorem and Theorem [2.5.3|

to Section [2.5.2|and [2.5.3] In Section [2.5.1| we present some examples.

2.5.1 Examples on trivial and nontrivial media

In this subsection we present some examples to show the sharpness of the above
theorems. The nontrivial media are weaker notions than the maximal ones, which
means that we should expect less regularity properties of such media than, for
example, Theorem and Theorem We list several examples (or non-
examples) to show that why Theorem Theorem and Theorem
are sharp. There are also some examples that are related to the results obtained

in the previous sections.

Example 2.5.4. In this example we show that the reverse of Theorem [2.5.1|is
generally false, that is, a medium can still be trivial even if the support has positive
#H! measures. We first parametrize T! with unit speed coordinate = € [-1/2,1/2).

Define the medium 0 as
do(z) = |z|*dL (z) = |z|*dz,

where o > 1. Notice that Spt § = T! but it is not difficult to check that 6 is a trivial

medium.

Example 2.5.5. In Lemma we proved additivity for two media #; and 0,
satisfying Spt 6; n Spt 62 = @. In this example we show that there is generally no



2.5. The support of nontrivial media 69

countable additivity for a sequence of media 6; even if we assume Spt 0,nSpt 0, = @

for i + j. Indeed, on T' we define the media
0. :=H'|-
eI

where D; is the union of open subintervals of (0,1), with each interval having
length 1/37, obtained by taking the deleted intervals at the j-th step in the con-

struction of the standard Cantor set. More precisely, for j > 1 the sets D; satisfy

3103k +1 3k+2
D1:(1/3,2/3) and D]’+1: kLJ (W,W)\D]
=0

See Figure for the corresponding D;’s when j = 1,2,3. Note that Spt 0, = D;
and it is not difficult to show that

dist (Spt 6;, Spt 6;) = dist(D;, D;) = 1/3m>{3} 5 ¢
for all i + j. Now we can find that
Q(9;)=0forall j>1,
while 372, 0; is exactly the Lebesgue measure of T!, which is a maximal medium.

Dy

D

Dy

Figure 2.7: The first three steps in constructing the standard Cantor set. The red
intervals correspond to the deleted intervals D; in step j = 1,2 and 3.

Example 2.5.6. In this example we show that it is difficult to go beyond Theorem
and prove a similar pointwise theory like Theorem [2.4.5 and the fractional
montonicity formula like Lemma for maximal media. In fact we show that
a medium can have “arbitrarily” rough support even if they are close to the upper
Wiener bound (2.3.5). We start with the medium 0 on T" as defined below

df :=e1 ® ey dH'| (ar=0)’

where we parametrize T" by z = (21,2') € [0,1) x [0,1)"! and e; = Vz; is the unit

vector on z;-axis. Notice that ¢ is maximal. Now let £ be an arbitrary medium,
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then by Lemma for every ¢ > 0, the medium 6. := § + &€ is nontrivial. As
e > 0 is arbitrary, the medium 6. can be made arbitrarily close to the upper Wiener
bound (2.3.5). However, the dimension of Spt . can be any number between 1

and n as ¢ is chosen arbitrarily.

Example 2.5.7. In this example we present a maximal medium # such that Spt 6

log 2

2, and consider on (z,z3) € T? the
log3 ’

has uncountably many components. Let 5 =

following Radon measure
dw(z1,x2) = d’HB‘C(:I:l)d:EQ,

where C c T! is the standard Cantor set. By standard result (see [79, Theorem
1.14]), we know that %" ‘ o is a probability measure with support equal to C'. This
shows that w is a probability measure supported on C x T*.

We define the medium 6 to be

|0 =w and o := = ey ® e,

do
dlef
where e; = Vz; and ey = V2o form an orthonormal basis for R?. By using Fubini’s
theorem, it is not difficult to check that # is maximal on T?, but Spt ¢ is composed

of uncountably many components.

2.5.2 Proof of Theorem and Theorem

The proofs of both Theorem and Theorem hinge on the following fact

from topology. This lemma adapts from the arguments in [15, Proposition 3.1.7].

Lemma 2.5.8. Let X be a closed subset of T", then for every component £ c X
and its open neighborhood V c T™ there is another open subset K of T" such that

FcKcV,and Kn X is closed in T".

The argument for proving this lemma also works for compact components in

a closed set of R,

Proof. We consider the set W =V n X, and if W is also closed then we are done.
Otherwise (0V) n X is non-empty. Notice that F ¢ W is a component of X and
therefore it is also a component for W. By [75, Lemma 1.4.4], E is also a quasi-

component of 7. Recall that a quasi-component in W is the intersection of all
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subsets of W that contain a fixed 2 ¢ X and are both open and closed in the subset
topology. Therefore for every y € (0V) n X, because y ¢ F there is an open subset
H, c T" such that E c Hy, y ¢ H, and H,nW is also closed. This means that W\ H,
form an open cover for (9V)nX in the subset topology of W. As (9V)nX is compact,
we may choose finitely many y1,...,y, € (OV)n X such that W~ H,,, i=1,...,m
cover (0V)n X. Let H =ni*, H,,, then H by the previous construction is still open
and contains £, and HnW is closed. Moreover, we know that HnWn(0V)nX =g,
which means that HnW cc V, and hence we may finish the proof by just choosing
K=VnH.

U

Proof of Theorem We argue by contradiction and assume that the compact

set

X:=SpthcT"

is totally disconnected. We claim that in this case the mean conductance
M(0) = 0.

To prove the claim, we apply Lemma to the totally disconnected set X.
Notice that all components of X are singletons, and therefore for every small § > 0
and every z € X there is an open subset Ks(x) c T" such that z € K5(x), diam(Kjs) <
0 and K5 n X is closed. Now by compactness of X we can choose finitely many
x; for i = 1,...,m such that the open sets K;(z;)’s cover X and each I; := Ks(x;) n
X is closed in T". In other words, I;’s are both closed and open in X in the
subset topology. After finitely many times of intersections and complementations
of I;’s, we obtain for X a new finite cover J;’s that are disjoint from each other and
also both open and closed in X in the subset topology. Moreover the diameters
diam(Jy) < 6.

For each k, let ¢, € C*°(T") be a smooth function such that 0 < ¢ <1, ¢ = 1
in a neighborhood of J; and ¢}, = 0 outside a slightly larger neighborhood. By the

previous constructions on Ji’s we can further allow

diam(Spt ¢;) < d and ), = 0 for all k # 1.
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Because T" is a flat torus for each k£ we may choose a smooth isometric chart &

from a ¢ geodesic ball containing J; to the ball Bs(0) in R". Now we define
Do(z) = - ijfkwk e C% (T R"),
and see that, if we write df = od ||| and apply
M(0) < % an Tr (V@ +I) o (V®o +1))d 0] (x) = 0.

This contradicts the assumption that # is nontrivial and implies that the support
Spt 6§ must contain at least one non-singleton connected component £. We finish

the proof of this theorem by applying the following lemma.

Lemma 2.5.9. Let E be a connected subset of a continuum X. Then H'(E) >
diam(E).

The proof of this lemma can be found in [4, Lemma 2.11].
OJ

To prove Theorem we require the following lemma that improves Lemma
2.3.8[2)

Lemma 2.5.10. Let § be a medium and E c Spt § be a component. If we write 0

to be the restriction of 0 on E then
Q(0) =Q(0r) + Q0 - k).

Proof. The difficulty here is that the support of §z may intersect the support of
its complement 0 - 6y. To overcome this, we apply Lemma [2.5.8|to the component
E. We then obtain for each § > 0 an open subset K5 ¢ T" such that F c K,
dist(E,T" \ K5) < § and Kz nSpt 6 is closed in T". We denote Js := K5 n Spt 0, and
define the restrictions

05 := 0| I

Notice that 65 ~ 0 and 0y < 0;. By applying Lemma [2.3.12, we know that 6;

faithfully converges to 6r as § - 0", that is, we have

lim Q(65) = Q(6).
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On the other hand, by the construction of 5, the support Spt 65 is disjoint from
the support of its complement Spt (6 - 65). By Lemma we have for every
0>0

Q) =Q(0s) + Q0 - 05). (2.5.3)

Because 0 - 65 weakly* converges to § -0, by sending 6 — 0 in (2.5.3) and applying
Lemma [2.3.10)

Q) =Q(0k) + li?i%ljp Q(0-05) <Q(Op) +Q(0-0k).

We then finish the proof by applying Lemma
0

Proof of Theorem|[2.5.2] Notice that if £ and F' are disjoint components of Spt 6,
then F is also a component of Spt (6 — ), where 6 is the restriction of § on FE.
E, be the
restrictions of § on E;. By iterating Lemma we obtain the identity

Let F; be the countable collection of components of Spt # and 6; := 6

N N
Q) - y00) +@(9—;ei),

for all N > 1. In particular, we have for all N > 1 the following identity for the mean

conductances

M(8) = %M(@i) +M(9— %9)

i=1 i=1
Notice that by Lemma we always have Q(0) > 72, Q(6;), and if the in-

equality is strict, then there is a constant ¢ > 0 such that for all N > 1

N N
M(Q—Zei) M) - S M(8) 3 ¢ > 0.
=1

i=1

This is impossible because (§ - Y'Y, 6;) > 0 as N - oo, and by Lemma [2.3.10 we

have

N
0 ZlimsupM(G— 291) >c>0,
N—oo i=1

which is a contradiction. O
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2.5.3 Proof of Theorem

In this proof we will have to select carefully a countable family of connected com-

ponents based on the only assumptions that Q(6) # 0 and H!(Spt 6) < oo.
We begin with the following quantitative version of the inequality (2.5.1).

Lemma 2.5.11. Suppose a medium 6 is nontrivial, then
HY(Spt ) > 1/2.

Proof. We argue by contradiction and assume that #!(Spt 6) < 1/2. We claim that

in this case, the set Spt § can be decomposed as a finite collection of subsets that

have positive distance from each other and have diameters smaller than 1/2.
First of all, by definition (see Section , we know that for every § > 0

inf{z diam(U;) ; diam(U;) <6, Spt 6 c | Uj} <1/2.
j=1 j=1

This shows that, by using the compactness of Spt 0, we can find N € N, open balls
Bj such that

N N
> diam(B;) <1/2and Spt§c | J B; = K.
j=1 =1

We finish the proof of the claim by showing that the diameter of each component
of K is less than 1/2. To prove this we denote K* ¢ K a connected component of
K. As K is a finite union of balls, the component K* is also a finite union of balls

{Bj;,} ¢ {B;}}{,. By the triangle inequality

N
diam(K™) < ) diam(B;,) < ) diam(B;) < 1/2.
I =1

This proves the claim.

Now, because each connected component K * of K has diameter at most 1/2, K*
as a subset of T" must be isometrically diffeomorphic to a connected open domain
in R". Indeed, the preimage 7~!(B,) of any open ball B, c T" of radius 0 < r < 1/2
under the standard projection 7 : R” - T" is a countable union of disjoint balls in
R™ of the same radius, and 7 restricted on any of these balls defines an isometric
diffeomorphism onto B,. Applying this observation to a fixed ball of radius 1/2

that covers K* (there is always such a ball because diam (K ™) < 1/2), we can find a
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smooth isometric diffeomorphism ¢ : K* — R". The proof is then done by a similar
construction of the smooth test vector field ¢, as in the proof of Theorem [2.5.1]
O

Proof of Theorem[2.5.3, We construct E;’s inductively and denote 0; = 0|, . Be-

cause 6 is nontrivial, by Theorem we know that there is always a connected

component of Spt # having positive H! measure. Therefore, we can find E; to
satisfy

HY(EY) > %sup{Hl(F) ; F'is a connected component of Spt 6} > 0.

By Lemma [2.5.8, for every ¢ > 0 we can find an open set J. such that J. c J;

whenever 0 > ¢ >0 and
EycJ., dist(Ey,0J.)<e, H'(J.nSpt O~ Ey)<e (2.5.4)
and J. nSpt 6 is closed. We claim that when ¢ > 0 is sufficiently small, we have
Q) = Q(61).

Indeed, on one hand we have by Lemma |2.3.12| the identity hI(I)l Q(9| 7)) = Q(61).
e—0* €
On the other hand, we have by Lemma [2.5.10

Q) =Q],) + Qe )

for 0 < £ < § « 1. When both §,e - 0" with § > ¢, by ([2.5.4), we know that H!'(J;n
Spt 6 \ J.) — 0. This implies that according to Lemma [2.5.11

Q) =),

for all 6 > ¢ > 0 whenever both are small. Therefore Q(9| ;) = Q(61) for sufficiently
small € > 0.

We define K to be such an open set J. with sufficiently small € > 0 that satisfies

Ey c K7, Q(9‘K1) =Q(61)

and Spt 0 n K is closed. If 0 - 9| K, is trivial, then by Lemma we are done.
Otherwise by Theorem there is a connected component E, of Spt § that is

disjoint from K; and

1
HY(E,) > 5 sup{H'(F) ; F is a connected component of Spt # \ K;} > 0.
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Note that by the construction of K, all the connected components of Spt 0 \ K;
are also components of Spt §. Suppose we have obtained E4,..., E; for some i > 2.

For E; we can find by a similar argument as before, an open set K; such that
Eic K;, QU] ) =Q(6:), KinSpt 0 is closed

and K;n Ky = @ for 1 < j < j <i. If §-%%,06|, is trivial, then we are done.
J

Otherwise by applying Theorem [2.5.1| to 6 — ) we can find a connected

§':1 Q‘Kj’

component F;; of Spt 6 disjoint from all K for j <i and

H (Eiy) 2 %sup{?—[l(F) ; F'is a connected component of Spt 0~ | J K} > 0. (2.5.5)
j=1

We finish the proof by showing that the mean conductance satisfies

an(a— 29|K,) =0.
=1 7

Suppose for some ¢ >0 and all large i we have
M 9_29‘[(- >c>0.
=1
Sending i - co and denote
6=06- Z Q‘K.'
=t

By applying the singular Wiener bound (2.3.5) and the upper semi-continuity in
Lemma |2.3.10, we know that

%Hﬂ“T”)zAﬂéﬂT”)zc>0

As § is a nontrivial medium, by Theorem again, there is always a component
K c Spt 6 such that #'(K) > 0. On one hand, we know that

Spt # c Spt 6~ |J K,
j=1

and therefore K n E; = @ for all j > 1. On the other hand, for all 7 > 1 there is a
connected component K; of Spt U§.=1 K; that contains K and satisfies by

H%EﬂﬁzéH%KazéH%K)>Q

This contradicts the fact that ¥2, H'(E;) < H'(Spt 6) < co.
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2.6 Loopiness, reticulation and the lower Wiener bound

In this section we characterize the lower attainability property of the singular
lower Wiener bound for networlclike media. To be more specific, we focus

on media of the form d6 = I,,.,, dw, where the Radon measure w satisfies

B

O<limsupM ) (2.6.1)
r—0% r

for w-almost every x € T" and the following coercivity condition

r—0+ r

>c>0 (2.6.2)

for H!'-almost every = € Spt w = Spt . Note that the subtle point here is that the
coercivity condition (2.6.2) is satisfied for #!-almost every z € Spt w instead of for
w-almost every z. By the discussions in Section there is an equivalent

definition for such medium
df(x) = a(x) Lnxn dH'| (), (2.6.3)

where I' = Spt w = Spt 6 is a closed subset of T" and H!(I") < oo, and the coercivity

condition on «a takes the form
acL'(H'|.) and a(z) > A™! for #{'| -almost every = ¢ T", (2.6.4)

for some constant A > 0. We refer to Example for the necessity of the coer-
civity condition.
Such medium arise as one considers in classical theory the matrix field ¢ of

the form with small § >0

a(z) ; 1/(n-1)
(x)i=] 9 Iy dist(z,T) < (6/wn-1)
0Lnxn elsewhere.

That is, when the high conductive material concentrates on the 1D set I', one
should study the medium of the form as an effective model. We refer to
[96] for a justification of the faithful convergence of &(x)dL? to df as in as
§ — 0 in the special case that the dimension n = 2 and I is a finite union of C?

Curves.
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Most of the results in this section are motivated by the modeling of leaf ve-
nation patterns. Specifically we view T" as a small piece of leaves, I' = Spt ¢ the
geometric structure of the leaf veins on T" and «a(x) the local conductance of veins
at x e I'. The goal is to show, as pointed out in the introduction, that a periodic
planar network is resilient to fluctuations if and only if it is reticulate. This formal
theorem will be stated in a rigorous way in Theorem |2.6.5|and Theorem [2.6.6|

It turns out naturally that the answer is hidden in the study of the effective
tensor Q(#), and in particular, the positive definiteness of Q(#). By standard
homogenization theory, the effective conductance of the medium 6 in direction
p € R"® should be

p-Q(0)p.

Here the vector p can be viewed as the effective exterior pressure gradient applied
on the medium /. Suppose the medium experiences a random fluctuation in p,
then one would expect that p- Q(0)p to be as large as possible in all direction
p. However, due to the vast variety of leaf veins, we do not expect a quantitative
way to analyze, but at least we can allow p- Q(6)p to be positive in all p. This is
equivalently saying that Q(#) has to be positive definite, or in other words, the
medium € has to be positive.

Although the above simple explanation is clear, there is still a gap between
this argument and the original setting in [58,/104], where the minimization of the
total dissipation under random fluctuations was considered. In Appendix |2.7.1
we try to fix this gap by deriving the positivity of the effective tensor Q(6) from a
continuum version of the dissipation minimization problem in [58}104].

To characterize positive medium ¢ of the form (2.6.3), we need to introduce
some topological terminologies. We begin with the set Hg that collects all the

homotopy classes in the subset F c T".

Definition 2.6.1. For any subset £ c T", we denote w1 (E,z9) < m(T", z¢) the
subgroup of the homotopy classes containing closed paths in F based at x € E.

We denote the collection of homotopy classes in F as the set

HE = U 7:500 (Wl(E,Io)) c an (265)

:EQEE
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where iz, : 7 (T",29) - Z" is the isomorphism as introduced in Section [2.2.4.4]
Call ZHp := Spany,(Hg), RHg := Spang (Hg) and Hy = (RHg)" the real orthogonal

complement of RHg in R”.

Definition 2.6.2. Let £ c T". Denote Hp c Z" the collection of homotopy classes
in E as defined in Definition Call E to be trivial if Hg = 0. Call E to be
loopy if the real span RHr = R". Call E to be reticulate if it has a loopy connected

component. Call E to be quasi-laminate if Hp = Span,(p) for some p € Z".

Remark 2.6.3. The terms “loopy” and “reticulate” generally share the same mean-
ing for leaf venation patterns in biological literature [154}156]. In dimension n = 2
they are indeed the same mathematically (see Lemma [2.6.15). In higher dimen-
sions they are different notions because the loops can be detached in the extra

dimensions. A quick example in T? is the following set
T! x {0} x {1/2} U {0} x {1/2} x T* u {1/2} x T" x {0}. (2.6.6)

This detaching argument does not work in dimension n = 2, because in T? two
closed paths that belong to nonparallel homotopy classes will eventually intersect
with each other and form a reticulate set, see Lemma and Lemma
Intuitively this is related to the simple fact that on R? any two nonparallel straight
lines will always intersect with each other, while in higher dimensions n > 3, two
nonparallel lines generically do not intersect with each other, and if they do they
must be on the same plane. In this higher-dimensional scenario, one can con-
struct a loopy set like (2.6.6), in which there are three linearly independent closed
paths that do not intersect with each other, i.e. the union is not connected and

therefore not reticulate.

Remark 2.6.4. It is natural to ask whether E being loopy can be equivalently
defined as Hp spanning Z" instead of R”. It turns out that in dimension n = 2,
the two ways of defining loopy are equivalent. This can be seen by Lemma [2.6.15
However, in higher dimensions n > 3, Hg spanning Z" is a stronger property
than loopiness. Here let us present an explicit example of a loopy set F c T3, of

which the homotopy class collection Hr does not span Z3: we parametrize T by
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(z,y,2) €[0,1)3, and define

F:={2y=cmodZand z=0}u{z=0, z=1/2} u{z =y =1/2}
(2.6.7)
=M ukulkFs.
Note that Hp, = Span,{(2,1,0)}, Hp, = Span,{(0,1,0)} and Hp, = Span,{(0,0,1)}
(these sets can be easily derived by using the path lifting property and the simple
structure of F;’s). Because Fj, F» and F3 are mutually disjoint, we have Hp =

HF1 LJI{F2 UHF3 and
ZHp = (2Z) x Z* < Z?, while RHp = R>.

The intuition here is very similar to what we have just discussed in Remark[2.6.3]
In dimension n = 2, even if we do not initially observe the existence of (1,0) and
(0,1) in Hg, the closed paths having nonparallel homotopy classes in E will have
to intersect with each other, resulting in the occurrence of (1,0) and (0,1) in Hg
that span the whole Z2. However, in higher dimensions, the closed paths can be

detached and contained in different components (such as the components Fj, F

and F3 in F as in (2.6.7)).

Our main theorem of this section is to show the direct relation between the
kernel of Q(#) and the collection of homotopy classes Hr c Z" in the support
I'=Spt 6.

Theorem 2.6.5. Let § be a networlclike medium as defined in with the
weight a satisfying the coercivity condition (2.6.4), then we have the following iden-
tity

Hi =ker Q(0). (2.6.8)

In particular, Q(0) is positive definite if and only if " is loopy.
In dimension n = 2, we can make some further improvements.

Theorem 2.6.6. Suppose n = 2 and assume the same as Theorem We char-
acterize the topological properties of T for different forms of Q(0):

* Q(0)=0ifand only if T is trivial.
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* Q(#) = qg® q for some q e R? {0} if and only if ¢ = rz for somer € R, z € Z? and

I' is quasi-laminate in direction q.
* (Q(0) is positive definite if and only if T is reticulate.

Theorem is a corollary of Theorem [2.6.5] combined with the fact that
loopiness is equivalent to reticulation in dimension n = 2 in Lemma [2.6.15]

The proof of Theorem [2.6.5| consists of three steps. First, in Section we
use Theorem to decompose 6 as a countable sum of its restrictions to its
connected components. This step reduces the problem to the case when I' = Spt 6
is a 1-rectifiable non-singleton compact connected set with finite H#!-measure.

Second, in Section we prove the inclusion Hf c kerQ(f#). The key is
to construct in a neighborhood of I' the linear function p -z for p ¢ H{. This
is accomplished by analyzing the unique lift in the covering space R"/ZHr of a
surjective Wazewski parametrization v of I.

In the last step, we first show a change of variable result in Section [2.6.3] This
result helps us to estimate Q(#) and then we can finish the proof of Theorem|2.6.5

by showing the following lower bound

Id5
ACn,F ’

for all p € Hr, where A > 0 is the coercivity constant in (2.6.4) and ¢, r > 0 depends

p-Q(0)p=

only on n and the geometry of I'. As we have pointed out in the introduction,
this is accomplished by a modification procedure that improves the estimation
of lengths and multiplicities of Lipschitz closed paths in I" without changing the
homotopy classes. See Section for more details.

2.6.1 Decomposition of medium

Let us show that, to prove Theorem the assumption (2.6.3) on 6 can be

reduced to media of the form
df(x) = a(x) Lnxn dH'| (), (2.6.9)

where « is the positive function as before in (2.6.4), but I" is a 1-rectifiable closed
connected set in T" such that #!(T") is positive and finite.

To be more precise, we prove the following lemma.



82 Chapter 2. Singular Wiener bound and complex conductive networks

Lemma 2.6.7. Suppose Theorem is correct for 0 = 6,, of the form (2.6.9) with
a satisfying (2.6.4) and the support T" := Spt § = Spt w being a closed connected
1-rectifiable set with 0 < H!(T') < co. Then Theorem is correct.

Proof. Let us start with a nontrivial medium 6. By Theorem and Theorem
we know that there are 6; < 6 such that

Q)= > Q;), (2.6.10)
j=1

where 6; are the restrictions of # on I'; := Spt §; c I', which are mutually disjoint
closed connected sets that satisfy 0 < H!(I';) < co. By Theorem , each I'; is
also 1-rectifiable.

Suppose g € Hf:, then because I'; c I', we know that for all j, the vector ¢ € Hﬁj.
By the assumption, we know that ¢ € ker Q(6;) for all j. This implies that by

Q0)q = i@((mq - 0.

That is, g e ker Q(0).

To prove the reverse inclusion, we first assume q € ker Q(6), and then it suffices
to show that for any connected component £ c Spt #, we have ¢ € Hy. Indeed,
because H!(T') < oo, by [4, Proposition 3.4], each connected component E c T is

also path-connected and hence for every z ¢ £
7Tl(l—‘ax) = 7['1(E7$)'
Therefore, by definition (2.6.5) we have
Hp = Jiz(m(T,z)) =J U ix(m(T,2)) = J U ix(m(E,2)) =|J Hg, (2.6.11)
zel’ E zeE E zeE E
where the union is taken with respect to all the connected components FE c T.
This implies that
qe€ ﬂ H ]l3 = Hlf
E
To prove the claim we may without loss assume that F is a nonsingleton set,
as otherwise Hj, is trivially R". Because ¢ takes the form (2.6.3), it is not difficult

to derive that

d9’E = a(x)[nmd'Hl‘E.
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By the discussions in the prior paragraph, E is both compact and path-connected,

and hence by Lemma [2.5.9] we also obtain that for any = € F the following inequal-

ity
1
liminf M > lim inf H(En Br(x))l > Tnxn

> >0
r—0t r r—0+t A’I“ e A

for A > 0 the coercivity constant. This shows that
Spt 6|, = E.

Therefore the support of 9| » is a continuum. Also because 0 < HI(E) < oo, by
Theorem the medium 9‘  satisfies the assumption in Lemma with T’
replaced by E, and therefore ¢ € Hy,.

Let us finish the proof by discussing the case that 6 is trivial. By Theorem
we do not worry about the case that the support I' = Spt ¢ is also totally
disconnected. In this case we automatically have the identity (2.6.8). Suppose
otherwise the support I' has a nonsingleton connected component £. By Lemma
we have Q(6) = Q(],,) =0. As 0 < H'(E) < H'(T') < o0, we have by Theorem
the set F is also 1-rectifiable. Therefore by the assumption, we have Hz =
ker Q(E) = R™. The proof is then finished by applying the identity (2.6.11). O

2.6.2 One side inclusion

In this subsection we show one side inclusion Hi: c ker Q(#). This is accomplished

by applying the Wazewski parametrization theorem in Theorem [2.2.9|
Lemma 2.6.8. Assume the same as Theorem|2.6.5], then we have
Hi c ker Q(6).

The proof of this inclusion does not depend on the coercivity constant A as in
(2.6.4).

Proof. By Lemma it suffices to prove for medium 6 of the form and
I' = Spt § a closed 1-rectifiable connected set in T” such that 0 < (') < co. As
I’ satisfies the conditions in Theorem there is a surjective constant speed
closed Lipschitz path ~v:[0,1] - T.
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Let p € Hf be a nonzero vector, then by definition
o 2 1
pQOp= il [ V(@) +pla(z)dH | ()
To show that Q(6)p = 0 it suffices to show that in an open neighborhood U of I'
here is a smooth function ¢, € C5°(U) such that V¢, =-p on I

To that end, we first write H = ZHr and recall the following covering maps (see

Section [2.2.4.3)
m=mgon, WH:R”%T’IQ:R”/H and 7 : T% - T".

As p 1 H, we know that for any z,y € R" such that z -y € H, p-x = p-y. This shows

that there is a unique function h, on T% such that
p-x = hy(n(x)) for z e R". (2.6.12)

We claim that the function h, € C*(T%,). First notice that because H < Z" is a

H js a locally isometric diffeomorphism

discrete subgroup of R”, the projection =
onto T7%, and for sufficiently small radius r > 0 the preimage (7/)~1(B,) of each
geodesic ball B, c T% is a countable union of disjoint balls in R" having the same
radius 7. Restricting 7 on a fixed component in the preimage (77)~!(B,) defines
an isometric diffeomorphism from the component to B,, which by shows
the differentiability of ), in B,. As the position of B, can be chosen arbitrarily, we
have proved that h, € C*(T%).

Notice that it is impossible to find a function 4 on T" such that p-z = h(w(x))

for all z ¢ R™. Otherwise one would obtain

0#p-p=h(m(p)) =h(r(0))=p-0=0,

which is impossible. This is one of the main reasons why we invoke the interme-
diate space T}, = R"/H.

Let 4 : [0,1] - T%, denotes the unique path lifting of v (starting at some fixed
point lift) and write I" to be the image of 4. We claim that in a small neighborhood
U of I' the covering map ny : T% — T" is an isometric diffeomorphism onto a

neighborhood U of I'. This claim finishes the proof because we can define

Opi=-1" [hp o (WH‘U)_I] e C™(T™),
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where 1 ¢ C*(T") satisfies 0 <7 <1, n =1 near I and n = 0 outside a compact subset
of U.

To prove the claim, we observe that 7y is a locally diffeomorphic isometry,
and therefore it suffices to show 7rH‘ & is injective. Let us first show that WH‘f, is

injective. Suppose there are 0 <¢; <t <1 such that

Y(t1) #4(t2) but 7 (5(t1)) = 7u ((t2))-

Let ¢; and g2 be vectors in R" such that we can write 4(¢;) and 5(t2) respectively
as

"S/(tl) =q1 + H and ’Ay(tg) =q2 + H.

Let z = g2 — ¢1 € R", then by the assumption that 4(¢;) # 4(¢2), we know that z # 0
and z+ Hn H = @. Because 7y ((t1)) = 7z (9(t2)), we obtain that the vector z € Z"
and 7y o4 : [t1,t2] - T is a closed path that belongs to the homotopy class

z2+heZ"\H

for some h € H. This contradicts the assumption that H = ZHr > Hr includes all
the homotopy classes in I'.

To prove that 7TH‘ ¢ Is injective for some small neighborhood U, we argue by
contradiction. We assume that there is a constant ¢ > 0 and for all small § > 0

there are z;, ys in T% having distance to I’ bounded by § such that
dist(xs,ys5) > ¢ >0

independent of § > 0 but 7 (25) = 7 (y;). Notice that ' is a compact subset in T,
because 7y is a local isometry and hence 4/(t) = 4/(t) is bounded and therefore I
is bounded and closed in T%. The proof is done by a compactness argument as
we send § — 0, which will lead to a contradiction to our previous claim that wH‘f
is injective.

O

2.6.3 Change of variables

Another technical lemma is the change of variables using Lipschitz paths. Let us
first recall a standard result for Lipschitz paths. We also refer to Section 2.2.3.2
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for more discussions on the preliminary concepts that are required in this sub-

section.

Lemma 2.6.9 ([4, Remark 3.6]). Suppose T' is the image of a Lipschitz path ~ :
[0,1] - T ¢ T", then for any nonnegative Borel function f (or integrable ones) on T’

we have
! / 1
[ el = [ f@maan,

where m(v,z) = #v71(x) is the multiplicity of vy at x.
We have the following technical results.

Lemma 2.6.10. Suppose v:[0,1] - I' is a constant speed Lipschitz path with
m., = sup#7y " (z) < co and path length £(v) = |7/,
zel’

then we have

2
N o)) +p A O] ar)ar.  @2.6.13)

p-Q(0)p> a[

inf f
m~L(7Y) peC>=(1m) Jo

Proof. Let K := v([0,1]) be the image. Note that for every ¢ ¢ C*(T") we have by
Lemma [2.6.9

fr Ve +plPadH > fK Ve +plPadH!

> 675»,,—7) [ 1P (TG0 + p)Pal (1))t

where 7,y is the 1-D tangent space of v at t. The proof is done by taking the

d

2
2 PO +p-7 ()| a(y(1))dt,

infimum over . O

2.6.4 Proof of Theorem

We require the following technical lemmas for proving the reverse inclusion Hi >
ker Q(6). We refer to Section for the preliminaries of some concepts in this

subsection.

Lemma 2.6.11. Let E c T" be a subset such that H'(E) < co. For any nontrivial
closed path ~* : [0,1] —» E, there is another constant speed Lipschitz closed path
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~v:[0,1] - E such that v belongs to the same homotopy class as v*, the path length
{(7) < oo and £(7) < £(v*), and the lift 7 of v on R™ starting at any § € 7~ (7(0)) is
injective.

Proof. Denote g = v(0) = v*(0) and take some § € 7~ !(x9). Let ¥* be the unique lift
of v* on R" starting at 4*(0) = g, and denote the homotopy class as ¢ =7*(1) -7 ¢
Z" ~ {0}. Because 7" is continuous, its image is compact and connected in R".

1

of H \ 5

On the other hand, the periodic extension (see Section [2.2.4.5 7—[1\7r

“H(E)

is locally finite on R". This implies that

G ([0,11) = My (57 ([0,1]) < oo,

Now we know that *([0,1]) is a connected compact set in R" that has finite '
measure. By applying [4, Proposition 3.4], there is an injective Lipschitz path
4 :[0,1] = 5*([0,1]) such that 4(0) = gy and 4(1) = ¢ + y. The proof is done by setting
v =7 o4. Notice that by [4], Proposition 3.4] and Lemma [2.6.9

0(y) < HUFH([0,1])) < £(F7) = £().
On the other hand we also have /() < H'(5%([0,1])) < co. O

Lemma 2.6.12. Let E c T" be a connected closed subset such that H'(E) < oo.

Then for any point zy € £ we have
Hp =7ZHE =iz, (m1(E, x0)),
where iy, : T (T", x9) - Z" is the isomorphism defined in Section|2.2.4.4,

Proof. Let q =iy, ([£]y,) be a vector in Hg, where y, € £ and [{],, is a homotopy class
of a closed path ¢ in E based at yy, and iy, is the isomorphism as defined in Section
2.2.4.4] 1t then suffices to show that ¢ € iy, (71 (E,20)). The case zo =y is trivial.
In the case zy # yp, as E is connected compact and has finite 4! measure, by
[4, Proposition 3.4] there is an injective constant speed Lipschitz path n: [0,1] - E
such that 7(0) = zo and 7n(1) = yo. Consider the path composition

E=nten,
which defines a closed path in E based at ;. Note that because 7 is injective, it is

not difficult to compute the homotopy class i, ([£]z,) = %y, ([€]ye) = ¢- This shows
thatqeixo(m(E,aco)). ]
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Lemma 2.6.13. Let E c T" be a connected closed subset such that H'(E) < oo.
Then there is a constant ¢ = ¢,z > 0 such that for each q € Hg ~ {0} we can find a

Lipschitz closed path v, inI' that belongs to ¢, having injective lift in R" and

1 <q| < £(7q) < clgl-

Notice that the key difficulty of this lemma is that the length /(v) of a closed
path v in E may not be bounded by #!(E) because of multiplicity.

Proof. By Lemma [2.6.12] we can view Hp as the isomorphic image of 71(E, z¢) in
Z" for some x( € E. From now on in this proof we do not distinguish 7 (F, zo) and
Hpg. Let uy,...,u; be a minimal collection of the generators of the group Hp < Z".
By Lemma the following quantity is well-defined

g = max inf {¢(;) ; ~; is a closed path belonging to u;} < co.
<j<

For each 1 < j < k we denote ~; a closed path in E based at xy that belongs to u;
and

{(~y;) < 2inf {Z(fyj) ; 7; is a closed path belonging to uj}.

Now for each ¢ € Hg, there are c; € Z such that

k
q= Z Cills.
i=1
Correspondingly we define
k
v =1
i=1

as the path composition based at z;. Notice that v, is a closed path in T that
belongs to ¢. By Lemma [2.6.11|we can find a Lipschitz path v, : [0,1] - 7, ([0,1])
that belongs to ¢ and has a unique injective lift 4, on R" starting at some 7,(0) =

g e '(74(0)). Because the lift 5, connects § and § + ¢, and 4, = 5,, we have

£(vg) = £(Yq) > lql-

On the other hand, by the construction of +,

k k
£(q) < f(’Y;) = Z lcill(v:) < 2Ag Z |cil. (2.6.14)
1=1 i=1
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It then suffices to show that Y%, |¢;| is uniformly bounded by |¢|. Indeed, the set
of vectors u; € Z" is Z-linearly independent and therefore they are also R-linearly
independent, see Lemma . This implies that ¥¥ , |¢;| defines another norm on
RHE. As we live in a finite dimensional space there is always a constant ¢ = ¢, g >0

such that
k

gl < 3 el < clal.
i=1
By combining (2.6.14) we finish the proof.

O]

Proof of Theorem|2.6.5, By Lemma and Lemma [2.6.8] we know that it suf-

fices to prove the following inclusion
ker Q(0) c Hf,

where 0 takes the form (2.6.9) and T" = Spt 6 is a closed connected subset of T"
such that 0 < H'(T') < co.
To prove this inclusion we claim that there is a constant ¢ > 0 such that
254?226>&
qEHF\{O} ’q’
This claim proves the inclusion ker Q(0) c Hit because if p € ker Q(#) then we can

write p = p1 + pe with p; e RAr and p; L Hr. By Lemma [2.6.8, we know that

0=Q(0)p=Q(0)p:.

This implies that p; € ker Q(0). If p; # 0, then by Lemma [2.6.12, Hr = ZHr is the
Z-span of a finite collection of vectors, and therefore the set {q/|q| ; ¢ € Hr ~ {0}} is
dense in 9B;(0) nRHr by Lemma [2.7.3] which implies that

p-QOp . o 1 QO0)g

> >c>0,
[p1]? geHp~{0}  |gf?

which is a contradiction to the fact that p; € ker Q(6).
To prove the claim we observe that for ¢ € H-~{0}, by Lemma|2.6.10/and Lemma
2.6.13|we can find a constant speed closed Lipschitz path v, in I' that belongs to
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q and

d

— Le(ra(t))] +q-74(t)

2
= a(y(0)dt

q-Q(0)q >

1 1
A —
peC () My, £(77g) JO

1 2
R e oe1 § AP IO RERAOT)
. 1 Ly 2
= e lr) Ry, 07) (q' b 7‘1(’5)&)
__ld*
Ay £(7vq) ’
where m,, is the maximal multiplicity of v,. Notice that the lift 7, of v, starting at

some 7,(0) = j € 7 (7,(0)) is an injective map, and ~, = 7 o 7,. This shows that

ma < max # (3,((0.11)0 (& +2)) <0G = [00)] < €) + 1£20(3,). (2.6.15)

Combining Lemma [2.6.13} we can finish the proof by observing

¢ Qg 1 10" (2.6.16)
Amy 0(vg)  Acpr
for some ¢, r > 0 depending only on the dimension n and I' = Spt 6.
O

Remark 2.6.14. One might wonder why there is a fourth power in |¢| in the inter-
mediate step of (2.6.16). The main reason is that when we estimate the integral
in Lemma we allow the closed paths ~, to have multiplicities, especially
when ¢ = \¢ for some ) € Z, and ¢ € Hr and v, = 'yé\ is the path composition of ~;
with itself for A times. In this case, /(v,) and m,, are not constants, but linear
functions of |¢|. Generally, the efforts in Lemma|2.6.13|and (2.6.15) are just made
to bound the effects of the length and multiplicity of v, when we use the formula
in Lemma . It turns out that when T is connected, closed and H!(I") < oo,
one can find closed paths 7, in I' so that the growth of both lengths ¢(~,) and

, which then leads to the lower bound

the multiplicities m.,, are indeed linear in |q

(2.6.16).

2.6.5 Loopiness and reticulation in dimension n =2

In this subsection we prove Theorem Let us begin with the following char-

acterization of loopy sets in dimension n = 2.
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Lemma 2.6.15. Let E c T? be a closed subset such that 1! (E) < o and denote E =
7 Y(F) be the periodic extension. Denote e; = (1,0) and es = (0,1) as the standard

orthonormal basis for R?. The following statements are equivalent:
(a) F is loopy.
(b) E is reticulate.

(c) There is a reticulate compact connected component E* c E such that £\ E* is

trivial.

(d) There is a point = € E such that for each i = 1,2 there is a Lipschitz path ; :
[0,1] - E with v;(0) = = and v;(1) = z + e;.

To prove this lemma we require the following technical lemma.

Lemma 2.6.16. Let, and y; be two closed paths in T? and their homotopy classes
are not parallel to each other, then the images of 1 and v, must intersect at some

point.
By the same proof of this lemma we can show the following corollary.

Corollary 2.6.17. Suppose L;(t) := y; + tq; € R? are two straight lines with qi, ¢

linearly independent, then for any continuous functions I'; : R - R? such that

sup dist(I';(¢), Li(t)) < oo
teR,i=1,2

we have the images of I'1 and 'y must have nontrivial intersection.
Proof of Lemma[2.6.16. We denote the nonzero vectors (n;,m;) and (ng,msy) in Z>
to be the homotopy classes of v; and 7, respectively. By the nonparallel assump-

tion we know that |nymge—nom;| > 0. Let7; and 7, be the lift of 4, and ~, respectively
on R? such that the starting points are y; € 7!(;(0)) and

Fi(1) = yi + (i, my),

foralli=1,2.

Now we construct I'; : R - R? by defining

Li(t) =7i(t - [t]) + [t](ni,m4)
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for i = 1,2 and all ¢t ¢ R. Notice that I';’s are continuous on R because of the
definition of 7;’s.

Notice that v;, 72 have intersection points if and only if the images of I';’s have
intersection points. It then suffices to consider the intersection of I'y and I's. We
know that because I';’s are continuous and I';(¢ + 1) — I';(¢) = I(n;,m;) for all ¢ € R,

leZ and i =1,2, there is a constant C > 0 such that
diSt(Fi(t), (yz + t(n“ml))) <C

foralli=1,2 and t e R. Let L;(t) = y; + t(n;,m;) be the linearized paths. Define the

. ny  -n
matrix A = ( ! 2
my —Mmo

® : R? - R? given by:

with det A = ngmy — nyms # 0. Consider the continuous map

O(t,5) = A7 (y2 — 91 + (Da(s) = La(s)) = (T1(t) = L1 (1)) -

The boundedness dist(I';(t), L;(t)) < C implies ® maps some closed ball Br c R? to
itself. By Brouwer’s fixed-point theorem, there exists (to,so) € Bg with ®(tg,s0) =
(to, o), yielding:
I'1(to) = T'2(s0)-
Projecting via 7 gives 71 (o) = 72(s0) in T?, completing the proof.
0

Proof of Lemma|2.6.15, By Lemma [2.6.16| we know that[(d)] — — —
By the same reason and also Lemma [2.6.12| we deduce that — [(c)} and
therefore and [(c)] are equivalent. It then suffice to show that can be

implied by other three conditions. We begin with and assume there are two
closed paths v, and 7, based at the same point 2y € E*. It suffices to show that
E* contains homotopy classes of the form (1,0) and (0,1).

Denote (a,b) and (c,d) as the nonzero homotopy classes of v; and ~» respec-
tively, then by the assumption [[d)] we can assume that g := ad - bc # 0. Notice that

by taking integer combinations
(=d)-(a,b) +b-(c,d) = (bc - ad,0), (-c)-(a,b)+a-(c,d)=(0,ad-bc),

we obtain classes of the form ¢; = (-¢,0) and ¢ = (0,g). To show the existence of

classes of the form (1,0) (the class (0,1) can be deduced symmetrically) we denote
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v, as some closed paths based at the common z, that belong to ¢; for i = 1,2.

Denote 7; as the lift of 4} based at some common y, € 7! (z¢) and define

Li(t) = 7; (¢ = [t]) + |t]ai-

The proof is done by observing that I'y must intersect I'; +e; according to Corollary
2.6.17.
O

Proof of Theorem|2.6.6, The proof is done by combining Theorem|[2.6.5/and Lemma
2.6. 19l O

2.7 Appendix

2.7.1 A formal derivation of resilience from the expected total
dissipation

In this section we derive the notion of resilience introduced in Theorem [A] that is,
the positivity of the effective tensor Q(¢), from the minimization of expected total
dissipation in the hydraulic system of a leaf under random fluctuations [58,/104].

Let us model a small piece of leaf by a smooth bounded planar domain 2 c R?
along with a positive definite matrix field o = L + Q : 2 - R?>*? that represents the
local conductance of the leaf. Here L represents the conductance of the lower
order veins, which are supported near a tree-like network. The field @ > Qo is
a constant positive definite matrix, regarded as the effective tensor of 6 + Qg dL?
where 6 is a network-like medium as in Theorem [A] and @ is a small positive
definite matrix that represents the background medium. That is, we are at a
scale where the higher order veins are considered well-mixed with the background
materials. We are concerned about the positive definiteness of Q — Qy » Q(0) as
the leaf grows.

By Darcy’s law, the velocity field j satisfies the following relation with the pres-
sure function ¢:

j=-0Vo. (2.7.1)

Suppose the source distribution is m; and the sink distribution is m,, where m;

and m, are nonnegative finite measures on 07 and ¥ respectively. The mass



94 Chapter 2. Singular Wiener bound and complex conductive networks

conservation indicates that m,(2) = m;(02). Combining the Darcy’s law (2.7.1)

with the Gauss law, one obtains the Neumann problem

{v-(ms) (z) =mo(z) e 2.7.9)
oV n(x) =m;(x) x€dD,

where 7(z) is the unit outer normal of 02 at z. Under random fluctuations in m;

and m,, the total dissipation in this scenario takes the form

P(o) = E[f@ vdmwb], (2.7.3)

where the pressure function ¢ satisfies and the expectation is taken with
respect to m; and m,. As the Gauss law explicitly controls the velocity field 7,
the total dissipation P(o) represents the effective resistance of the construction o
under a random choice of the source-sink distributions m; and m,. Therefore, for
a leaf to maintain its function, it is natural to minimize the effective resistance,
or equivalently the total dissipation P(o).

We are especially interested in the effects of the higher order veins, which leads
us to compute the gradient of P(¢) = P(L + @) as a function of (). Indeed, let B be

any symmetric matrix, we have

dt

p@mB):-EU@w-Bw]
- _Tr (BK),

=0 (2.7.4)

where K = E [ [ Vo® ng] and ¢ satisfies the equation (2.7.2). This implies that
the gradient flow of ) takes the form

%Q:K:E[[@w@w].

Note that if m; and m, are random, then the tensor K is generically positive defi-
nite, which means that in this scenario the effective tensor Q; — @y of the higher

order veins regardless of the background has to be positive definite.

2.7.2 Periodic homogenization of media

For a positive semi-definite matrix-valued Radon measure d¢ = 5 d ||£| on a bounded

open domain U cc R", one can consider the following mesoscopic effective tensor

p-Q(&U)p:=  inf J{](V¢+p)-6(v¢+p)dllf\l= inf fUVuﬂVudH&H,

peC (U uep-z+C5° (U
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where f,; := ﬁ [, with |U]| the Lebesgue measure of U.

In this section we show the following periodic homogenization result.

Lemma 2.7.1. Let 0" be the periodic extension (see Section|2.2.4.5)) of a medium 6

onT", then
lim Q0" (<R, R)") = Q(6).

Such homogenization results are known for the case when 6 is absolutely con-
tinuous with respect to the Lebesgue measure, see [100, Chapter 1] and an er-
godic version in [16, Chapter 1]. A singular version of homogenization can be
found in [38]. Here we present a proof for media including general anisotropy.
The proof does not use either the BBS tangent space theory as in [38] or any
Sobolev estimates on the corrector equation.

Let us start with an auxiliary lemma. First we denote
Ng(z) = #(-R,R)" nn' (),
where 7: R" - T" is the standard projection. Note that
Ng,-(z) := ;grﬁl Ng(z) and Ng . (z) := sup Ng(z)

zeTn

satisfy
N. R,+

r
e (2R)"

Lemma 2.7.2. For every R >0 one has
Q) <liminf Q(0"; (<R, R)").

Proof. For every ¢ € Cj°((-R, R)")) we define

1
vy () ?:W >, oy).

yer~1(z)
Notice that

Vug(x) = >, Vo).

yer 1 (z)

(2R)"
In particular by Cauchy-Schwartz inequality we have

Nr(x)

VUqb(x) : O’(ZL‘)VU¢(.%‘) < (2R)2n

> Ve(y) - o(x)Ve(y). (2.7.5)

yer~1(z)
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By the definition of periodic extension in Section the periodic extension
of the medium df(z) = o(z)d|0| (z) takes the form

do*(y) = o (7 (y)) dw(y),

where the Radon measure w is the periodic extension of ||#|. This implies that

1
Fore 76+ Boican@o = [ amm 5 [6Wadlol @) +2 [ Vua-opdio]
tf. oy P OGP ()
1
> [ i Va6l (@) +2 [ uola)-a(lpd 6] 2)
o [ en@lpRd10] () +or (@) [, 1R d16] (2

1
) [T cr(z) (Voo + cr(@)p], d10] + or(1).

where ¢ = ¢-0q, cr(z) = ](\;’}z(f) and we have used (2.7.5). By using triangle

inequality

1
™ cpr()

2
]€_R Ry V6 + DI5 () w0 (y) 2 (|vog +p|, =11 = cr(@)lplo)” 0] + 0r(1).

This shows that for any € > 0

: 1-¢ R (B Ll
o 7O Phande) 2 [ oS weasal) + (1= 2) S5 b6l + o)

Therefore, for any ¢ >0 and R >0

_@R"(1-9)

— CR\T 2
p- Qs (R > By gy (1-1) [ BEO a0 4 0n0r)

€ cr()

Sending R — oo we have }%im cr(z) = 1 uniformly in = € T" and hence for all € > 0
liminf p-Q(67; (R, R)")p > (1 -€)p- Q(O)p.
This finishes the proof by sending ¢ — 0. O

Proof of Lemma|2.7.1. By Lemma [2.7.2] it suffices to show that

limsup Q(0%; (-R, R)") < Q(6).

R—oo

To this end, we denote nr € C5°((-R, R)"™) a cut-off function satisfying
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* 0<nr<1land|Vng|<2
* grp=1on [-|R]+1,|R]-1]" and ng = 0 near the boundary d(-R, R)".
By using this function we observe that any ¢ € C*(T") can be extended to some
smooth function ff e C°((-R,R)") via
£ = nr@)v(x(y)).

Notice that

R 2 B (2|R]-2)"
][;fR,R)"L IV Iy Plo(riyy dw(y) = (2R)" - f (Ve +pl2d 6]

P f
(2R)™ J(~R,R)"~[-|R|+1,|R]-1]

VI Pl dw(y)-
Observe that for any fixed ¢, the second term is or(1), and therefore

Gl [ w02 101+ on(1) 2 p- Qs (R B

Sending R — oo we obtain

S 190 w316 2 imsup p- Q6" (<R, R))p.

which finishes the proof by taking the infimum over all i) ¢ C*°(T").

2.7.3 Some technical facts

In this section we present some technical facts that we use in the proofs but are

not in the scope of the main topics of this article.

Lemma 2.7.3. Suppose H is a discrete additive subgroup of R™. Then the set of

(Ligen o)

is dense in the unit sphere of Spany H.

points

Proof. Let G = SpangH. Denote by Sig = {x € G : |z| = 1} the unit sphere in G.
Since H is discrete, it is a lattice in G. Thus there exists r = dimr G' and linearly
independent vectors v1,...,v, € G such that H = Zvy + --- + Zv,. The set {v1,...,v.}

is an R-basis for G.
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Define a linear isomorphism 7' : G - R" by T'(v;) = e; (the standard basis vec-
tors). Then T(H) = Z". The Euclidean inner product on R" induces an inner

product on R" via
(.y)r = (T, TYy) and ||y = /z.2)r.

Then T is an isometry: |z| = |T(z)|, for all z € G.
For g e H ~ {0}, set z=T(q) € Z" ~ {0}. Then

T (i) .
lal) lzlz
Hence it suffices to prove that {z/|z|,: 2z € Z" ~ {0}} is dense in the T-unit sphere

St =T(Sq) = {x eR": ||y =1}.

Let w € St and ¢ > 0. By Dirichlet’s simultaneous approximation theorem (see
for example [159, Theorem 1B]), for any integer N > 0 there exist ¢y € Z with
1<gny <N and py € Z" such that

lavu~pxl> < 357
Then because all norms on R" are equivalent

CVr
lanvu—pnllg < N
for some constant C' > 0. Choose N large enough so that C./7/N'/" < ¢. For such
N, we have py # 0 (otherwise |[gvu|; = gv > 1 contradicts the inequality for large
N).

Now because py /gy in |-l and |py/an|y — |uly = 1. we obtain

H pN/an u
Ipn/anly  Tuls ||y

H 125 ||T
as N - oo. Thus u is approximated by elements of {z/|z|,: 2z € Z" \~ {0}}. By the

isometry T, the original set {q/|q|: ¢ € H ~ {0}} is dense in Sg.
O

Lemma 2.7.4. Suppose V = {vi1,...,u} is a sequence of Z-linearly independent

vectors in 7", then V is also R-linearly independent.
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Proof. We argue by contradiction and assume that there are real numbers ¢y, ..., ¢,
not all zeros, such that

c1v] + -+ v = 0.

By writing ¢ = (¢;) and M = (M;;), where M;; = (v;); € Z the i-th component of the
vector v for j=1,...,kand i=1,...,n, we obtain the linear equation Mc = 0.
As the coefficients of M are integers and 0 # ¢ € ker M, by Gaussian elimination

one can always find a solution ¢ € Q¥ \ {0} so that M¢=0. We can define
c=c¢-deZF

by choosing d € Z that divides all the denominators of the components of ¢. This
implies that Mc¢* = 0 for some ¢* € Z¥ \ {0}, and hence v,,...,v;, are Z-linearly

dependent, contradicting the assumption.
O
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Chapter 3

Homogenization of a vertical
oscillating Neumann condition

This chapter is a joint work with William Feldman.

3.1 Introduction

In this paper we study the homogenization limit ¢ — 0 of the following heat equa-

tion with the Neumann data oscillating in the “vertical” u-variable

{atus = Auf in By1n {-Tl > 0} X (0> oo) (3.1.1)

s = f(u?s) on By n{z; =0} x(0,00).
Here f: R — R is a sufficiently regular 1-periodic function, B; is the unit ball in
RY with d > 2, and 8, = 9,,. We work in the upper-half unit ball as a model domain

and denote

BI = Bl ﬂ{l‘l >0} and Bi = Blﬂ{xl :0}

We also study the homogenization of the steady state problem

{AuE =0 in By 5.12)

ouf = f (“8—5) on Bj.
Such problems arise when the graph of v is considered as an interface in con-
tact with a heterogeneous boundary, see Figure [3.1 Our primary motivation
comes from the modeling of capillary droplet motion on anisotropic rough sur-
faces [3],|5], 48, 50,/77,89,91,144,(172,(173,/]177]. Our model arises from a lin-
earization of the mean curvature flow with prescribed contact angle condition

[5,[89,91,/172,|173] on a patterned surface. The appeal of (3.1.1) is that it is

101
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simply posed, yet still captures the interplay between multi-dimensionality, ho-
mogenization, rate independent pinning, and rate dependent gradient flow. We

discuss the importance of these themes further in Section |3.1.2,

o = £ (%)

)
SN /ON L ON O N

Oyt = Au®

_—
T

Figure 3.1: The graph of «® over B is a moving interface
interacting with an inhomogeneous medium via a Neu-
mann condition at the boundary Bj.

The full description of the homogenization limits of the above two problems re-
quires detailed language from the theory of viscosity solutions. For the purposes
of exposition we begin by describing our result at a formal level. We will present
the PDE following the formalism common in the study of rate independent ener-
getic systems (a la [130] and see Section below). The homogenization limit
of is a heat equation with a singular pinned Neumann condition

=A in B x (0, o0
{giz € 873(8tu; V'u) on BI{ x (((())7, oo)). (5-1.3)
Here V'u is the tangential gradient of v on B}, and OR(7;p) is the subdifferential
in 7 of the following function
L*(p)t ifr>0

. (3.1.4)
L.(p)t ifr<0.

R(7;p) = {

Here L. and L* are certain homogenized coefficients depending on the tangential
slope p e R,

We will show the following simple formula for the homogenized coefficients

L.(p) = (min f) 1gp_oy + (f)1gpe0y and L*(p) = (max f) Lyp_oy + (f)l(pz0y.-  (3.1.5)



3.1. Introduction 103

1
Here (f) := /0 f(u)du is the average value of f.
The rate independent evolution law at the Neumann boundary in (3.1.3) can

be described heuristically as:

* When the tangential gradient V'u # 0 the inner normal derivative dyu = (f)
is pinned exactly at the average value. When the tangential gradient vV'u =0

then the inner normal derivative
O1u € [min f, max f]
is pinned in a nontrivial interval.

¢ If Oyu > 0, then Oyu > (f) and if further V'u = 0 then du = max f (in a certain

weak sense).

¢ If Jyu < 0, then dyu < (f) and if further V'u = 0 then d;u = min f (in a certain

weak sense).

Due to the discontinuity of the homogenized coefficients L, and L*, our descrip-
tion here is not completely accurate, especially the final two bullet points which
we are only able to interpret in the viscosity solutions / comparison principle
sense and have no classical sense. See Definition [3.5.1] especially conditions |(b)

and [(c)] for a precise description in the language of viscosity solution theory.

Our central main result is the homogenization limit from (3.1.1) to (3.1.3). We

will study solutions with a fixed Dirichlet data on the upper part of the parabolic
boundary of Bf x (0, c0):

95 (By % (0,00)) := [(0B1 n {1 2 0}) x (0,00) | u [ Bf x {t = 0}]. (3.1.6)

For the introduction we write the result briefly, see Theorem below for a more
detailed statement including precise assumptions on the Dirichlet boundary data

and heterogeneity f.

Theorem 3.1.1. Suppose f is 1-periodic and regular on R. Then a sequence u®
of solutions to (3.1.1), with a fixed Dirichlet condition on the parabolic boundary
95 (By x[0,00)), converge locally uniformly on (z,t) € Bi x[0, 00) to the unique contin-

uous viscosity solution u to (3.1.3) with the same data on the parabolic boundary.
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A central element of the proof of this theorem is the comparison principle /
uniqueness for (3.1.3). The important role played by comparison principle is well
known in the homogenization of nonlinear elliptic and parabolic problems. In par-
ticular, the proof of Theorem uses the half relaxed limit approach of Barles
and Perthame [25,26] which relies on comparison principle for semicontinuous

sub and supersolutions.

Theorem 3.1.2. Suppose u is a subsolution and v is a supersolution to (3.1.3), as
in Definition[3.5.1} If u < v on the parabolic boundary 05 (B7 x [0, )) (as in (3.1.6))

then u < v on the whole space-time domain B} x [0, c0).

There are two major difficulties in proving the comparison principle Theorem
The first is the failure of uniform obliqueness, and as a result the existence
of free degenerate regions in (3.1.3)

{01 (f)} c{V'u=0}.

As we shall see later that these sets are not empty and in the proof we need to dis-
cuss whether the location of the touching points are in such degenerate regions.
Outside the degenerate set the solutions satisfy standard Neumann boundary
conditions, but on the degenerate set the solutions satisfy a Dirichlet bound-
ary condition with the boundary data depending only on the time variable. This
makes the proof quite delicate as we don’t know either the shape of the degen-
erate region or the values on such regions. The lack of uniform obliqueness also
fails the construction of doubling test functions by Barles in [27] and therefore we
use the inf / sup-convolution type of arguments (see Appendix[3.9.2]and also our
previous work [82]). It is still interesting to explore if there is a doubling variable
argument for the proof of comparison principle of (3.1.3).

Another difficulty in proving the comparison principle is that the boundary
condition in is essentially a differential inclusion. As we shall see in the
following discussions, there is no uniqueness for the steady state equation. The
crucial ingredients that ensure the uniqueness in the parabolic flow are the dy-
namic slope conditions [(b) and [(c)] in Definition [3.5.1] As we mentioned before,
these conditions, especially condition [(c), can only be made precise by using vis-

cosity solution notions.
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The steady state equation for (3.1.3), which is also the homogenization limit of
the elliptic problems (3.1.2), takes the form

{Au =0 in B; 5.1

O e [L.(V'u),L*(V'u)] on Bj.
Thanks to the explicit formula (3.1.5) for L, and L* the above equation has the

following equivalent form

{AU:O in B (3.1.8)

(O1u—(f))|V'ul =0 and Ayu € [min f,max f] on Bj.
There is, in general, non-uniqueness of solutions to Dirichlet boundary value
problems for and (3.1.8). This nonuniqueness also occurs before homog-
enization in (3.1.2), which is not so obvious, but it is in fact one consequence of
the homogenization result that we describe next.
Despite the general non-uniqueness we can still determine the unique homog-
enization limits of special solutions to (3.1.2). On one hand by Perron’s method,

we can construct maximal subsolutions

Upax () = max{u(x) ; u is a subsolution to (3.1.2)}

and symmetrically minimal supersolutions
Upin () = min{u(x) ; v is a supersolution to (3.1.2)}.

We call both ug,,, and ug;, the extremal solutions.

On the other hand, we can consider the corresponding energy of (3.1.1) and
(3.1.2)

| u(a’)
E.(u,B}) = fB+§|vu12+fB,f0 F(r/e)drdz’. (3.1.9)
1 1

We define global energy minimizers Ugpp satisfying
Ee (g, Bi) < Ec(v, B),

for any appropriate test function v such that v = Ug, =g 0N 9By N {z1 >0}.
Again, it is not obvious whether these notions provide actually distinct solu-

tions. In the case of standard Neumann data d,u = f(x), they are all the same. We
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will see, via our homogenization result below, that these three solutions of
are often distinct, see also Proposition later.

Typical arguments from I'-convergence theory [41] show that the energies F.
in I'-converge to the following energy

E.(u,BY) = /];+%|Vu|2+fB/ (@) f)da. (3.1.10)

1 1

In particular, the homogenized PDE associated with energy minimizing solutions
of (3.1.2) is the standard Neumann problem

{Au:() in B} G111

Ou=(f) on Bj.

See Lemma below for a precise statement and proof.

The homogenization for the extremal solutions ugp,., and ug,, is trickier as
there is no I'-convergence type theory for them. In our second main theorem, we
show that the homogenization limits of the extremal solutions are exactly extremal
solutions to the general homogenized equation (3.1.7). We write the results in a

non-technical way, see Section for a more detailed statement.

Theorem 3.1.3. The extremal solutions of (3.1.2) converge as ¢ — 0 to the extremal
solutions of (3.1.7).

We summarize the homogenization results for the steady states in Figure
One essential question, which we alluded to already, is: are the extremal solu-
tions of actually distinct from the energy minimizing solution satisfying the
standard Neumann boundary condition 0,u = (f)? We will establish that, indeed,
these solutions are distinct for many choices of Dirichlet boundary datum. In
fact, this phenomenon also demonstrates the existence of the degenerate regions,

which we call free facets/contact sets
C(u) = {0 #(f)} c{V'u=0}cBj.

See (3.7.2) for a precise definition of C(u) in terms of viscosity solution theory. We
prove the following result in Section
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E.
o Umax
L]
ufnin ¢ ° :
.
: u;lb -
-
Minimal supersolution to  dyu = (f) Maximal subsolution to
Ou < L*(V'u) O1u > Lu(V'u)

L(V'u) <01u < L*(V'u)

Figure 3.2: This figure formally illustrates the critical
points of the energy E. as defined in and their
homogenization. On the left and right are the extremal
solutions, and they homogenize exactly to the extremal
solutions of L,(V'u) < dyu < L*(V'u). The global energy
minimizers uglb homogenizes exactly to the standard Neu-
mann problem 0ju = (f).

Proposition 3.1.4. There is a non-empty set of boundary data F c C(0B1n{x > 0}),
open in the uniform topology, such that, for all g € F, the unique minimal supersolu-
tion uy to with uy = g on 0B1 n {x1 > 0} has nontrivial relatively open contact
set C(ugy) #+ @.

Note that, in combination with the homogenization result for extremal solu-
tions in Theorem this shows that w7, ug,;,. and ug, are all distinct for a
fixed boundary data g as in Proposition [3.1.4] In other words our result allows
to understand the non-uniqueness of the ¢ problem in terms of the non-
uniqueness of the homogenized problem (3.1.7), which is often more accessible.

We also show in the same section that the homogenized boundary condition
in the parabolic evolution is, also, non-trivially distinct from the stan-
dard Neumann boundary condition. Specifically we show that when the Dirichlet
boundary data satisfies a certain strong monotonicity property in time, the so-
lution to the homogenized problem will converge to the extremal steady

states as time goes to infinity. As just discussed, these extremal steady states are

not, in general, solutions to the standard Neumann problem. See Theorem [3.8.§|
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for the precise description and proof.

3.1.1 Pinning, contact set and rate-independent system

The parabolic homogenization in Theorem shows the emergence of some

novel phenomena from a macroscopic viewpoint:

1. Pinning and rate-independent motion: Formally there is no motion when the
slope

e (Li(V'u), L*(V'u)),

that is, when

V'u =0 and dyu € (min f, max f).

When the interface moves, it follows a rate-independent principle: the state
of the contact slope 0;u does not depend on the magnitude of d;u, i.e. the
rate of motion. Note that the initial problem (3.1.1) has no intrinsic frictional

hysteresis, this phenomenon arises in the homogenization limit.
2. Singular anisotropy and free contact set: The free contact set
C(u) = {01u# (f)} c {V'u=0},

plays a central role in the homogenized problem. As described in [82] this
free region is related to and generalizes the role of the contact set in the

thin obstacle problem. Thus a thin free boundary arises in the limiting

homogenized problems (3.1.3) and (3.1.7).

3.1.2 Literature

Although our techniques in this paper are primarily based on comparison prin-
ciple, the problem has a natural gradient flow structure. In fact the phe-
nomenon of rate independent hysteresis is most commonly studied in the ener-
getic context, see the book [130] for more background and references. In order to
explain further this connection, we introduce some of the underlying notations

and ideas from the theory of gradient systems. We will be somewhat imprecise,
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in particular we will not detail the functional spaces or the forcing by boundary

data. General gradient systems take the form
0 €0y R(u(t),u(t)) + 0uE(t, u(t)) + O E(t, u(t))

where E is the energy functional and R is the dissipation rate functional. In the
energetic formulation of (3.1.1) the energy is E., as defined in (3.1.9), and the

dissipation takes the following L?-form

1
Re(9pu) = 5 fB 1Oul? dz.
1

The homogenized system (3.1.3) also has a formal energetic structure. The ho-
mogenized energy E. takes the form (3.1.10), simply the usual I'-limit of the E..
However something much more subtle happens in the dissipation rate functional,

formally speaking the dissipation rate functional is given by
.o/ _ 1 2 nN. —/ ! !
R(Opu; V'u) = - |Oyu|” dx + R(Owu(z"); V'u(x"))dz',
2 JB} B!

where R(7;p) is the homogenized quantity defined in (3.1.4). The appearance of
the L!-type term in the dissipation rate is indicative of rate independent pinning.
The origin of such rate independent pinning terms from homogenization of wiggly
energies has been expected via analysis of simple ODE models since [1,/99,(131]
and even earlier works on dry friction. In fact this microscopic origin of macro-
scopic hysteresis is one of the motivations for the theory of gradient systems with
rate independent dissipation. What is very unusual in this problem is the singu-
larly anisotropic dependence on the tangential gradient in the rate functional.
Various energetic convergence theories for gradient systems, including with
rate independent / L' type dissipation, have been established in the literature
[129]129,/158]. However the rigorous passage to the limit from wiggly energy
microscopic model to macroscopic model with L!-type dissipation rate has only
been fully addressed in one-dimensional ODE models [35,/71},[]129]. We establish
such a limit theorem in a multi-dimensional PDE setting for the first time. Our
techniques, however, do not strongly use the formal energetic structure of the
limit problem. In fact, due to the discontinuity of R(7;p) in p, we have been un-

able to rigorously establish an energetic formulation of the limit problem (3.1.3).
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This is one of the main reasons we don’t use energetic techniques to analyze the
homogenization limit. We are very interested in whether it is possible to give a rig-
orous energetic interpretation of the homogenized system and study the
homogenization limit using evolutionary I'-convergence techniques.

As previously mentioned, a central element in our proof of Theorem [3.1.1|is
the comparison principle (Theorem|[3.1.2) for solutions of (3.1.3). Similar homoge-
nization challenges arise in other models studied in the literature. For instance, in
the context of anisotropic Bernoulli-type problems, elliptic comparison principles
were established in [80,[81,|83], enabling homogenization results for inhomoge-
neous one-phase Bernoulli problems [45,49,|50,/81]. These results are in elliptic
/ stationary settings. In [47,48], Caffarelli, Lee and Mellet analyzed a reaction-
diffusion equation modeling flame propagation, which, under a certain singular

limit, converges to the parabolic version of the Bernoulli problem
up = Au in {u >0} and |Vu|=Q(z/e) on d{u >0}, (8.1.12)

which is also known as the flame propagation free boundary problem. They con-
sider several scalings, but in the case where the interface width is thinner than the
heterogeneity and pinning occurs their work applies only to the one-dimensional
case. The challenges in these studies are closely analogous to those in our time-
dependent model. In fact, the equation can be obtained via a formal flat
asymptotic expansion of near the free boundary points z € 9{u > 0} in the
case that Q(z) = Q(z;) depending only on one variable (which corresponds to the
laminar media; see [82] for more details). In comparison to these previous results,
this paper is the first to handle the parabolic setting in multiple dimensions. The
comparison principle Theorem is really the key new tool that allows for the
homogenization result in higher dimensions.

As a PDE problem, the homogenized equation can be viewed as an
elliptic PDE with gradient degeneracy. Such problems have attracted interest,
especially spurred by a result of Silvestre and Imbert [98], with further develop-
ments for nonlocal PDE in [14,/143] and others. There is also a connection with
the Signorini or thin obstacle problem, which was described in more detail in the

previous work of the authors [82]. The contact set in the elliptic problem (3.1.8]
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is closely related to the contact set in the thin obstacle problem. It is a kind of
“unconstrained” analogue of the thin obstacle problem in the language of [86].
This connection was exploited to study the regularity of solutions to in
[82]. In this work we have derived and its parabolic analogue via
a natural homogenization procedure, and this invites further possible investiga-
tion into connections with thin obstacle problems and gradient degenerate elliptic

problems.

Pinning and the hysteresis caused by pinning are central important phenom-
ena in the study of propagation of interfaces in heterogeneous media. Among
others this includes models of capillary contact lines, domain boundaries in ran-
dom magnetic materials, adhesion of thin films, and others. In particular, the
model is motivated by the dynamics of capillary droplets on rough sur-
faces [3,/5,50,(89,(144,(177]. A simple dynamical model decreasing the capillary
energy is the mean curvature flow with prescribed capillary contact angle condi-
tion [77,[91,/172,[173]. The PDE arises as a linearization of these capillary
models, similar to the connection with the flame propagation free boundary prob-
lem discussed above in (3.1.12). We aim to study the origin of rate independent
contact angle hysteresis in interaction with gradient flow dynamics of the free sur-
face. In the linearized setting of we can begin to understand these complex

phenomena in a slightly simpler scenario.

There have been many works studying pinning and de-pinning of interface
motions in heterogeneous media, to name a few examples in slightly related PDE
models [28,44,59,68,69,72,/73,81,(102,|108,(166,|(175]. Generally speaking the
study of stationary (pinned) interfaces in heterogeneous media can be more chal-
lenging than that of moving (de-pinned) interfaces. When the front is de-pinned
the interface moves through the medium “seeing” the entire medium, and the
large-scale averaging behavior is more accessible. The additional challenges in
our work compared to much of the literature discussed above are (1) the large
scale forcing 0,u depends nonlocally on the shape, especially the tangential gra-
dient V'u of the interface causing the singular anisotropy of the limiting PDE in
contrast to works like [59,68,69,|73] where the forcing is an external constant.

This nonlocal geometric dependence is also one of the reasons for the existence
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of facets/contact sets that specify the free regions having distinct pinning phe-
nomena; (2) the boundary condition is both quasistatic and rate independent so
the comparison principle and uniqueness present a new challenge as compared

to finite velocity models as in [108].

3.1.3 Organization of the paper

In Section we introduce some notations, viscosity touching and crossing and
the notions of half relaxed limits. In Section we start with a I'-convergence
result for the homogenization of energy minimizers. Then we study the corrector
problem. We introduce the homogenized pinning interval and prove the existence
of plane-like correctors satisfying the strong Birkhoff property. In Section [3.4] we
show the homogenization of extremal solutions of the elliptic problem (3.1.2). In
Section we make precise the notion of viscosity solution to the homogenized
evolution (3.1.3). In Section [3.6)we prove the homogenization of using the
half-relaxed limit method. In Section we prove the comparison principle of
(3.1.3). Finally in Section we show the existence of facets / contact sets for

certain boundary conditions.
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3.2 Preliminaries
3.2.1 Notations

¢ If not particularly defined, « € (0,1) will be a constant that represents the

Hoélder exponents that may change from line to line.

* For a Z%periodic function f = f(2',u) on R*! x R, we denote the average as
(£)= Jio,1701 [ f(y/,r)drdy’. In particular, if f = f(u) we have (f) = [, f(r)dr.
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* Define
RY:=RYn{z; >0} and OR?=R%n{z; =0}.
* Suppose 2 c R? is open (or Q c @ is relatively open), we write

Q' =Qn{z;=0} and QF:={z;>0}.

In particular, we write B} := By n{z1 >0} and Bf := Byn{x; = 0}. We write the

“exterior boundary” as
"0 =0"Q" = (0Q)\ Q.
* For a space-time cylindrical domain
U=Qx(t1,t2) (or Qx (t1,t2]) c R* xR
with ¢ < t9, we write
U'=Q"x(t1,t2] and U" :=Q" x (t1,12],
and we define the following two types of parabolic boundaries
OpU =U~ (Qx (t1,t2]) and U =0U" = 0pU N U".

* We write Dy := By x(0,T] for T € (0,00) and D, := By x (0, ). In particular, we

have
Di. =By x(0,T] and Dy =Bfx(0,T].

We also write
D, =Bj x(0,00) and Dg =B{ x(0,00).
* For two sets A, B we denote the symmetric difference

AAB:=(ANB)u (B~ A).

* A function u: R? - [~c0, o) is upper semicontinuous if for every z ¢ U
limsup u(y) < u(x).
Y-
A lower semicontinuous function is defined symmetrically. We emphasize
here that upper semicontinuous functions are allowed to take negative in-

finity values.



114 Chapter 3. Homogenization of a vertical oscillating Neumann condition

3.2.2 Touching, crossing and half relaxed limits

We introduce here the notion of touching and crossing, and their behavior under
half relaxed limits. Since our problem involves a boundary condition, we mainly
consider in a relatively open domain U c R? u9R?, and denote U* = U nR%, U’ =
UnoRe,

Definition 3.2.1. We say that a smooth function ¢ touches an upper semicon-
tinuous function u: U - [~c0, 00) (strictly) from above at g € U if there is an open
domain V c R? that contains z; so that « — ¢ attains its (strict) maximal value O
at xzp in V nU. We say ¢ touches a lower semicontinuous function v (strictly) from

below at z if -y touches —v (strictly) from above at x.

It is often more appropriate to consider the notion of crossing, or parabolic
touching, especially in parabolic equations with non-proper zeroth order terms
[60].

Definition 3.2.2. In a cylindrical domain Ux(¢1,t3), we say that a smooth function
1) crosses an upper semicontinuous function v : U x[t, 3] = [~00, 00) (strictly) from
above at (zg,t9) € U x (t1,t2) if there is an open domain V c R? that contains z
and a small r > 0 so that u — ¢ attains its (strict) maximal value O at (zg,t) in
the space-time domain (V nU) x (typ — r,tp]. The crossing from below is defined

symmetrically for lower semicontinuous functions.

For a sequence of upper semicontinuous functions u,, that are bounded from

above in a closed set K c R?%, we define the upper half relaxed limit

limsup*u,(x) =inf  max  u,(y), (3.2.1)

n—00 n2l |y-z|<l/n,yeK
and symmetrically the lower half relaxed limit for a sequence of lower semicon-

tinuous functions v,, that are bounded from below in K

liminf,v,(x) = sup min vn(y). (3.2.2)

n—oco n>1 |y-z|<1/nyeK
The application of half relaxed limits in viscosity solution limit problems was first
introduced by Barles and Perthame [25,26].
In the following we prove two technical lemmas about the perturbation prop-

erties of touching and crossing under the notion of half relaxed limits.
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Lemma 3.2.3. Let u* be the upper half relaxed limit of u,, in U, then u* is upper
semicontinuous. If u* reaches a strict maximum at x in B.(xz¢) nU for some radius
r > 0, then there is a subsequence u,; of u, and a sequence of maximum points .,

of un; in B.(x0) nU that converge to xg as j — oo, and

lim up,; (2n;) = ™ (w0).
]—)OO

Similar results also hold for the lower half relaxed limits by symmetry.

Proof. See [164, Lemma 3.5].
d

Lemma 3.2.4. Let u* be the upper half relaxed limit of u,, in U x [t1,t2]. Ifu* reaches
a strict maximum at (xo,tg) in (B,(xo) nU) x (tg — 7, to] for (zo,to) € U x (t1,t2) and
some radius r > 0, then there is a subsequence u,; of u, and a sequence of maximum
points (xp;,tn,) of un,; i (B(20) NU) x (to — 1,1y, ] that converge to (xo,t9) as j — oo,
and

im wp,; (T, tn;) = u* (w0,t0).

J—>o0

Similar results also hold for the lower half relaxed limits by symmetry.

Proof. We assume that u*(zg,ty) = 0. By definition of upper half relaxed limit,
we can find a subsequence u,, not relabeled, and a sequence of points (y,,sy) €
U x (t1,t2) such that

nh_)nolo(ynasn) = (SUOatO) and nh—?olo un(yna Sn) = U*(ﬂfo,tg).
We define for each n, (z,,t,) to be a maximum point of u,, in
(B (w0) nU) x [to =1, 5,].

By compactness, there is a limit point (z(, ) of the sequence (z,,t,), and there-
fore

uw* (g, t) > limsup uy, (2p, t,) > imsup u, (Yn, sn) = u* (20, t0) = 0.

n—>00 n—>00

This shows that ¢, > t, and because t,, < s,, - t9, we know that ¢ = t;. Because u* is
strictly negative in (B,(z¢) nU) x (to —,to] except for (zo,ty), we know that z{, = z.
This shows that (z,,t,) has to converge to (zg,t7) and the proof is complete.

O
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3.3 General steady states

In this section we study the homogenization of the following more general steady

state problem

Aue = in B
{ u =0 = (3.3.1)

O1uf = f(a'[e,ufle) on Bj.
Here f(y,z) belongs to C*(R%! x R) for some « > 0 and is Z? ! x Z-periodic. We
remark here that although we include more general inhomogeneity in the steady
state problem, the parabolic homogenization remains open due to the lack of

comparison principles similar to Theorem [3.1.2

Remark 3.3.1. There are two main types of solutions to (3.3.1): distributional
weak solutions and viscosity solutions. Under the assumption f ¢ C*(R%! x R)
the two notions are equivalent and are both classical solutions by applying the

regularity results in [85,(133,|138] (see also Appendix |3.9.1).

First, in Section [3.3.1] we show the homogenization of energy minimizers by
a I'-convergence type argument. Then we consider the homogenization of gen-
eral solutions of the PDE. This requires the introduction and classification of the
plane-like correctors and the pinning interval, which is covered in Section [3.3.2]
and Section In the special case of laminar media the pinning interval takes
a particularly simple form, and can be exactly computed. We carry this compu-
tation out in Section 3.3.4l

3.3.1 The global energy minimizers

In this subsection we consider the energy minimizing solutions of (3.3.1). Instead
of considering Z“-periodicity, we allow f to be periodic with respect to a general

lattice £ c R?. Specifically, we consider the energy functional

1 u(a’)
E.(u,B}) = [B+§|Vu|2+[3,f0 fo(a rydrd, (3.3.2)
1 1

where f.(z',r) = f(2'/e,r[e) for some L-periodic and Holder continuous function f

on RY. For any L-periodic function f, we denote the average

(£)=f, f(x)da. 3.3.3)
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where P, is a fundamental region of L.

Because the homogenization for the periodic oscillations in a general lattice is
not the major concern of this paper, we will return to the case £ = Z¢ after this
subsection.

For each g ¢ H'(B}) we denote H,(B}) the subspace of H'(B}) that share the
same trace as g on

0"By =0Byn{x1 20}.

Lemma 3.3.2. As ¢ —» 0 the energies E. over H ;(B{“ ), are equi-coercive and TI'-
converge in the weak topology of H gl (B7) (see definitions in [41]) to
1
Fo(u, BY) = fo SVl + _[Bi(f)u(:z:')d:r'.
Moreover, if g is continuous then the corresponding global energy minimizers u® of
E. over H gl, converge uniformly on B_I’ to the unique minimizer v of Ey on H gl(Bf ),

which solves
Au=0 in By

u=g on 0" By (3.3.4)
ouw=(f) on Bj.
Proof. Let us first show that E. I'-converges to Ej, as ¢ - 0 in the weak topology
of H gl(Bl+ ). By testing against finite linear combinations of indicator functions of
lattice fundamental regions and a standard density argument, see for example
[66, Chapter 2], we conclude that f. converge weak* in L* to (f) on Bj x R. This
implies that for every fixed u ¢ H ; (BY)

u(z")
_// A fa(l",T‘)d’rdx’ = fB’ Rfe(x’,r) (1{0<r<u} - 1{u<r<0})dﬂfldr
1 I x
—><f) él u($,)dx', as e — 0.

1

In particular, for every u € H, gl(Bf ) we always have the recovery sequence . = u
and
Ep(u) = lir% E.(u). (3.3.5)
E—

To prove the I'-convergence of E. we also need to show that for v, — v in H'(By),
one has
limigﬁEE(uE) > Eo(u). (3.3.6)
E—>
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Because the Dirichlet energy [5. |Vul® is lower semi-continuous under weak con-
1

vergence of the gradients, it then suffice to show that

us(z')
liminff/ fo fe(z',r)drdz’ > (f) fB, u(x")dz'.
1

e—0 4

Because the trace operator H'(B;j) — L*(B}) is compact (see |65, Theorem 3.85]),

we know that u. converges strongly to u in (L' n L?)(B}). This implies that

ue (') u(z")
-[1/0 fa(a:’,r)drdx’——/Bi/(; f-(2',r)drdx’

uniformly in ¢ > 0. In particular,

<Nl oo (ay e =l g1y

ue () u(z’)
hminf/B{fo fa(x,’T)drdJ:,:th%lf/ifo fg(x',7“)61l7“d33':(f)vai u(z")dx',

e—0

where the last equality uses the same argument in proving (3.3.5). This shows
(3.3.6) and hence proves that the energies E. I'-converge to Ej.
To show that E. are equi-coercive, it suffices to show that there are positive

constants C; and Cy so that
||UH%11(B;) <C1E:(u) + Cy (Hf“%w + ||9H§{1(B;))- (3.3.7)

We first observe that by Poincaré inequality there is a constant C' > 0 such that

for u e H)(BY)

1/2
”uHHl(BIr) <Ju _gHHl(BIr) + ||9||H1(B;) < C((fB+ |VU|2) + ||9H1(B;))-
1

Therefore for some constant C' >0 and arbitrary § > 0

[l ey < C (Be(w) + 1 fll o [l opy + a3 )

1
<€ (B + 5 113w+ 0 ulagagy + lolnap)).

By trace theorem, for sufficiently small ¢ > 0, one obtains for all u € H, !} (BY)

1
s HU”%l(Bi) <3 HUHzl(B;)-

This proves the inequality (3.3.7).
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By standard theory of I'-convergence [41, Theorem 2.10], we obtain that the
global minimizers «® of E. converge weakly in H ;(Bf ) to the unique global mini-
mizer u of Ey, which solves the Neumann problem (3.3.4). To show the uniform

convergence of u® on Bf we consider the classical solution h satisfying

Ah=0 in By
h=g on 0*BY
01h=0 on Bj.

The existence of h € C(B;j )nC%*(Bj uB}) is obtained by using Perron’s method and
standard elliptic regularity theory. Now u° — h satisfies the conditions in Lemma
and u® - h =0 on 8" B}, therefore u° - h has uniform bounded C*(Bj)-norm,
which implies that u® converges uniformly on B to u by Arzela-Ascoli theorem.
O

3.3.2 Plane-like correctors

The global minimizer theory does not capture the homogenization of all the lo-
cal minimizers or steady states nor does it capture the macroscopic evolution in
parabolic flow. Instead of a single large-scale slope specified by the average value
of f, there is an interval of pinned slopes. The pinning interval is described via a

(global) corrector problem which we describe next.

Definition 3.3.3. Call v ¢ C(R? U dR?) a corrector if it solves

Av = in R4
{ v=0 By (3.3.8)

ow = f(z',v) onR?,
and

Sup|v($) - (H)p) : .’B| < oo,
R{
for some (11,p) € R x R, We call (u,p) the effective slope of v.

Correctors are one of the fundamental concepts in the theory of homogeniza-
tion. In classical homogenization theory the corrector equation is invariant with
respect to “vertical” translations — i.e. adding a constant. In interface prob-

lems, such as we consider here, the vertical translation invariance is lost and
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many new challenges arise. Such challenges have been encountered and ad-
dressed before in several related models on homogenization of moving interfaces
[44,|46,67,69,/101,|]136,/145]. The techniques and ideas trace back to the the
fundamental contributions of Aubry and LeDaeron [21] and Mather [120], which
is now often called Aubry-Mather theory.

It actually fits better with the philosophy of viscosity solutions to split the

notion of corrector into two, a subsolution and a supersolution notion.

Definition 3.3.4. Call v € LSC(R? u9R?; (-o0, +o0]) a supercorrector with effective
slope (i,p) € R x R if

(i) v is a viscosity supersolution to (3.3.§]
(ii) There exists C' > 0 so that

v> (u,p)-z-C in R?UORY.

(iii) v(0) < +oo.
We also call the triple (v, u,p) a supercorrector.

Definition 3.3.5. Call v ¢ USC(R? u 9R?;[~o0,+0)) a subcorrector with effective
slope (i,p) € R x R if

(i) v is a viscosity subsolution to (3.3.8]
(ii) There exists C' > 0 so that

v< (u,p)-z+C in RYUORY.

(ii) v(0) > —oo.
We also call the triple (v, u,p) a subcorrector.

Remark 3.3.6. These definitions are exactly suited to the perturbed test function
type argument for homogenization, found below in Theorem|3.3.17| The finiteness
at the origin and the upper / lower linear bounds will come naturally from the

touching test function.
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We define the homogenized coefficients

Q«(p; f) :==inf{pus ;(u,ps,p) is a subcorrector to (3.3.8)}, (3.3.9)
and
Q" (p; f) =sup{u- ;(u, u_,p) is a supercorrector to (3.3.8)}. (3.3.10)

We will usually drop the dependence on f and write Q*(p) or Q.(p). The interval
[Q+«(p),Q*(p)] is called the pinning interval.
Let us make a couple of remarks about invariance properties of these defini-

tions.

Remark 3.3.7. We remark here that the homogenized coefficients Q.(p; f) and
Q*(p; f) are invariant under the translation f(z',v) — f(2'+n’,v+n;) for some vector
(n',n1) e R xR, This is because given a subcorrector (u, ;,p) that corresponds
to f, we can define v(z1,2’) = u(z1,2" + n') - n; and obtain (v, u,p) a subcorrector

that corresponds to f(z'+n’,v +ny). The supercorrector case is symmetrical.

Remark 3.3.8. The homogenized coefficients satisfy Q*(p; f —a) = Q*(p; f) —a and
Q.(p; f—a) =Q«(p; f) —a for any constant a because there is a 1-1 correspondence
between the semi-correctors corresponding to f and those corresponding to f -a
by subtracting ax;. This fact can be used to normalize (f) = 0, as we will do for

convenience later.

Our main result of this section establishes some important properties of the
pinning interval and shows the existence of correctors. The correctors, by con-

struction, will satisfy a certain periodicity property.

Definition 3.3.9. We call a function v defined on the strip {0 < z; < T} for some
T € (0, o] to satisfy the Birkhoff property if for any (k, s1), (k, s2) € Z% ' xZ such that

k-p—s1 <0<k-p- sy, we always have
v(z+k)-s1<v(x) <v(z+k) - s
In particular, we have for any k ¢ R%™!

v(z+k)-[k-p]<v(z) <v(z+k)-|k-p]. (8.3.11)
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Theorem 3.3.10. The functions Q. and Q* as defined in (3.3.9) and (3.3.10) are

lower and upper semicontinuous respectively on R*!, and for all p e R*!

min f < Q. (p) < (f) < Q" (p) < max f.

Moreover, for any € [Q.(p),Q*(p)] . there exists a corrector (u, u, p) such that u also
satisfies the Birkhoff property (3.3.11) and there is a constant C' > 0 so that

sup [u(z) - pxy -p-2'| < C, (3.3.12)

x1>0

where C depends only on dimension d and f.

We decompose the proof of Theorem [3.3.10| into four technical lemmas. We

first establish the following bound for the homogenized coefficients Q). and Q*.

Lemma 3.3.11. For every tangent vector p € R*! both Q. (p) and Q*(p) are con-

tained in the interval [min f, max f].

Proof. Note that, p-z + (max f)x; is a subcorrector and p -z + (min f)x; is a super-

corrector. Thus the sets in the definitions (3.3.9) and (3.3.10) are non-trivial, and

the upper bound Q. (p) < max f and the lower bound min f < Q*(p) are established.

For the other side we only show that Q*(p) < max f as the case for Q. is sym-
metrical. Suppose there is a supercorrector (v, i, p) such that x> max f. We pick
T > 0 large and p—max f > 7 > 0 small, to be specified below, and consider for some

real number s the following auxiliary harmonic function
¢s(w1,2") = (max f+n)zy +p-2’ —nla'* +n(d - 1)F + s +0(0).
Notice that v is a supercorrector so for some constant C' we have
v(zy,2') 2 pry+p-a’ +C.
Choosing T > 0 large enough, we have
(max f)T +p-2" +v(0) <uT +p-2'+ C <o(T,x").
This implies that for small n > 0

(T, x") = (max f +n)T +n(d - 1)T? +p-z’ —n|z'|* +v(0) < v(T,z").
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Also because v is lower bounded by ux; + p-z’ + C, there is a large radius R > 0

independent of s such that

bs(x1,2") < po(x1,2") < v(wy,2")

forall0<xz; <T, s<0and |z'| > R. Let s, be the supremum of s such that ¢, <v
on {0 <z < T,|2'| < R}, then s, < 0 because ¢y(0) = v(0) and s. > —oco because v
is lower bounded in {0 < z; < T, |2’| < R}. On the other hand, by the harmonicity
of ¢s, and superharmonicity of v, the function ¢, will touch v from below at a
point z(, € {z; = 0,]|2'| < R}. This establishes a contradiction to the supercorrector
condition of v at z = x| as 0165, (z()) > max f.

O]

Lemma 3.3.12. The functions @, and Q* as defined in (3.3.9) and (3.3.10) are

lower and upper semicontinuous respectively on R%,

Proof. We only focus on @, as the case of Q* is symmetrical. Let p, - pc R ! be a
converging sequence of tangential vectors and (V,,, Q. (p,,) +&n, pn) a corresponding
sequence of subcorrectors to (3.3.13) with 0 < ¢, - 0. Notice that for any C € Z, we

have

(Vn +C, Q*(pn) + 5napn)

is still a subcorrector, and therefore for each n, we can choose appropriate C,, € Z
such that V,, := V,, + C,, are bounded from above by pn -z +(Q«(pn) + &n) x1 +2, which
means that V,, are locally uniformly bounded from above. This shows that if we
write

W :=limsup*V,, and 7 =liminfQ.(p,),

n—oo

we obtain a triple (W, 7, p) that is a subcorrector By Lemma By definition
of @, this shows that

lim inf Q. (pn) = 7 2 Q+(p)-
O

Next we show that the energy minimizing slope is always pinned. The proof

uses the I'-convergence established in Lemma |3.3.2[
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Lemma 3.3.13. For all p e R%!

Q«(p) <(f) < Q" (p).

Proof. We without loss normalize () = 0 by applying Remark[3.3.8| It then suffices
to show that 0 € [Q.(p),Q*(p)]. We first find the global minimizer u. to the energy
(3.3.2) at scale ¢ > 0 with boundary data g = ¢-x on 0"Bf = 9B n{z; > 0} for
some tangent vector ¢ € R%!. By Lemma we know that u. converges locally
uniformly to v, solving

Aug =0 in BY

Ug=q- on 0" By

Oiug=(f)=0 on Bj.
By standard elliptic theory we know that u,(z) = ¢- z.

We now define for any small ¢ > 0 the following harmonic function

2

o(x)=q-x+0x + |2'|* = 6227,

d-1
This function touches v, strictly from above at = = 0 with 9,¢(0) = § > 0 and by
local uniform convergence of u. and Lemma [3.2.3 we can find small constants

C: = 0-(1) such that ¢. = ¢ + C. touches v, strictly from above at some y. € B] with

lye| = 0-(1). Consider

ve(y) = uc(ey + yz-) — ue(Ye)

)

and

) _ ¢5(5y + ya) - QSS(yS).

3

Ve(y
By smoothness of ¢, we know that
ve(y) <P=(y) < V(0) -y +0:(1)

is locally bounded from above. Therefore for a choice of subsequence ¢; so that

s:= lim (ugj (2, - {usj (%J)J) €[0,1]

Jmee\ & €

exists, we obtain

vg = limsup™ e, — s
j—>00
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is a well-defined subcorrector to (3.3.8) with upper bound ¢ -y + dy;, which also
touches vy from above at x = 0. Since 0,¢(0) = §, we know that 6 > Q.(¢). As 6 >0

can be chosen arbitrarily small we have shown that

Q+(q) <0.

Similar arguments show that 0 < Q*(q).
O

Now we proceed to the construction of the correctors. It is convenient to con-

sider the following equation truncated in {0 < z; <T'} for some 7" >0

Av=0 in{0<xz; <T}
v=p-x on {z; =T} (3.3.13)
o = f(z',v) on {x1 =0}

We take v! to be the maximal subsolution defined as

vl (z) = sup{v(x) ; v is a subsolution to (3.3.13)}. (3.3.14)
and similarly
vl (z) = inf{v(z) ; v is a supersolution to (3.3.13)}. (3.3.15)

Remark 3.3.14. In general, the solutions v and v” are not periodic functions
but they do satisfy the Birkhoff property as in Definition [3.3.9| This is because
when k-p - s <0 with (k,s) € Z¥! x Z, the function v(z + k) - s is a subsolution to

(3.3.13) whenever v is a subsolution, which shows that
vl (z+ k) -s <ol (x).

Symmetrically we have v (z) < vT(z + k) — s whenever k-p - s > 0. An analogous

argument shows that v? also satisfies the Birkhoff property.

For the convenience of the following discussions, we denote pl > - | f[ ;- as
follows

py =sup{p s pra+p(e -T) 2]}, (3.3.16)

and p? < | f| ;- to be

pl=inf{pu; pox+p(e -T) <ol}. (3.3.17)
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By a similar argument in the proof of Lemma |3.3.11| both |u!| are bounded uni-
formly by | f|| ;- for all T'> 0.
Notice that by (3.3.16), the functions vT + |1 T| are uniformly bounded from
above by the linear function p-z + u’z;. We define
V. :=limsup*(v? + [pIT]) and m, :=limsup p’, (3.3.18)
T'—o0 T'—o0

and symmetrically

V_:=liminf,(v? +[pIT]) and m_:=liminfpu’. (8.3.19)

T—o0 T—o0

By Lemma [3.2.3] (V,,m,,p) is a subcorrector and (V_,m_,p) is a supercorrector

to (3.3.8).

Lemma 3.3.15. For any p € [Q.(p),Q*(p)] . there exists a corrector (u, u,p) such
that u also satisfies the Birkchoff property and there is a constant C > 0 so
that

sup [u(z) - px1 -p-2'| < C, (3.3.20)

x1>0

where C depends only on dimension d and f.
The proof of this lemma also shows the following result.

Corollary 3.3.16. The truncated solutions v + |pI'T| and v + [pI'T] in (3.3.18)
and (3.3.19) converges locally uniformly on R? U 9R? to V,, V. respectively.

Proof of Lemma(3.3.15, Let us first show the special case when p = Q.(p). The
case for = Q*(p) is symmetrical. We make the following two claims on (V,,m.,p)
as defined in (3.3.18]

(A) my = Q*(p);
(B) (Vi,m4,p) is a corrector to (3.3.8) that satisfies the bound (3.3.20).

To show claim (A), we observe that for a subcorrector (u, u,p) to (3.3.8) and all
C € Z such that

C> supu(x) - (,Lb,p) "z,
R¢
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we have, by maximality of v”, for some s € [0,1)

vl >u-C - puT - s,

where s is taken so that s+ y7" is an integer. This implies, by (3.3.16), that for

every I'>0and 0 <z <T
p-x+,uf:c12u—C—,uT+/£T—s.

At z1 = 0 we have
C-u(0)+1
o<+ %
which implies that

my = limsup ,uf <.

T—o0

for every subcorrector (u,u,p). Combining the fact that (V.,m,,p) is also a sub-
corrector, we have finished the proof of Claim (A).

To show claim (B), we first observe that V, <p-x + ufxl is defined by the up-
per half relaxed limit of the truncated subcorrectors v! + | T|. For notational

convenience, we denote
Ur(z)=vi + T =p o —pioy and  cp=|pT]-pT.

By Lemma [3.9.1]and Lemma Ur is a classical solution of

AUr =0 in{0<x <T}
Ur=cr on {z, =T} (8.3.21)
0wUr = f(', Up+p-2)-pl  on {z; =0}.
Notice that Uy < 0 according to the definition of 17 in (3.3.16).
To show that V; is also a supercorrector, we just need to show a uniform lower
bound on Ur independent of 7" > 0.
By Remark[3.3.14]and the Birkhoff property (3.3.11), we know that for k ¢ Z¢!

Up(z+k)+k-p—[k-p] <Up(z) <Up(z+k) +k-p—|k-p), (3.3.22)

and so [Up(z + k) -Up(z) <1 forall z € {0 < z; < T}, ke Z¥'. We claim that
the uniform boundedness follows if there is a constant C' > 0 depending only on

dimension d and f so that for all 7' > 0 there is a point z/. € {x; = 0} such that

osc Ur<C. (3.3.23)

x1=0,]z"—2/.[<2
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This is because Uy is harmonic in {0 < z; < T}, bounded on {z; = T}, and if
holds then combining the Birkhoff property we know that Uyp is uniformly
bounded on {0 < z; < T} independent of 7" > 0.

Now we return to prove (3.3.23). By the definition p?, for all T > 0 there exists
a point 27, € {z; = 0} such that

UT(I'%) > -3.
Now we solve for an auxiliary function »n satisfying

An=0 in {0 <z <2,|2' —2/| <5}

n=0 on 9*{0 <z < 2,|z’ — 27| <5}

Oom=0Ur on {z=0,|z"-af| <5}
Notice that |0,Ur| < 5| f||; -, which means that  is uniformly bounded independent
of 7. On the other hand we have by Harnack inequality there is a constant C' > 0
depending on dimension such that

max (n-Up)<C min (n-Ur),

{0<z1<1, |2’ —2l|<2} {0<z1 <1, o/ —2f|<2}

as n - Ur is a positive harmonic function on {0 < z; < 2, |2’ -2/, < 5} satisfying zero

Neumann boundary condition on {z; = 0}. This implies that

Ur + ax nl |,

osc r<C max m
{0<z <1, |0/ ~27|<2} {0<z1<1, |2/ 2l |<2} {0<z1<1, |2/ ~27|<2}

on left hand side of which we have

osc Ur < 0scC Ur,
{x1=0,|z'-2/.|<2} {0<z1 <1, |2/ —2/H|<2}
which implies that
osc Ur<C|3+ max Inl{<C’
{21=0,]2" -2/ |<2} {0<z1<1, |2 2l |<2}

for some positive constant C’ > 0 independent of 7. Combining Lemma [3.9.]]
and this shows that the limit V, is a classical solution to with the
distance from Q.(p)z; + p -z uniformly bounded by a constant C' > 0 depending
only on dimension d and f.

For 1€ [Q.(p),RQ*(p)], we consider for some constant c € Z the supercorrector

WH(z) = Vo(x) - (Q"(p) - a1 + ¢
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and the subcorrector W, < W# defined as

Wyu(z) =Vi(z) + (n - Q«(p))z1.

The existence of a corrector (V,, i, p) with W, <V, < W* follows from the Perron’s
method. As V), is defined by taking maximal values of subsolutions (or minimal
values of supersolutions) in between W,, W#, we know that V,, also satisfies the
Birkhoff property as in Definition by a similar argument in Remark

O

Proof of Theorem|3.3.10. By Lemma |3.3.11| Lemma [3.3.12, Lemma |3.3.13| and
Lemma [3.3.15] the proof is complete. O

3.3.3 Homogenization of general viscosity solutions

Using the correctors and the pinning interval defined in the previous subsection,

we can now present a homogenization result for general viscosity solutions.

Theorem 3.3.17. Let ¢, —» 0 and u, be a sequence of solutions to

Auy, = in B}
=0 e (3.3.24)
81uk = f(a:’/ak, uk/ak) on B{
such that uj, — u locally uniformly in B u B]. Then u solves
Au=0 in B
! o (3.3.25)
Q«(V'u) <0iu<@Q*(V'u) on Bj,

where the pinning interval [Q.(p; f),Q*(p; f)] is defined in (3.3.9) and (3.3.10).

Proof of Theorem|3.3.17, We only show the supersolution condition, the subsolu-
tion condition is proved by a symmetrical argument.

Let ¢ be any smooth function that touches the limit function u from below at
some z € Bj, A¢(xp) >0 and u > ¢ in W for some § < 1 - |zo|. Then by Lemma
[3.2.3|there exists a sequence of points z; - z¢ and constants ¢, - 0 as k - oo such
that ¢y, := ¢ + ¢, touches uy, from below at z;, € Bf for each k, and uy, > ¢y in W.

By choosing subsequences, we can further assume the existence of

s = lim (ug(zx)/ep, ~ [u(zx)/er]) € [0,1].
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Let
ug(epT + ) — ug(x ELT + Tp) — T
() = pent +ap) —up(en) o () = Puent + k) — Pr(2k)
€k €L
By smoothness of ¢, near zj;, we know that for any fixed R > 0, the sequence of

functions v, is bounded from below in B}, because

Op(2) 2 () 2 Vi (0) -2 + ox(1).
Therefore the lower half relaxed limit of vy,

v () = liminf,vg ()

k—oo0
exists as a lower-semicontinuous function R? u 9R? — (-o0, +o0]. Notice that for

sufficiently large k, vy is by assumption a supersolution to
Oy, < f (v +ug () fe) on By
which by Lemma (3.2.3|implies that
01vx < f(ve +5)

in the viscosity sense on {z; = 0}. On the other hand, we know that the linear
function I(z) := Vé(x0) - « touches v, from below at exactly = = 0. This shows that

(ve,010(20),V'¢(x0)) is a supercorrector to (3.3.8), and the proof is complete by

applying Theorem |3.3.10]
O]

3.3.4 The homogenized coefficients in the laminar case

Let us now compute the precise coefficients ). and @* in the special case that f is
laminar, i.e. f(z',u) = f(u) is a 1-periodic C* function only of u € R. The corrector

equation becomes

(3.3.26)

Av =0 in R?,
o1 = f(v) on R4

satisfying
sup [v(x) = (u,p) - 2| < o0,
R¢
for some (u,p) € R x R*!, By Remark we assume

(= [ rww=o
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Lemma 3.3.18. Suppose f(x',v) = f(v) is 1-periodic in v and f ¢ C*(R) for some

a >0, then
minf  ifp=0,
«(p) = L«(p) = 3.3.27
Q«(p) = L+(p) {<f>:0 £ 20, ( )
and symmetrically
. . max f ifp=0,
= L = 3.3.28
Q" (v) = L"(p) {(f)zO 2o, (3.3.28)

where (f) = fol f(r)dr.

By Corollary |3.3.16, it suffices to analyze the truncated versions (3.3.13),
which in the current case takes the form
Av=0 in{0<z <T}
v=p-x on {z; =T} (8.3.29)
o= f(v) on {x;=0}.
Let T and v? be the maximal subsolutions and minimal supersolutions respec-
tively. We notice that if p = 0, the extremal solutions v! and v! are tangentially
invariant linear functions. It suffices to solve for 1-variable solution v = v(x;) that

satisfies
{v”(xl) =0 foruz €(0,7)

v(T) =0 '(0) = f(v(0)).
Notice that a solution will take the form v(z;) = —iﬁ)(azl -T), where v(0) satisfies

0
—% = f(v(0)). (3.3.30)
Let v(0) = w! be the maximal solution and v(0) = w? be the minimal solution to

the above equation, then we know that

T l wT
vy (z1,2") = —?*(xl -T).

On the other hand, we have the following characterization of w?’.

Lemma 3.3.19. Suppose f is continuous and 1-periodicin (3.3.30), thenas T — oo,

we have
T

Jim f(wy) = Jim —= = min f,
and

U)T
Jim fw?h) = Jim - = max f.
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Proof. We only show the w! case as the w! case is symmetrical. On one hand, we

know that

wT
- = f(wl) 2 min f,

and hence

wf < —(min f)T.

Because -7 decays linearly and f remains bounded, this shows that when v >
—(min f)T', we always have -7 < f(v). On the other hand, when —(min f)T -3 <v <
—(min f)T -1, we have

1 3
minf+?§—%gminf+?.

By the 1-periodicity of f there is a v, € [~(min )T - 3,—(min )T - 1] such that

f(v.) =min f. Now, we obtain the inequality
—v—*>minf+l>f(’u )
T~ T "

By using the intermediate value theorem, we know that there must be a number
¥ > v, > —(min f)T - 3 such that (3.3.30) holds for v(0) = 9. By maximality of w! we
have

w? > > —(min f)T - 3.

This shows that

wl

3
f(wf)z—%gminf+f—>minf

as T — oo. O

For p # 0, because f is 1-periodic in u, v1 (z - p/|p|*) + 1 = vT (z), with tangential

translation invariance:
vl (z-q)=vL(z) for ¢L1pande.

This implies 1 := vI —p-2 is a |7}‘—periodic 2-variable function, with continuity
derived from v’ (z) - vT(x - sp/|p|?) = s. The problem (3.3.29) is thus reduced to:

Oin+03n=0 in {0<x; <T},
n=0 on {z, =T}, (3.3.31)
o= f(n+plzz) on {z; =0},
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with n € C({0 < 21 <T}), 1/|p|-periodic in z3. By the C“-regularity of f, we know
that 7 is a classical solution to (3.3.31) according to Lemma (3.9.1|and |3.9.3|
Now we show that  has bounded distance (independent of T) from p? (z - T)

with

lim 1 = (f) =0,

T—oco

where ;! is defined in (3.3.16).
By Corollary (3.3.16|  has uniform distance independent of 7" from an affine

function pZ(z; - T) with pI having a limit x4 = limg_. pf. Let
1lpl
@) =lpl [ ),
we have, by (3.3.31),
1lpl
@) =lpl [ 1000, 22) + plaz)das (o1 - T).
By Lemma and Corollary |3.3.16, we have
o T .. 1/lp|
p$ = lim gy = lim [p] f f(n(0,22) + [plz)dws.
T—o0 T—o0 0
Lemma 3.3.20. For all T > 0 and any viscosity solution n to (3.3.31), we have
1lpl
bl [ F0.22) + plaz)dez = (£) =0,
where (f) := fol f(z)dz=0.
Proof. By applying 0.7 to (3.3.31) we have
T r1fipl
0= fo A Oon(x1, o) An(xy, x2)drodry

Tt 1/l
:_fo [O V&zn(ml,m).Vn(xl,xg)dxgdxl—fo (0, 22)8:m(0, z2)dxs

T ripl 1 1/pl

:‘/0 _/0 532|V77!2($1,x2)d:v2dx1—f0 011(0, 22)0an(0, 9) dxy
1/l

:—/0 01m(0,22)02n(0, z9)dxs.

On the other hand, by making the substitution

z2=n(0,22) + |plre and dz = (92n(0,x2) + |p|)dxs
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we get
1
()= [ )
/1pl
= [ 500,22 + o) (@om(0.22) + pl)
lpl 1/lp|
= [ om0.22)0m(0,22)dzz + ol [ (1(0,2) + Iplas)da
1lp|
“lpl [ £ 0,32) + ) da.
O

Proof of Lemma|3.3.18, The result follows from Lemma(3.3.19, Lemma(3.3.20, [

3.4 Homogenization of extremal solutions in laminar media

In this section, we study the homogenization of the extremal solutions, that is,

the minimal supersolutions and maximal subsolutions of

Au=0 in Bf

! oo (3.4.1)
ou= f(ufe) on Bj.

Definition 3.4.1. Given a boundary data g € C(9B; n {z1 > 0}) we define the

extremal solutions of (3.4.1): the minimal supersolution
. . S .
U min (%) := inf{u(x) : u is a supersolution to (3.4.1) and u > g on 9By n {1 >0}},
and the maximal subsolution
Uy max () = sup{u(z) : u is a subsolution to (3.4.1) and u < g on 9B1 N {x1 > 0}}.

We remark here that for each fixed ¢ the extremal solutions u° are clas-

g,min / max
sical solutions to (3.4.1) according to Perron’s method, Lemma and Lemma
3.9.3

We show that extremal solutions to (3.4.1) converge, respectively, to extremal

solutions of

(3.4.2)

Au=0 in B
Oyue[Ly(V'u),L*(V'u)] on Bj.

Here the homogenized coefficients, as derived in Section (3.3, are

L.(p) = (min f) 1gp_oy + (f)1gpe0y and L*(p) = (max f) Lypooy + (f)lpe0y.  (3.4.3)
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To reduce notation, for the rest of the section we will keep the normalization

(f)=0.

This normalization can be achieved by adding an affine function as explained in

Remark [3.3.8

Definition 3.4.2. An upper semicontinuous function « is called a subsolution to
(3.4.2) if for any smooth function ¢ touching u from above at some z € Bf u Bj,
either A¢(z) >0 or z € B] and

O1d(x) > L. (V'(2)).

Definition 3.4.3. A lower semicontinuous function v is called a supersolution to
(3.4.2) if for any smooth function ¢ touching u from below at some x ¢ Bf u Bj,

either A¢(z) <0 or z € B] and

dp(x) < L*(V'p(x)).

Remark 3.4.4. The following three viscosity inequality constraints are equivalent
for a lower semicontinuous function u (the arguments are symmetric for upper

semicontinuous functions):
(i) Oyu< L*(V'u).
(i) A1u < max f, min{du,|V'u|} <0.
(iii) O1u <max f, |V'u|d1u<O.

Definition 3.4.5. Given a boundary data g € C(9B; n {z1 > 0}) we define the
extremal solutions of (3.4.2): the minimal supersolution

Ug min (2) := inf{u(z) : uis a supersolution to and u > g on 9By n{x >0}},
and the maximal subsolution
Ug,max () = sup{u(x) : wuis a subsolution to (3.4.2) and u < g on 9B; n {z1 > 0}}.

Our main result of this section is the homogenization: extremal solutions of
(3.4.1) converge to extremal solutions of (3.4.2).



136 Chapter 3. Homogenization of a vertical oscillating Neumann condition

Theorem 3.4.6. Let g € C(0B1n{z; 20}) andu® = ug .\, are minimal supersolutions
to withu® =g ond*By =9By n{x; >0}. Then

u® = ugmin uniformly on B,

where ug min is the minimal supersolution of (3.4.2) with boundary data g on 0" By .

The analogous statement for maximal subsolutions holds by symmetry.

Proof of Theorem|3.1.3] The proof is done by combining Remark (3.4.4], Theorem
3.4.61 O

Notice that it is difficult to directly check the minimality of the limit of u; ;.
To overcome this difficulty we propose an alternative characterization of minimal
supersolutions to by local viscosity solution testing properties. Such char-
acterization appears also in [81,82] and is a suitable criterion for using the test

function type argument in nonlinear homogenization as discussed in [78].

3.4.1 A characterization of the extremal homogenized steady states
in the laminar case

In this subsection, we introduce an equivalent characterization for the minimal
supersolutions as defined in Definition [3.4.5] This characterization is for prepa-
ration of the nonlinear homogenization argument that will appear in Section

Theorem 3.4.7. Let ¢ € C(B}) be a harmonic function on Bf such that the following

conditions hold on Bj:
(1) min{0,&,[V'¢[} =0
(2) 01€ <max f

(3) If a smooth function of the formn(z) = n(x1) touches £ from above at = € B] and
Jor some open domain Q cc R¢ containing » such that Qn Bf «c B} u B} we have

n>€inQnBf andn> ¢ ondNn B, then d1n(z) = d1n(0) > max f.

Then ¢ is equal to the minimal supersolution ug min to (3.4.2) that satisfies u¢ min = £
on 8B1 N {I‘l > 0}

Before showing the theorem, let us introduce the following auxiliary lemma.
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Lemma 3.4.8. Given any supersolution v to (3.4.2), there is a partition
Bl =C,uN, uTy,
where
C, :={x € B] ; 3 smooth ¢ touching v from below at x such that d;¢(z) > 0}
is relatively open in B}, N, = Bj \ C, and I, the common boundary of C,, and N,,.
Proof. Any such supersolution v is also a supersolution to
min{dyv,|V'v|} <0,
and hence we can apply the results in Section 2 in [82]. O

Proof of Theorem[3.4.7, We only discuss the minimal supersolution case, as the
maximal subsolution case is symmetrical. We also denote by g the restriction of
¢ on 0By n{x >0}.

Step 1: Minimal supersolution satisfies the three conditions. By Remark
and the standard Perron’s method, the minimal supersolution u satisfies condi-
tions [(I)] and The condition [(3)| is carried out by a similar argument, but due
to the unusual form, we still perform the argument here. To verify condition

assume there exists a smooth function 7y(z) = n9(z1) such that:
911o(0) < max f,

and 7 touches u = ug min from above at a point z € Q in Qn Bf « Bf u B}, with 1 > u

on 9Qn Bf. Consider the function:

(max f)zy +10(0) — 7,

which is a supersolution to (3.4.2) for each constant 7. When 7 = 0, since 9;170(0) <

max f, there exists a small § > 0 such that:
(max f)z1 +m0(0) >no(z1) on 0<zp <4
In particular, on 9Qn {0 <z <4}, we have:

(max f)z1 +n10(0) 2 mo(z1) > u(z).
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This implies:
(max f)zy +n0(0) >u on  I(Qn{xy <d})n{z >0}
By continuity, we can choose 7y > 0 small enough so that:
(max f)zy +n0(0) -9 >u on I(Qn{xy <d})n{z >0}

Taking the minimum of v and (max f)z; +79(0) - 7o inside Q n B; yields a strictly
smaller supersolution to with boundary data g, contradicting the minimal-
ity of u. Thus, condition [(3) holds.

Step 2: the three conditions imply minimality. To prove the reverse, we show
the comparison principle between a supersolution v to (3.4.2) such that v > g on
0B1 n{x; > 0} and a subsolution ¢ satisfying conditions (1) and (3). Following
the argument in [82| Section 8.2], we use tangential convolutions and harmonic
lifts (also see Appendix [3.9.2). These methods allow us to assume, v to be a
supersolution, semiconvex on Bj, and harmonic in B{, while ¢ to be a subsolution,
semiconcave on B, and harmonic in B;. Specifically we know that v satisfies

Av=0 in B
v>g on 0B; n{x >0} (3.4.4)
O < L*(V'v) = (max f)lyr—0y 0N By,

and ¢ satisfies condition [(3)| and

A£=0 in B}
£E<yg on 9By n{xy >0} (3.4.5)
0120 on Bj.

We denote for ~ > 0 the strict perturbation
vy = v — hxy + 2h.

Suppose vy, touches ¢ from above at some point zj € B]. By semi-convexity of
v, and semi-concavity of £, both v, and ¢ are differentiable at zy. By condition
we have:

815(1170) 2 07

which implies that
zo ¢ NpyuTy, (3.4.6)
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because in this case d,v,(x0) < 0 by (3.4.4) and Lemma Let Q c C, be the
component containing zy. We claim by condition [[3)} there must exist another

touching point y € 9'Qn B c T', n B]. For 4, > 0, define:
Qse = {x € Q; dist(z,0'Q) > ¢, dist(x,0'B}) > 5}.

Because v, > £ on 9B; n{x; > 0}, we know that when 4, > 0 are small we always
have
Inax (§-vn) = o Qﬁfi‘%;_é“ - Up).
If nax (§£ —vp) <0 (i.e., no touching point y exists on (9'Q ) n B]_;), then because
d,e
alvh = 811) -h< maxf
and v is constant on (2, we have for sufficiently small 7 > 0:

(max f - 7)x1 +v(xo) 2v on Q5. x[0,7].

This produces a 1-variable function (max f — 7/2)z; + v(z) that violates condition

(3)|on Q5. x [0,7]. Thus, for fixed small § >0 and each small ¢ > 0, there exists
Y=y €(9',e) N B,

such that ¢ touches v from below at y.. Taking a subsequence as ¢ — 0, we obtain a
point yg € (0'Q) n B]_s where ¢ touches v from below, which is a contradiction since
we already showed above in (3.4.6) that there are no touching points in T',. O

3.4.2 Homogenization of the minimal supersolutions

According to Theorem 3.3.17|and Theorem 3.4.7] to prove Theorem we need

to show that any locally uniform limit v of a subsequence vy := u** on B u Bj is
harmonic in B and satisfies the three viscosity solution conditions in Theorem
We split the proof into two lemmas.

We first show that a minimal supersolution u satisfies the condition |(1)| in
Theorem This is essentially proving that

du>(f) =0,

which incorporates the effects of global minimizers to minimal supersolutions.
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Lemma 3.4.9. Let u; := u** be a sequence of minimal supersolutions to (3.4.1) with
e > 0 and up — u locally uniformly in Bf u B{. Then u satisfies condition in
Theorem|[3.4.7.

Remark 3.4.10. The proof of this lemma also shows that in the general f(z',v)
case (instead of merely this laminar case f(v)), the minimal supersolution u to
the homogenized equation (3.3.1) satisfies

(f) <O <Q*(V'u; f).

Proof. To show condition by Theorem [3.3.17], Theorem [3.3.10, Lemma [3.3.18
and Remark it suffices to show the subsolution condition

Ou > 0.

Suppose, for contradiction, that this is not the case. Then there exists a smooth

function ¢ that touches « from above at some point z € B], satisfying
A(b(fl)o) <0 and 81@5(1‘0) <0,

and u < ¢ in B} (x¢) for some 0 < § < 1-|zo|. By the smoothness of ¢, we may choose
¢ small enough so that
Ap(z) <0 and 01¢(z)<0

for all = € B} (x0).
Without loss of generality, we can make the touching to be strict by applying

a small perturbation (e.g., ¢ + 7|z — zo|? for a small 7 > 0) so that

¢(z0) =u(xo) and ¢ >win Bf(zo) \ {zo}. (3.4.7)

By Lemma there exist sequences of points z; - zp and constants Cj — 0 as
k — oo such that

¢ =0+ Cy

touches uy from above at z;, € B} for each k, and uy > ¢y in Bg/Q(xk).

Now, we solve the following global energy minimization problem:

Yy o= arginin {Egk (w, BE/Q(%)) ; ¥ = ¢p on OByo(xy) N {2 0}},
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where E., is defined in (3.3.2). By Lemma 2] global minimizers
i € C(B; 5 (x1)) N Cre (Bsja (i) U By o ()

converge uniformly to v, solving

A’QZJO =0 in Bg/2(560),
g = ¢ on 835/2(900) N {xl > 0}, (3.4.8)
81¢0 =0 on 33/2(330)

Since ¢ is a strict supersolution of (3.4.8), we obtain
Yo <¢ in 35/4(37k)

for all sufficiently large k£ > 0. By the uniform convergence of 1, this implies
VY < ¢y, in Bf, (zp),

for all sufficiently large £ > 0. This leads to a contradiction to the minimality of
uy, if we consider the minimum of u; and v, which produces a strictly smaller

supersolution to (3.1.2). O

Lemma 3.4.11. Let u; := u°* be a sequence of minimal supersolutions to (3.4.1]
(the e-problem 01u = f(u/e)) withe,, — 0 and uy, — u locally uniformly in Bf uB;. Then
u satisfies condition[(3) in Theorem[3.4.7}

Proof. To show condition we assume there exists a smooth one-variable func-

tion 7 = n(z;) that touches u from above at a point z € B], satisfying
d17(0) < max f,

and such that for some small open domain Q « R? containing » with Q n Bf «

Bf u B, we have
n>uin QnBf, n(0) =u(z) and 7>wuon dQn BY.
Notice that, since 0,7(0) < max f, for small 7 > 0, the function

(max f)xy +n(0) -7
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satisfies
(max f)z1 +1(0) =7 >u on A(Qn {x; <7}) N Bf = 99" n By.

Let 7 > h > 0 be small, and define the fattened domain

; = U Bh(CL‘)

zeQT

By the continuity of v and (max f)z; + n(0) - 7, we also have
(max f)z1 +n(0) —7>wu in WHB_]J[
By the local uniform convergence of u;, to « and Lemma [3.2.3] for large k, there
exist points z;, € 2 n B} with z; - z and constants ¢; — 0 such that
(max f)x1 +n(0) + ¢

touches u;, from above at z; in Q_,TL n B_f and

(max f)z1 +n(0) + ¢ > uy, in QF N Q7 N B
Moreover, for all 0 < v < 7/2, the inequality

(max f)z1 +n(0) + ¢ —v > uy (3.4.9)

still holds in 7 ~ Q7 n Bf. Since 7 > 0 is chosen independently of ¢, for large %,
we have 7 > ¢;, where ¢, is the period of f;, := f(-/e;). This implies that we can

choose 0 < v, < 7/2 such that

fer, (n(0) + ¢ — ) = max f,
making

(max f)xz1 +n(0) + ¢ — v
a supersolution to (3.1.2) for € = ¢;. This contradicts the fact that u;’s are minimal
supersolutions because (3.4.9) and

ug(2x) = n(0) + c
>n(0) + ek — vy

shows that the minimum of u; and (max f)x; + n(0) + ¢x — 14 is a supersolution

strictly smaller than wuy.
O
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Let us now prove Theorem [3.4.6,

Proof of Theorem([3.4.6] We first show that any sequence v = u ; of minimal
supersolutions contains a subsequence u; that converges uniformly on B_f to ue

C(B7). To see this, we let h to be the solution to

Ah=0 in By
h=g on dB; n{x1 >0}
J1h=0 on Bj.

By Perron’s method and standard elliptic regularity theory
heC(Bf)nC**(Bf uBY).

Therefore, we know that, by Perron’s method again, the functions vy := uj — h are

harmonic in B, vy =0 on 0*Bf = 90B; n{z; >0} and
O, <max f and Oyv* >min f.

By Lemma [3.9.1], we know that v;’s are uniformly bounded in C*(B{)-norm. By
using Arzela-Ascoli theorem, we know that v, after passage to a subsequence,
uniformly converges to some 9 € C(B7). This shows that uy, also after passage to
a subsequence, converges to u = o + h € C(B}).

Now, observe that condition |(2)| follows from the fact that 0,u; < max f for all &
and Lemma Condition [(T)] and [(3)| are proved in Lemma [3.4.9] and Lemma
respectively. The proof is then complete by applying Theorem and
Theorem

O

3.5 Singularly anisotropic pinned Neumann condition

In this section we make precise definition of the homogenized parabolic flow
(3.1.3). For notational convenience, we will denote the homogenized coefficients

as

L*(V'u) = ml{v,uzo} and L*(V'u) = Ml{v’u=0}7
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for some real numbers m < 0 < M. In the case of the homogenized equation (3.1.3]

we correspondingly take
m=min f, M =max f and (f)=0.
Recall the space-time domain are defined as follows
D! :=B{ x(0,00) and D, :=Bjx(0,00).

We also write

U c Bf uBj
to be a relatively open domain, and we also denote
U=UnB], U"=UnBf and 0'U=0U\U".

Definition 3.5.1. An upper semicontinuous function u : D, — [0, 00) is called
a viscosity subsolution to if for any smooth function ¢ crossing « from
above (see Definition [3.2.2) at (zo,t0) € DX u D., in the cylindrical neighborhood

U x (to —r,to + ), we have either (i)
(o, to) < Ag(zo,t0)
or (i) d;p(xo,to) > Ad(xo,t0), (xo,to0) € DL, and the following conditions hold:
(@) (Local stability) The inner normal derivative satisfies
919(x0,t0) > Lu(V'¢(20,t0)).
(b) (Dynamic slope condition: transversal case) If 0;¢(xg,ty) > 0, then

A ¢(zo,t0) 2 0.

(c) (Dynamic slope condition: laminar case) If ¢ >u on 9*U x {t,} and satisfies
V'¢ =0 and 9;¢(xg,t) >0

then
019(xo,t0) > M.
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A viscosity supersolution is defined symmetrically by reversing the crossing and
inequalities, and replacing M and L. with m and L*, respectively. A viscosity solu-
tion is defined as a continuous function on D}, that is both a viscosity subsolution

and a viscosity supersolution.

Remark 3.5.2. The dynamic slope conditions |(b)|and |(c)|form a rate-independent
motion law (see, for example, [130]), which is crucial in proving the comparison
principle. Heuristically the motion law for a subsolution means that if 0;u(xg,t) >
0 for some (zo,ty) € B} x (0,00) then with some strictness condition the maximal
inner normal slope is saturated somewhere on the component of the contact set

containing (xg, o).

The proof of our main theorem on parabolic homogenization, Theorem [3.6.1
follows the idea of half-relaxed limits. An essential piece of the half-relaxed limit
strategy is a semicontinuous comparison principle. Thus, one of the central re-
sults of this work, is a comparison principle / uniqueness property for (3.1.3).

Let us reformulate Theorem [3.1.2] here.

Theorem 3.5.3. Let u be a subsolution and v a supersolution of (3.1.3) in the sense
of Definition|3.5. 1} If u < v on the parabolic boundary d; Dg, then u < v on the whole

space-time domain DZ,.

Remark 3.5.4. This comparison principle justifies that the viscosity solution con-

ditions in Definition are sufficient to characterize the homogenized limit
problem (3.1.3).

The proof of Theorem is postponed to Section[3.7] First we will apply The-
orem to establish the homogenization result Theorem |3.6.1|in the following

section.

3.6 Homogenization of the parabolic flow in the laminar case

In this section, we consider the viscosity theoretic homogenization of the parabolic

flow (3.1.1) as ¢ - 0"

{8tu€ = Auf in Bf x (0, 00) G110

O1uf = f(ule) on Bj x(0,00),
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where f e C%(R) is a 1-periodic function.
We normalize f by using Remark so that

()= [ fwdv=0,

and we take

m=minf and M =maxf

in the Definition [3.5.1
Recall in Section [3.2.1| we denote for all 7" € (0,) the following space-time
domains

D} :=Bf x(0,T7] and D7} :=Bjx(0,T]

and we call

Op D := D_} N (D} U D{F)

the (positive) parabolic boundary.

Let us restate Theorem in a more precise way.

Theorem 3.6.1. Let T € (0,00), f ¢ C*(R) be a 1-periodic function for some « > 0
and g € C(05 D). If u® are solutions to that satisfy u® = g on 95 Dg,, then u®
converge uniformly onD_} to the unique solution u to in the sense of Definition
that shares the same boundary data g on 93 Dy, .

We show that the upper and lower half relaxed limits of «*, «* and u., are,
respectively, a sub and supersolution of (3.1.3). Then we apply the comparison
principle Theorem to show that «* < u. and conclude that u* = u..

Remark 3.6.2. For any g € C(9;Dg,) and ¢ > 0, by Perron’s method and standard
parabolic regularity theory, there exists a classical solution of (3.1.1]

'LLE € C(D_:o) n C2+a,1+a/2(D;) n Cl+a,1/2+a/2(D:o U DIDO)

loc loc

satisfying the boundary condition u° = g on d;Dg,. See Lemma and Lemma
[3.9.5] for more details.

Let us first consider an L* bound for «°, which guarantees the existence of the

half relaxed limits.
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Lemma 3.6.3. Suppose u° is a viscosity solution to (3.1.1) and u® = g(x,t) on the
parabolic boundary for some g € C (8;; D}) then there is a constant C > 0 indepen-

dent of ¢ such that

141 (57 < © (195 03 + 1o w))-

Proof. This follows by comparison principle using supersolutions of (3.1.1) of the

form

lgllzee + [ £lze= (1= 21)

and symmetrically defined subsolutions. O]

Given a fixed Dirichlet boundary data g on the parabolic boundary 95 D7, we
define the following two functions, the upper half relaxed limit of u°
u” = limsup*u® (3.6.1)
e—=0
and the lower half relaxed limit of «*
Uy = liminf,u®. (3.6.2)
e—=0

We now show that on the parabolic boundary d; D7 we have u* = u, = g. See
Section for the precise definitions of half relaxed limits.

Lemma 3.6.4. Suppose u° are solutions as described in Lemma(3.6.3 with bound-
ary data g € C(95 D), then

u* =g =u, on dyDr.

Proof. By using standard parabolic theory, we can find classical solutions H. to

the following heat equation

atH:t = AH;{: in D;
OHy=+|f|;~ on D] (3.6.3)
H, =g on J5 D7
By comparison principle
H+ < ua < H,,

and therefore u. = u* = g by the continuity of H.. O
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In the following three subsections we show that the half relaxed limits «*,u. are
respectively the viscosity sub/supersolutions to in the sense of Definition
In Section [3.6.4] we finish this section by proving Theorem [3.6.1]assuming
the comparison principle in Theorem [3.5.3]

3.6.1 Local stability condition

Lemma 3.6.5. The function u* = limsup” u° solves
Out(z,t) > L.(V'u*) on Bjx(0,T)

in the sense of condition|(a) from Definition[3.5.1 Similarly, u. =liminf, u* satisfies

the symunetrical supersolution condition.

Remark 3.6.6. The proof of this lemma also works for the general semilinear case
f(z',v) that is periodic with respect to Z%! x Z. In this case similar arguments

show

O1u” 2 Q.(V'u'; f) and du. <Q"(V'usi f)
in the viscosity sense, where (). and Q* are homogenized coefficients as defined
in (3.3.9) and (3.3.10). It is an interesting open question to characterize similar
conditions to Definition and [(c)] that provide a comparison principle for

the general semilinear case.

In order to prove Lemma we need to use the following technical lemma,

which we prove after the proof of Lemma [3.6.5

Lemma 3.6.7. Suppose v :@ xR — [-00, ) is a viscosity subsolution to

0w < Av inR? xR
Ov> f(v+c) ?nﬂRﬁ x R (3.6.4)
v(y,t)<p-y in R4 xR

v(0,0) =0 and wv(y,t) = —oo for ¢t >0,

where c is an arbitrary constant, then

p12 L. (p') = (min f)1 gy
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Proof of Lemma|3.6.5. We prove that «* satisfies the subsolution condition |(a)| for
u*, the supersolution condition for u, follows from a symmetric argument.
Suppose that 1 is a smooth test function that crosses u* strictly from above (by

using standard perturbations) at (zg,ty) in U x (tp —r,to + r) with
atw(.%'o,to) > Aw(xo,to). (3.6.5)

By the smoothness of ¢, we may constrain to smaller domain U and radius r > 0
so that this strict supersolution property holds also in U x (tg—r,tp+r) that
contains (o, %)), where U cc B u Bj is relatively open.

By Lemma , we can find a subsequence (not relabelled) of ¢ - 0%, ¢. - 0

and a sequence of points
(ze,te) e U x (tog—r,to+1)

that converge to (z9,%y) so that for each ¢ the function ¢ + ¢. crosses «° from above
at (x.,t.) in U x (to — r,to + r). Because 1 is a strict supersolution and «° is a
subsolution to the heat equation, the strong comparison principle implies that
(ze,te) €U x (tg — r,to + ). This shows that 2o € U’ = U n Bj.

Now we aim to show that

1 (o,t0) 2 L (V9 (20, t0)).

Consider the (parabolic) rescalings:

uf(ey + xe, €2t + 1) — us(xe, te)

2
- and . (y,1) = Y(ey +ae,e tw;ts) — (e te)

ve(y,t) =

Note that

Ve (y,t) <p-y+O(elyl* +elt]),

where p := V¢ (z0,t9). So, for any R > 0, there exists a small ¢y > 0 such that for all

0 < e < gg, the v, solve in the classical sense

Opve = Av, in B, x (-R2,0]
e = f (ve+ =) on Bl x (-R2,0]
ve(y,t) <p-y+O(cR?) inB_;zx [-R2,0]
'Us(ov 0) = ¢E(07 0) =0,

(3.6.6)
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where the final two properties follow since 1. crosses v, from above at (0,0).
Choose a subsequence ¢; — 0 so that the limit exists

lim [uaj(xgj’tfj) _ {uaj(mfj’taj)J] =ce0,1].

For each fixed radius R > 0 the following upper half-relaxed limit, by the third
condition in (3:6.6), is well-defined on B}, x [-R?,0]
v* = limsup*vaj.
j—roo

Because R > 0 is arbitrarily chosen, the limit function v* is well-defined on all
R? x (-o0,0]. Note that p-y touches v* from above at (0,0) in R? x (—00,0] so v*(y) €
[-00,00) On R x (—00,0] and v*(0,0) = 0. By extending v* = —oc0 on R x (0,00), we
can make v* an upper semicontinuous function on @ x R. Moreover, if we also
extend v, = —0o on B, x (0, 00), then

* . *
v” =limsup”ve;
j—o0

on the whole @ x R.
By stability of touching in Lemma and that v, are classical solutions to
(3.6.6), v* solves (3.6.4) with p = Vi¢)(z¢,ty). The proof is done by applying Lemma

5.6.71
U

Proof of Lemmal(3.6.7, We prove this lemma by constructing a subcorrector V' to
Definition having slope p. To that end, we consider the following sequence

of functions with r > 0
wy(y,t) = v (y,t/r),

and their upper half relaxed limit (which is well-defined because v*(y,t) <p-y)
w(y,t) := limsup*w,(y,t).
r—0%

The function w is upper semicontinuous and takes the form

Vo(y) t=0
w(y,t) =<Vi(y) t<0
—00 t>0,
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with Vj > V.

We claim that V =V}, is a subcorrector to Definition with slope p. By
the bound V4(0) > 0 and Vy(y) < p-y, it suffices to show that 1}, is a subsolution.
Suppose 7(y) is a smooth function touching Vj strictly from above at yy € R?, then

we can extend
n(y,t) =n(y) +t*

and know that 7(y,t) touches w strictly from above at (y0,0). By Lemma [3.2.3]

again, there are
constants ¢, -~ 0 and points (y;,t,) = (30,0)

such that 7 + ¢, touches w, strictly from above at (y.,t,). Note that the functions

w, satisfies

royw, < Aw, in Rﬁl_ xR
O1w, > f(w, +¢) on IR? x R,

This implies that either

rOm(Yr,tr) = 2rt, < An(yr,t,)

or y, e 9R% and
on(yr tr) 2 f(n(yr,tr) + ¢ + ).

Sending r — 0" shows that 1}, is indeed a subcorrector to Definition with
slope p. Note that the translating constant ¢ does not change the homogenized
coefficients due to Remark [3.3.71

O

3.6.2 Dynamic slope condition: transversal case

In this subsection we prove that the half relaxed limits u*, u, satisfy the condition
[0) in Definition [3.5.1

Lemma 3.6.8. The function u* = limsup” u° solves
if Owu*(x,t)>0 then du*(z,t)>0 on Bix(0,T)

in the sense of condition|(b) from Definition[3.5.1 Similarly, u. =liminf, u* satisfies

the symunetrical supersolution condition.
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Proof. As before we only prove that u* satisfies the subsolution condition for
u*, and the supersolution condition [(b)|for u. follows from a symmetric argument.
By a similar argument to the proof of the previous lemma, we may start with
that is a smooth function crossing u* strictly (by standard perturbations) from

above at (z9,ty) and satisfies the following conditions in U, (z¢) x (to — 7, to + 1)

Oy > A, 019 <0 and 9w > 0. (3.6.7)
Here U,(z) := B(z) n ]RTE. By the local stability condition |(a)

Vi (xo,to) = —ve; for some v > 0. (3.6.8)

In the following we do a sequence of modifications on ) and r so that all the

above conditions are preserved and in U, (x) x (tg—r,to + 1)
(i) 0<-01Y < O,
(ii)) and % is strictly superharmonic.
We obtain (i) by adding ¢ with —cz; for
c=r+ sup .
Ur(z0)x(to—r,to+T)
Asr — 0%, by smoothness of ¢, the modified functions ¢—cz; satisfy all the previous

properties and also condition (i) above.

We obtain (ii) by replacing 1 by
Phis s - 08
7’

for a small ¢ > 0. When p > 0 is sufficiently small, ¢* is strictly superharmonic
and all previous properties are preserved whenever r < ;?/2. In the following we
omit the symbol ..

By Lemma there is a subsequence, not relabeled, of ¢ - 0%, ¢. — 0 and
a sequence of points (z.,t.) € U/ (xzg) x (to — r,tp + r) so that 1. := ¥ + ¢. crosses u®
from above at (z.,t.) in U,(xg) x (to —r,to + 7). Moreover, (z¢,t.) - (xo,tp). By using
(3.6.8) and condition (i) above, we obtain for some ¢ > 0 and all ¢, > 0 that are
sufficiently small

max x,tg—r)+ar< min T, te). (3.6.9)
20, (20) 1/}8( 0 ) 2ed+ Uy (a0) wa( 5)
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In the following context, we without loss assume that . crosses u® at (z.,t.)
strictly from above by using standard perturbations.

Now we use energy minimization to construct a supersolution of the ¢ problem.
First, we define u = £° to be the global energy minimizer to the following energy for

some ¢ > 0 to be chosen:

1 o [ [u(z') ,
—|Vul® + v/e) = 0) dvdx’,
AT N ARG CTO R

subject to the boundary condition u(x) = ¢.(x,t.) on 0"U,(x¢). The minimizer &°

then satisfy the following problem

Aﬁg =0 in U:(xO))
e =f($) -6 on Ul(w), (3.6.10)
£ (x) = pe(,t.) €0 Up(o).

We claim that for small ¢, § > 0 the function £° crosses u° from above at some
(2e,8:) € Ul(xo) x (to — 7,t-). This will finish the proof because by the viscosity

solution condition of «* and the smoothness of &°

NE" (e, 8c) 2 f(u(2e,5¢)) = F(§° (22, 5¢))s

contradicting the boundary condition of £° at (z., s.) according to (3.6.10).

To prove the crossing property, we first observe that according to Lemma|3.3.2

we see that £ converges uniformly to ¢ in U, (x) solving

AE=0 in U7 (x0),
016 = —6 on U (z0), (3.6.11)
() = ¢(x,t0) € Ur(x0).

Combining (3.6.9) and (3.6.11), we obtain

max (u(z,t0 - ) = £ (7)) < max (Pe(z,t0 - 7) - (7))

zeUr(x0) zeUr(zo)

< min .(x,t.)- min & () -ar
xedtUyr(20) 8( 6) zeUr(z0) ()

< min z,tp) — min z)—ar+o:(1
z68+Ur(xo)w( 0) MW&( ) =(1)

< —ar+o0g(1)

<0
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when ¢ > 0 is small. This shows that
£ () > u®(z,t) for (z,t) € 9y (Ur(wo) x (to —1,te)) - (3.6.12)
On the other hand, when ¢ > 0 is small we have for z € U/ (x)

a1£(IE) =-0> 61¢($,t0),

and because ¢ is harmonic and # is superharmonic we obtain by strong compar-

ison principle that ¢ < ¢ on U, (x¢) and therefore for small ¢ > 0

E (e, te) < e(zeyte) = u (e, te). (3.6.13)

Let s. be the infimum of s € (ty — r,t.) so that u®(z,s) - £°(z,s) is positive for some
2 € Uy(z0). By and (3.6.13), s. € (tp - r,t.). By continuity, £ will cross u®
from above at some (z., s:) € U.(z0) x (to -, tc ), but by strong comparison principle,
z. will not belong to U, (z¢) and hence z. € U/(z() as we desired.

O

3.6.3 Dynamic slope condition: laminar case

In this subsection we prove that the half relaxed limits u*, u, satisfy Definition

()l

Lemma 3.6.9. The function u* defined in satisfies Definition[3.5.1|[(c] Sim-
ilarly, u, defined in satisfies the supersolution version of Definition
[(c).
Proof. As before we only prove that v* satisfies the subsolution condition Defini-
tion for u*. The supersolution condition Definition for u, follows
from a symmetric argument. By a similar argument to the proof of the previ-
ous two lemmas, we may start with ¢ = ¢(z1,t) that is a smooth spatially one-
variable function, crossing u* from above and satisfies the following conditions in
Ux(to—r,to+1)

opp > 03, Oy <max f and ) > 0. (3.6.14)
By using Lemma [3.2.4]we also have ¢ - 0", ¢. - 0 and a sequence of points (z.,t.) €
U'x(tg—r,to+r) so that ). := ¢ +c. crosses u° from above at (z.,t.) in U x (tg-r,to+7).

The domain U «c B u Bj is relatively open.
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Furthermore, by the assumption ¢ > v* on 0*U x {t = ¢y}, we also have, com-
bining ;v > 0 in (3.6.14), that for some ¢ > 0 independent of ¢

Ve(21,te) 2 c+u(w,t) for (z,t) € O (U x (to —7,tc)) .- (3.6.15)
For a small i > 0, we replace U by
Uy =Un{z <p}.

This replacement preserves all the previous properties and when p > 0 is chosen

sufficiently small we also have
P(x1,t) <(0,1) + (max f - B)x1, (3.6.16)

for some small 5 >0 and all x € U, t € [tg—r,tp +r]. In the following we will omit
the symbol .

Let r. € R be the maximal number such that
re <u(ze,t.) and f (%) =max f = M.
By the periodicity of f, we have
Ire —u® (2, )| < €.

We construct
¢5($1,t) = ¢6($1) = (M - 5)$1 - €$% +Te—€.

Then we have by and
Ge(21,t) 2 Pe(21,t:) — 26 > u®(2,t) for (z,t) € Iy (U x (to —r,te))
when ¢ > 0 is sufficiently small. On the other hand, we know that
¢e(0,t:) =re —e <u(we, te).

By a similar argument to the last part of the previous lemma, we see that ¢.
crosses u° from above at some (z.,s.) € U’ x (t, —r,t.), which is impossible because

otherwise by the viscosity solution condition of u*

010:(0,5:) > f(u"(2c,8:) /) = f(9=(0,5:)[e) = f(re/e + 1) = max f,

which contradicts the definition of ¢..
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3.6.4 Proof of the parabolic homogenization
Now we can combine the elements above to prove Theorem (3.6.1}

Proof of Theorem|3.6.1]. Let v* and u, be the upper and lower half-relaxed limits
of u., as defined in (3.6.1) and (3.6.2) respectively. By Lemma|[3.6.5] Lemma|[3.6.§|
and Lemma |3.6.9| u* is a subsolution and u. is a supersolution of in the
sense of Definition[3.5.1] By Lemma and the comparison principle Theorem

3.5.3, u, >u*. Since u, < u* by definition, then @ := u, = v* is continuous on D,

is a viscosity solution of (3.1.3), and u° converge locally uniformly on D, to , .
O

3.7 The parabolic comparison principle

In this section, we discuss the proof of comparison principle Theorem for
(3.1.3). In Section we prove the openness of the facets/contact sets, which
is a crucial step because these sets consist of points where the Neumann condition
becomes degenerate. In Section we first give a sketch of proof for Theorem
due to the length, and then provide a whole proof.

3.7.1 Contact sets
Because of the gradient degeneracy of the boundary condition

81u € [ml{v,uzo}, Ml{vm:o}],

!
00

it turns out to be useful to consider the points = € D__, at which the solution «
satisfies 01u(x) # 0. As is often the case in viscosity solution theory, we make this

precise for weak solutions via sub and supersolution touching conditions.

Definition 3.7.1. Given a subsolution v to (3.1.3) as defined in Definition [3.5.1
we partition D as

DL, =C_(u) uN_(u) uT_(u), (8.7.1)

where
there is a smooth function ¢

C_(u) ={(wo,t0) € DL, ; crossing u from above at (zo,ty), (3.7.2)

and 61¢(.7}0,t0) <0.
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and

N (u):=D. ~C_(u) and T_(u):=D. ~(C_(u)uN_(u)). (3.7.3)

The sets C,(v),N.(v) and T';(v) corresponding to a supersolution v are defined
symmetrically. We will call C_(u) and C.(v) contact sets (or facets) for v and v

respectively.

Remark 3.7.2. The terminology contact set is used due to (a somewhat distant)
relationship with the contact set in the thin obstacle problem. See also [82] for

more details on this connection.

Notice that if the contact set C is open, then the interface I" will be the common
boundary of the two disjoint open sets C and N. Unfortunately, in contrast to the
elliptic case [82, Lemma 2.8], for general subsolutions (or supersolutions) we are
unable to show that the contact sets defined above are open in D/ . This is due to
the lack of regularity in time. In the following lemma we show that C_(u) is open
when u is Lipschitz in time.

In the following we write U « Bf u B a relatively open domain and we also
write

U'=UnBf and U'=UnB].

Lemma 3.7.3. Suppose that u is a subsolution of (3.1.3) on D}, u D! with

HatUHLW(UX(tl,tz)) < *oo.

Then C_(u) nU’ x (t1,t2) is relatively open in D!, and V'u =0 onC_(u) nU’ x (t1,t2). A

symmetric result holds for supersolutions.

In the proof we will show that for any (¢ + €z, ¢y + €h) near enough to (zg,tg) €
C_(u) we can create another test function with negative inward normal derivative
touching u from above exactly at (xzg + €z,ty + ¢h). Similar ideas have appeared
before in [82, Lemma 2.8], [53, Lemma 3.1] and [80, Proof of Theorem 5.3, Step
3]. All of those examples were elliptic, the parabolic analogue is trickier since the
time variable needs to be treated in a distinct way from the spatial variables. In
order to force the touching test function to touch at a specific space-time point

we need to use the Lipschitz hypothesis. The test function is created by bending
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upwards in the tangential and temporal directions the linearization of u at (zo, t).
By a Lipschitz bending in time we can force the touching time to be exactly tq +ch.
By the subsolution condition the new test function can only touch u from above
where its tangential derivative is zero, this will force the spatial location of the

touching point to be z( +¢z.

Proof. Let (x0,ty) € U’ x (t1,t2) be a point in C_(u). By the definition there is a
smooth function ¢ that crosses u from above at (z,ty) with 3 := 91¢(zg,ty) < 0. By
the subsolution condition of u, specifically Definition[3.5.1](a), we have V'¢(zo, to) =
0. Also call « := 9,¢(xg,tp). Call L > 0 to be a uniform upper bound for the time

derivative J,u, so that, in particular,

al< L.

Consider
o(x,t) if ¢ < tg

gf)(a?,to)-‘rL(t—to) ift>t0.

Qg(xﬂf) :={

Then ¢ touches u from above at (o, %). In the following we replace ¢ by ¢.

For convenience we consider the following rescalings for small € > 0

_u(wo + ey, to +es) —u(wo, to)

us(yas) : ) _ ¢($0+5y’t0+55)—¢($0,t0).

and ¢°(y,s):
€ €

When ¢ > 0 is chosen small, we have the following differential inequality (in
the sense of viscosity solutions) and upper half flatness condition with «(s) :=

amin{s,0} + L max{s,0}

edsu® < Ayu in Bf x(-1,1)
subsolution condition as in Definition 3511 on B x (-1,1)
uf(y,s) < Byr + a(s) +w(e) on Bf x [-1,1],

where w(e) - 0" as e - 0*.
In the following we construct a family of smooth test functions v, , . that, when
0 <e «< 6, touch u* from above at exactly (z,h) € Bf x (-1,1) for some appropriate

parameter 7 € [0,1]. We define
Vrp2 (Y, 8) = a(s) + gyl + 0|y’ - 2> — doy? + 3L|s - h

— (8]2)* + 3L|R|) T + w(e)(1 - T),
where § < min{1,|3|}/(100d). Notice that for |s| <1,

y|<1land when 0 <e < ¢

Ayvrp = =20 < —4Le < €07, 2,
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in the sense of viscosity solutions. For (y,s) € 0} (B} x (-1,1)) u Bf x {s = 1}, if

|z] <1/4 and |h| < 32% we have v, 5, , > u° because

vLhz = (Byr + a(s) +w(e)) = (3L[s — h| - 3L|A]) - gyl +0ly’ = 2 - sy} - 8]z - w(e)

> 3L|s| - GLIh| + (-§ (d+ 1)5) y1 + 0y
— 20y - 2+ 6y% — w(e)
>min{3L,d} — 6L|h| — 20|z| — w(e)
o
> — —6L|h|
4
> 0.
On the other hand we have v;;, .(0,0) = 0, which means that the graph of v, .
intersects with «* as 7 approaches 1 from the negative side. By the half flatness

condition we know that
3
Vo,hz 2 s) + Iﬁyl +w(e)
stays above u°, which combining the strong comparison principle and the above

two properties implies that there exists a maximal 7* = 7*(z,h) € [0,1] such that

v+ p,» touches u® from above at some
(Y0, 50) € By x (=1,1).
We claim that the touching point can only be
(Y0, 50) = (2, h).

If s # h then
|65'UT*,h,z(y0a 50)| >2L> L,

where this inequality is interpreted as a supersolution condition in the viscosity
sense, in other words the lower bound inequality holds on the temporal compo-
nent of elements of the subdifferential. This violates that «° is L-Lipschitz regular
in time. On the other hand, by the strong comparison principle we have y, € B]

and if yy # z, then

V”Uf*jhz(yo, h) = 26(y0 — Z) * 0,
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which contradicts the subsolution condition of u° at (yg,h) (see condition |(a)| in
Deﬁnition since 01v;+ p, . (Yo, h) = g < 0. This implies that C_(u) nU x (t1,t2) is
open.

To show that V'u = 0 in C_(u) nU x (t1,t2), we observe that v, .(-,h) touches
u(-,h) from above exactly at z, which is the spatial minimum of a parabola and
by arbitrariness of z € C_(u) nU x {h}, we see that u(-,h) is C*! from one side and
has (tangential) gradient O everywhere on C_(u) nU x {h}, which forces V'u = 0 on
C_(u)nU x{h}. O

3.7.2 The comparison principle for the homogenized parabolic
problem

In order to exhibit the core ideas we present the sketch of proof of Theorem (3.5.3
In order to present a clear sketch we will need to allow some slightly incorrect

statements, which will then be clarified in the detailed proof.

Sketch of proof of Theorem[3.5.3, We give a sketch of proof under the assumption
that the subsolution v and the supersolution v are smooth. First we can perturb
u to

uy(,t) = u(x,t) = 2p + pxy - TL—t’ (3.7.4)

for an arbitrary end time 7" > 0 and a small i > 0. In particular this forces the
maximum of u, - v on D} to occur on the interior D} and not at the end time
t =T. By the maximum principle for strict subsolutions of the heat equation, the
maximum point can only occur on Bj x (0,7).

Let (xo,%0) € B} x (0,7") be a maximum point of v, — v, then by a proper vertical
translation of v, we may assume that u, touches v from below at (zg,ty) € B} x

(0,7"). Derivative tests imply
O1(uy —v)(zo,t0) <0 and  0(u, —v)(xo,t0) = 0.

Using Lemma there are only three cases:
Case 1: (xo,tg) ¢C_(u) uCys(v).
Case 2: (xo,tp) € C_(u) nCy(v).
Case 3: (xg,tp) € C_(u)AC,(v).
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Case 1 can be excluded since at the touching point (xg,tp) € D, ~(C_(u)uCs(v))
O+ = 81Uu <Ohv <0,

which shows that 0,u(xo,ty) < 0, contradicting the assumption that (zg, ) ¢ C-(u),
which is defined in (3.7.2).
Now we show that Case 2 is impossible by using the (transversal) dynamic

slope condition Definition [b)l Observe that by the definition of C_(u) and
C,(v) respectively, see (3.7.2),

alu(l'o,to) <0 and 81U(:130,t0) > 0. (375)

By the (transversal) dynamic slope condition Definition [3.5.1][(b)l we must have

0w (o, t0) > 0 because
if Oyv(xo,to) <0 then dyv(xg,tp) <0
which is a contradiction of (3.7.5). On the other hand, if
0 < 0y (wo,to) = Fpuy(wo, to)

then
7 7
> >
(T -t0)? (T -to)?

and the (transversal) dynamic slope condition Definition implies

8tu(l‘0,to) = 8tuu(:v0,to) + 0

alu(.ro, to) >0

again contradicting (3.7.5). This finishes Case 2.

We claim that Case 3 can be reduced to Case 1 and 2 by using the conditions
in Definition [3.5.1] We only argue with the case (z¢,%) € C-(u) \C,(v) as the other
one is symmetrical. By Lemma [3.7.3] C_(u) is open in D/,. Let 2, open in Bj, be
the (relatively open) connected component of C_(u)n{t = tp} containing (xo,ty). We

claim that there is another point
(Zo,t0) €'QNn By cT_(u)

such that u touches v from below also at (g, ty). Otherwise u < v on 9'QnB] x{ty}.
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Now we argue imprecisely for the sketch and think of u = u(z,t) as a spatially
one-dimensional function near €. Notice that under this assumption w,, = u,(z1,t)
is also spatially 1D.

If

Oyuy, (o, to) = Opv(wo, o) <0,

then by the condition Definition of v as a supersolution we have
O1uy(xo,to) = Ou(0,tg) + p<m
contradicting the strict subsolution condition Definition of u. If otherwise
Oruy(xo,t0) = Opv(xo,t0) 20

then

U
— >
(T -tp)?

which, by the condition Definition [3.5.1][(b)] of the subsolution « we know that

Oru(xo,to) = Opuy(xo,to) + 0,

Ou(zo,to) = hu(0,tp) >0

contradicting the assumption d,u(z,%y) < 0 because (zg,t9) € C_(u). This finishes
the proof of the existence of 7.

Now to prove the claim that Case 3 can be reduced to Case 1 and 2, we observe
that (Zo,ty) € I'_(u) is either contained in C,(v) or outside C,(v). If (Zg,to) ¢ C+(v)
then we are in Case 1. If (Zg,t9) € C+(v) nT-(u) then we can reduce to Case 2
because C,(v) is open by Lemma and by definition of I'_(u) we can choose

points (Zo,%p) in C_(u) that has small distance to (Z,y) and
u/.t({%ﬂvtO) = u/.l('f()at()) = ’U(i.O’tO) = U(£07t0)7

where we have used the fact that « and v depend only on time on each component
of C_(u) and C, (v) respectively, which implies that u touches v from below at (&, o)
and

(j?o,to) € C_(u) n C+(7)).



3.7. The parabolic comparison principle 163

Proof of Theorem[3.5.3, Let us first introduce the strategy of the proof. The proof
begins by regularizing the sub/supersolutions v and v via parabolic tangential
sup/inf-convolutions to ensure Lipschitz regularity in time and tangential spatial
variables. These regularized functions are replaced by their caloric lifts (heat
equation solutions with the same boundary data), preserving sub/supersolution
properties. Next we consider the maximum value M of the regularized u — v, with
a penalizing term -2 + pa — #% to force strict ordering of derivatives and ensure
the maximum point exists and only occurs on Bj x (0,7). At potential maximum
points, we show that the regularized v and v are differentiable and hence we can
test the boundary condition of v and v in different cases (which were described
above in the proof sketch) depending on whether the maximum point is in the

contact set of v and/or v.

Step 1: Regularization of sub and supersolutions

Since constants are solutions to (3.1.3), we may without loss assume that «
and v are bounded by considering min{v, K'} and max{u,-K} for a large K > 0. For
§ >0 and U = D, we consider the parabolic tangential sup-convolution 7°u of u
and inf-convolution 75v of v as defined in Definition [3.9.6 For any fixed end time

T >0, and a small parameter 6 > 0 we define
O := B;e/2 x (0/2,T] and O':= {79/2 x (0/2,T].
The functions 7%u and Tsv satisfy the following properties:

(i) Viscosity solution conditions: By Lemma and Corollary for any
small 6 > 0 there is a small §, > 0 such that, for all 0 < § < §y, T%u is a
subsolution and 7;v is a supersolution of (3.1.3) on

OLO = ( o UB{_G/Q) < (0/2,T7.

(ii) Lipschitz regularity and semi-convexity in time and tangential variables: By
Lemma and boundedness of « and v, both 7;v and 7°u are Lipschitz
in time ¢ and in the tangential variable 2’ for all (z,t) = (z1,2’,t) € O. The
Lipschitz constant is independent of (z,t) ¢ O. Moreover, by the definition
of sup/inf-convolutions, the function 7sv(x1,2’,t) is %—semi—convex in (2/,t)

and Tu is %—semi—concave in (2',t) for any fixed z; > 0.
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(iii)

(iv)

v)

Boundary ordering: Define the fattened boundary
Jg:=Bf x[0,T]~ (Bi_yuBi_g) x (0,T].
By Lemma [3.9.10|and the upper semicontinuity of u« — v, we have

lim sup max (T‘Su — Tsv) < max (u—v).
9—)076—>U J9 QS'D}

In particular, if

max(u—-v)<0
s (u=) <0,

then for sufficiently small 6,6 > 0 we have

Ir}]ax (Téu—’ﬁ;v) <0. (3.7.6)
0

Caloric lifts: By Lemma (3.9.11| and Definition [3.9.12, we consider on the

domain O the caloric lifts of 7%« and T;v:
@’ :=HT% and o5 :=HTzv, on O = Bf—e/z x (0/2,T1].
By Lemma [3.9.13] both @ and o are also sub and supersolutions to

respectively.

By Lemma |3.9.14] the lifts 4’ and @; are continuous on O u ®'. Moreover,
because the restrictions of 4 and v on O’ are Lipschitz, by Lemma [3.9.16

both @ and ¢ are Lipschitz near O'.

In general @ and ¢ may not be continuous on the parabolic boundary 9;0.
However, by Lemma (3.9.11, the upper semicontinuous envelope of @’ on O

coincides with 7% on 95 0. Similar holds for @. This implies that

max (@’ - 75) = max(T%u - T5v) < max (T(Su - Tsv). (8.7.7)
90 950 Jo

Contact sets: Denote the contact sets for the subsolution @ and for the

supersolution 75, respectively,
C.:=C(@’)c® and C,:=C,(75)c0O. (3.7.8)

By property and Lemma both C_ and C, are open relative to
O'. Similar to above in (3.7.3), we also consider the non-contact sets and
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free boundaries: define NV, := O'~C, and I', = O’ \ (C. uN,) so that O’ is

decomposed as a disjoint union in two ways

O =C.uN,ul,.

Step 2: Comparison with auxiliary perturbations
In this step we make perturbations to allow strictness of some of the inequal-
ities arising from derivative tests. It suffices to show, for parameters satisfying

0<d<b<xpuxlxT, that

M := max_ (ﬂ‘s(az,t) - 0s(x,t) = 2p + pxy - L) <0, (3.7.9)
(z,t)eO T -1t
Indeed, if the above inequality holds then because
@ -5 > T’u-Tsu>u—-von O,
we also have
max_ (u(x,t) —v(x,t) = 2u+ pry - a ) <0. (8.7.10)
(2,1)cO T-t

On the other hand, by property we have for sufficiently small 6 > 0

sup (u(:c, t) —v(z,t) - 20+ pxy — L) <0.
(w,t)eﬁ}x@ T-t

Combining (3.7.10), we obtain

max (u(x, t) —v(z,t) - 2u + pxy — o ) <0.
(@.t)<D5, Tt

Sending ;. - 0 implies that v <v for t < T . Then sending 7" - oo we conclude that
u < v on the whole D.

To prove (3.7.9), we argue by contradiction and assume that M > 0. The max-
imum is achieved at some point (zg,%y) € O = m x [0/2,T]. By applying
and (3.7.7), we obtain that for any small y > 0 there are small 6,5y > 0 such that
forall 0 <60 <6yand 0< 6 <y

@’ —¥5 < 0 on 950.
On the other hand, we have

ﬂé(l‘,t) _175(35‘775) _2:U’+,U“1U1 - TLt -
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as t - T, and therefore the maximum point

(w0,t0) € (Bi_gj U Bl_gys) x (6/2,T).

Since @ - 2u + px; - 7 is a strict subsolution to the heat equation and v; is a

supersolution to the heat equation in the interior O then
(z0,t0) € By_gjo % (0/2,T).
Define
U(z,t) = ao(x,t) — 20+ pxy — % -M and V(z,t):=0s(x,t).
By previous arguments we have established that U touches V from below at

(zo,t0) € By_gjo < (0/2,T).

Step 3: Differentiability at touching (maximum) points
In the previous steps we have regularized » and v to obtain U and V, however,
the regularization is only in the tangential directions and we need some additional

argument to establish differentiability in the normal direction. To address this, we

first observe that by the construction, U|,, and V|, are respectively semi-concave

and semi-convex on ', and therefore both of them are C*! in (z/,t) variables at
the touching point (z,%y). As U and V differ from @ and v by addition of a smooth

function near (z¢,tp), we have

both i|,, and @|, are C"! at (zo,t).

OI

OI

We now apply Lemma [3.9.17|to 4 and © to obtain that both @ and v are differen-
tiable both in space and time at (z¢,%p). By conditions [(a)| and [(b)| in Definition

the derivatives satisfy
alﬁ(xo,to) 2 L*(V”ll(xg,to)), (3.7.11)

and

If 8t22($0,t0) >0 then alﬂ(ﬁﬂo,to) > 0. (37 12)

A symmetric result holds for V = 7.
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As U is a smooth perturbation of « we know that U also differentiable at (zo, t),

and by (3.7.11) and (3.7.12), we have
81U($0,t0) ZL*(V,U(H?o,to))-i-,u,, (3.7.13)

and
_ M
(T -t9)?

On the other hand, because U touches V from below at (xg,%y), we have the fol-

If 8tU($0,t0) > then alU(aZ(),to) 2> W. (3.7.14)

lowing formulae

81(U— V)(iﬁo,to) < 0, V,(U - V)(.%’o,to) =0 and 8t(U— V)(l’o,to) =0. (3.7.15)

Step 4: Case analysis on the location of the touching points
By the decompositions of O’ described Step 1 item , one of the following

holds:
Case 1. (xo,tp) ¢C-uUC,.

Case 2. (xg,tp) €eC-nCs.

Case 3. (zo,tg) € C_AC,.
We rule out each possibility case by case, finally obtaining a contradiction of the
existence of an interior maximum point and establishing (3.7.9). The arguments
will follow the sketch presented earlier in the section, now filling in the missing
technical details.

Case 1. In this case (z9,ty) ¢ C- uC,. By definition of the contact sets C_ and
C., the functions @ and v satisfy Neumann sub and supersolution conditions,
respectively, at (zo,%p) ¢ C- uC,. By the differentiability of @ and v at (z¢,%), as
discussed in Step 3,

ohu(xo,to) >0 > 010(xo, o).
This implies, by (3.7.13), that
U (xo,t0) 2 >0,
while, on the other hand, by (3.7.15),

0U(xo,t0) <01V (x0,1t0) = 019(0,10) <0,
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giving a contradiction.

Case 2. Now (z9,ty) € C-nC,. Call
b:= 0U (o, to) = OV (o, to).
Either >0 or b<0. If b> 0, then by (3.7.14),
01U (g, tg) > p, or equivalently 0 (zo,to) >0,

contradicting the fact that (zg,%y) € C-. Indeed, for any smooth function ¢ crossing
u from above at (zg,tp), we know that ¢(-,tg) touches (-, ty) from above at (o, to)
and therefore

O o(xo,to) 2 O1u(zo,to) >0,

which contradicts the definition of C_ in (3.7.2). If b < 0 then by (3.7.12), or rather

the symmetric supersolution statement for V = o,
NV (o, to) = 010(z0,t0) <0,

which contradicts (xg,%) €Cs.

Case 3. In the following we finish the proof by showing that Case 3 can be
reduced to Case 1 and Case 2. To see this we focus on the case that the touching
point

(zo,t0) eC-n (N, uUTy)

as the other case is symmetrical. It suffices to prove that there exists another
touching point
(0, t0) € IC- 1 (Bi_yys x {to}) € T, (3.7.16)

at which U touches V from below. Let us first show that the existence of the point
in implies a contradiction. The new touching point (i, ?y) either belongs
to M, uTl, or C,. By Case 1 above (i, t;) does not belong to N, uT',. Next suppose
that (Zo,%) € C+. By property [(ii)] and Lemma [3.7.3] a(-,ty), 0(-,ty) and therefore
U(-to), V(- tp) are constant on each component of C_ n {t = ¢y} and C, n {t = ¢y}
respectively. Therefore V' (-,¢y) is constant in a (tangential) neighborhood of %,
while in any small (tangential) neighborhood of (Zg,t) there is a (Zo,tp) € C- such
that
U(%o,t0) = U(Zo, o).
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This implies that U also touches V from below at (z¢,tp) € C- nC,. This is Case 2
which we have already shown that it cannot occur.

Now we return to prove the existence of the touching point in (3.7.16). This
is where Definition comes into play. In fact, we show a slightly stronger
result that, if we denote Q,, c C_ n {t = ¢y} as the component (which by Lemma
is relatively open in Bj ,, x {to}) of the latter set that contains (z, ). then

there must be a touching point
(Lfo,tg) € 8’Qt0 N (B{_9/2 X {to}) cl_. (37 17)

To see this, we argue by contradiction and assume that such a point does not

exist. Notice that the relative boundary satisfies the containment
Q< (T-n{t=to}) VI B]_g x {to}.
By property (i} in Step 1 and the strict perturbations in Step 2, we know that
U<V ond'Bj_gx{to}

Therefore, if (Z¢,t9) does not exist as in (3.7.17), then we reduce to the following
condition

U<V on d',.

As we have pointed out in the sketch, the main difficulty here is to view U as a
spatially 1D function, which is definitely not one in general. To avoid this issue
we need to construct a 1D function by using the fact that v'U =0 on C_.

We first observe that since C_ is open in O’ and ¢y < T, there exists a small ry > 0

and a modulus of continuity w(r) | 0 such that for any o > r >0,
{z; (z,t0) € Q. dist((z,t0),0' Q) > 71} x (to - w(r), to +w(r)) « C_.
We write for r, h > 0 the following spatial domains
Q" = {x i (w,t0) € Qyy, dist((2,t0),0 Q) > T} and Q) :={0<z; <h}xQ"

When r( > 0 is sufficiently small, we still have U <V on &' (2" x {to}) by the conti-
nuity of U - V. By the strong comparison principle for the heat equation, U <V in
O and then, in particular, we have reduced (3.7.17) to

U<V on 8"} x {to}. (3.7.18)
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Second, we show that U is continuously differentiable on
Q" x{to} c Q.
for all small » > 0. Indeed, for a fixed y e R* ! such that

(w0 +y,t0) € Q" x {to},
we have
U(z,t) -U(x+y,t) =0 for z e Bl.(z0) x (to —w(r),to +w(r)).

Moreover, U(xz,t) - U(x +y,t) solves the heat equation in the interior
B (zo) x (to —w(r),to +w(r)).

If we denote

Fy = By (wo) x (to —w(r), to +w(r)),
we have by the standard Dirichlet boundary regularity estimate of heat equation
(or also interior estimate such as Lemma, that for some C > 0 independent
of y

U(,8) = U+ 9,0l re sy < C U ) = U+ 9,0 e -

This implies that U is differentiable at (z( + y,%o) if and only if it is differentiable
at (zo,tp) and the latter was already proved in Step 3. Moreover, the derivative of
U at (zg +y,to) is continuous with respect to y because U is continuous on O’ by
Lemma [3.9.14]

Third, we notice that because on ;, we have V'U = 0, by

U > L.(V'U)+pu=m+p.
On the other hand, let € > 0 small and consider the domain
K. :=Q. x(tg—¢e,tg+¢).
By the continuous differentiability of U on Q" x {¢y} and that V'U | o =0, we have
V>U>U(xg,tg) + (m+p)xy +b(t—ty) —o(e), on K, (3.7.19)

where

b=0uU(xg,t0) = 0V (o, t0).
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Now, we give the construction of the test functions in different cases of the
time derivative b. If b > 0, then we obtain a contradiction to the assumption that
(zo,t0) € C_ by the same argument in Case 2. If b < 0, we claim that the following
function

H(z,t):=U(xo,to) +b(t —to) + (m+ p/2)xy — %hﬁ — to|
touches V from below at (z¢,ty) in K. for sufficiently small ¢ > 0. By compari-
son principle of heat equations, it suffices to show that H < V on the parabolic

boundary 0, K., as H is a subsolution to the heat equation. Indeed:
* On 0K, n{x; =0}, by %—semi—concavity of U in the time variable,
o]

1
H =U(zo,t0) +b(t —to) - m|t—to| <U(zo,t0) +b(t - to) - 2—5|1’5—250|2 <U(z,t)

for |t —to| < ¢, and € > 0 smaller, if necessary, depending on |b| >0 and on § > 0.

* On K. n{z1 >¢/2}, by (3.7.19),
H < U(xo,t0) + b(t —to) + (m + 1) 21 - }l,ua <U(x,t) < V(1)

when ¢ > 0 is small enough.

* When t=ty-¢, by again,
H =U(xg,to) +b(t —to) + (m + p/2)x1 - %5 <U(x,t) <V(x,t)

when ¢ > 0 is small enough. Again we are using || > 0.

* On 9" x (tg—¢,tg +¢), by and the continuity of U -V,
V(z,t) > U(xo,to) + (m+p)x; +b(t—t9) > H,
for € > 0 sufficiently small.

Combining the above discussions, we conclude that the one-dimensional test
function H touches V from below at (z¢,tp) in K.. By the laminar dynamic slope

condition Definition of V =1,
m > O H(xg,tg) =m+ u/2,
which is a contradiction.
This concludes the proof of (3.7.16), which, also, concludes the proof that

Case 3 cannot occur, showing (3.7.9) and concluding the proof of comparison.
O
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3.8 Special cases exhibiting facets

In this section we study special solutions to and its steady states that
will certainly exhibit facets (or contact set). This justifies that the homogenized
equation does not reduce to the (trivial) standard Neumann problems.
First we show, in Section that any minimal supersolution to the elliptic
problem satisfies a “boundary maximum principle” on an open subset of

Bj. Solutions of Neumann problems
Au=0 in B] with d;u=0 on Bj, and u=g on 0'Bf

do not, in general, have this property. Specifically the set of g € C(0B;) for which
the Neumann solution fails the boundary maximum principle is non-empty and
open in the uniform topology.

In Section we study the viscosity solutions to that satisfy a spe-
cific type of time-monotone Dirichlet boundary condition. We show that they
converge to an extremal steady state to the elliptic problem as time goes
to infinity. By the discussions in Section [3.8.1] these steady states are generally
not Neumann steady states. This indicates the general existence of facets/contact

sets in the parabolic problem (3.1.3).

3.8.1 Strong subsolutions and boundary maximum principle

In this subsection, we study the strong subsolutions arising in condition of
Theorem [3.4.7] We show that if max f is sufficiently large, then the corresponding
minimal supersolutions to satisfies a boundary maximum principle on an
open subset of B]. This property is not generally satisfied by Neumann solutions.
This phenomenon indicates that facets exist generally instead of merely in some

isolated examples.

Definition 3.8.1. For K € Ru {+o}, say that u is a K-strong subsolution to the
gradient degenerate problem (3.1.7) if v is a subsolution of

Au>0 in Bf with du>0 on B, (3.8.1)
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and for any smooth function 7(z) = n(z;) (depending only on z;) that touches u
from above at z € B}, the following holds: If there exists a neighborhood 2 c R?

containing z, with Q n Bf «« B} u By, such that
U] nZuinQﬂ?,
* 1>uon dNn B,

then the derivative satisfies 917(z) = 0117(0) > K. We simply call a +co-strong sub-

solution a strong subsolution. Define K-strong supersolutions symmetrically.

Definition 3.8.2. Say that u € USC(B7) satisfies the boundary maximum principle
if for any U «c Bj

maxu = maxu.
T U

Define, similarly, the boundary minimum principle for u e LSC(B}).

Remark 3.8.3. For a generic boundary data g € C(0B; n {z; > 0}) we can find
a continuum of solutions to with only the gradient degenerate boundary
condition

Ou|V'ul=0
that are homogenization limits. Indeed, we consider the homogenization limits of
the semi-linear problem with

f(u) = |K|sin(27u).

Then we define for each K ¢ R the solution ux to be the maximal subsolution to
(3.1.8) if K >0, or the minimal supersolution if K < 0. Notice that as (f) =0, ux is

exactly the solution to the Neumann boundary condition d;ux =0 when K = 0.

Lemma 3.8.4 ([82, Section 8.1]). A subsolution to {3.8.1) is further a +oco-strong

subsolution if and only if it satisfies the boundary maximum principle on Bj.

Let us discuss the implications of the K-strong subsolution property for K <

+00.

Lemma 3.8.5. Suppose a K -strong subsolution u is Lipschitz on B] with Lipschitz

constant 0 < S < K. Then u satisfies the boundary maximum principle on Bj.
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Proof. 1t suffices to show that u is a +oo-strong subsolution by Lemma [3.8.4].
Suppose there is a smooth function of the form 7n(x) = n(z;) that touches
from above at z ¢ B} and for some open domain Q2 cc R? containing » such that
QnBf «Bf UB], n2uin QnBf, n>uon dQn B;.
On the other hand, by the Lipschitz continuity, we have

u(zy,z') < Szy +u(0,2"), for (z1,2") € Q' x[0,6],
for some small § > 0. Because 7 > u on 90 n B, we know that
u(0,2") <n(0) = u(z), for (0,2") ed' Q.
This implies
u(z1,2') < (S +e)rr +u(z), for (z1,2") €d(Q = (-1,6))n By,

for any small ¢ > 0 such that S + ¢ < K, contradicting the K-strong subsolution
property of .
O

Corollary 3.8.6. There is a finite nondecreasing function ¢ : [0,1) - [0,+00) with
£(17) = 400 so that for any r € (0,1) if max f > ¢(r) then any minimal supersolution u

to (3.1.7) with oscp: u < 1 satisfies the boundary maximum principle on B;.

Proof. By Lemma 3.1 in [82], any minimal supersolution « of with oscp: u <
1 is Lipschitz in B; u B] with Lipschitz constant at most C(d,r) independent of
max f. Define /(r) := C(d,r) + 1. Then, assuming max f > ¢(r) as in the statement,
then u is a (max f)-strong subsolution in B} having Lipschitz constant strictly
smaller than /(r) < max f. Then Lemma|3.8.5|implies that u satisfies the boundary

maximum principle. O

Proof of Proposition|[3.1.4, By Remark we focus on the case (f) = 0. We argue
with oscy+ Brg<e for € > 0 small and max f > 0 fixed. Notice that we can replace
solutions u by u/e so that we can just focus on the case oscy+ Br 9 <2 and max f/e

being large.
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For each g € C'(0" By) define vY to be the unique solution of

Av?9 =0 in Bf

01v9 =0 on B

=g on 0" By.
We start with an example where the boundary maximum principle fails for v9. Let
h(x) := z1. Since h(x) = x; is a strict subsolution of the above Neumann problem
v"(x) > z; in Bf. In particular v" attains its positive maximum value on B} at
some 2’ € B} with [2/| < 1. In particular v" fails to satisfy the boundary maximum
principle in B] for |z'| < ry <1 and r, sufficiently close to 1.

Define 7 ¢ C(9" By )n{oscy+ p+ g < 2} to consist of all data g such that vY does not
satisfy the boundary maximum principle on B; with ro defined as above. Notice
that F is open, since failing the boundary maximum principle on some specific
U « B is an open condition in the uniform topology, and ¢ ~ vY is continuous
in uniform topology on C(9"B;) by comparison principle. The set F is nonempty
we we have already established that v" € F, note that 0 < v" < 1 by comparison
principle so that the oscillation condition is satisfied.

By Corollary|[3.8.6|the minimal supersolutions u, of with boundary data
g € F satisfy the boundary maximum principle on B, when max f/¢ is sufficiently
large. If C,, = @, then, by Lemma [3.4.8 d,u, = 0 on B] and hence by uniqueness
ug = v9, violating the assumption that Y does not satisfy the boundary maximum

principle on B, . O

3.8.2 Extremal steady states and parabolic flows with monotone shift

In this subsection, we discuss the steady states of the homogenized flow having

a specific monotone Dirichlet boundary condition.

Definition 3.8.7. On the parabolic boundary d; Dg,, we call a continuous func-

tion ¢ to be a monotone shift if g is monotone in time and
= lim g(-, T
7Tg T oo g ( ) )
exists in the sense of uniform convergence, and either

min 7y(z) - maxg(x,0) >0, (3.8.2)

zedt B} zeB}
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or

min g(x,0) - max my(z) > 0. (3.8.3)

zeBY zedt B

We call g an up-shift if in the case (3.8.2) and a down-shift if in the case (3.8.3).

We show that the long-time limit of solutions to the parabolic flow (3.1.3) under
monotone shift boundary data is an extremal solution of the elliptic equation
(3.1.7).

Theorem 3.8.8. Let g ¢ C(93 DY) a monotone up-shift (resp. down-shift) as in
Definition . Let u be the solution to (3.1.3) with boundary data g on 05 D_..
Then u(-,t) converges uniformly on B_{f to ug the minimal supersolution of (3.1.7)

with boundary condition uy = 7, on 0" BY (resp. maximal subsolution).

Proof of Theorem|[3.8.8 The case for down-shift is symmetrical, so it suffices to
consider the case that g is an up-shift.

By comparison principle, we know that as g is a bounded function on J; Dy,
the functions u(-,t) are uniformly bounded as ¢t - co. We define for = ¢ B} and
te[-1,1]

v (z,t) =0 (x) =limsup*u(z,t+T) and wv.(x,t) =v.(x):=liminf,u(x,t+7T).
T—o0 T—oo0

Then v* is upper semicontinuous and v, is lower semicontinuous with v* > v, in
Bj. Furthermore, by Lemma , v* =v, =mg on 0" By.

Let ¢(z,t) be a smooth function that touches v* from above at ¢t = 0 and x €
B uBj, then because v* is constant in time, 9;¢(z,0) = 0. If Ay (x,0) <0, then in
a small neighborhood of (¢, 0), we have At < 9,1 making 1 a strict supersolution
of the heat equation. By Lemma [3.2.3] we can find a sequence of large 7' - oo and
Cr = or(1) such that ¢(-,t - T') + Cr touches v from above at t7 € [T - 1,7 + 1] and
some zp € Bf x B] such that |z — 20| + |t — T| = op(1). By the strict supersolution
property of ¢, we know that zp € B], and hence we have the condition for all large
T,

Y (xr,tr =T) 2 Lo (V'(xr,tr - T)),

which implies that v* is a subsolution to the equation (3.1.7). Similarly, we can
show that v, is a supersolution to (3.1.7).
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To show that v. = v* is a minimal supersolution to (3.1.7), it suffices to show
the condition [(3)] in Theorem [3.4.7] By Theorem we know that

Ve 20> min mw,(x)>maxg(z,0
20> miy my(2) > maxg(s.0)

where ¢ is the minimal supersolution to (3.1.7) with boundary data 7,. Moreover,

for every fixed = € 9* B we have by monotonicity in time
mg(x) > g(x,t),t > 0.

It is not difficult to check that v is itself a stationary solution to the parabolic flow
(3.1.3). According to the comparison principle [3.5.3] this shows that ¢ > v on the

whole space-time domain D},. In particular,
v 20 20 2.

Now let ¢(x1,t) be a spatially 1-variable smooth function that touches v* from
above at (z0,0) € B x {0} in B x[-1,1] that satisfies for some open spatial domain
Q o« R? containing zo such that Qn Bf « B u B} we have ¢ > v* in Q n B} and
¢ > v* +4 on (9Q) n Bj for some small § > 0. In fact, by the inequality v* > u we
know that

: _ oS
teI[IPlI,ll] o(,t) >u+6, On(f)QﬁBl ) x [0, 00).

We finish the proof by showing that 0;¢(z¢,0) > max f. We argue by contradiction
and assume that 0;¢(x0,0) < max f. To that end, we replace ¢ and 2 by

1
P(x1,t) + pxy + pt®> — =22 and  Qn{z; < p?/4)
o

for some small > 0, which ensures that ¢ is a supersolution of the heat equation
in Qx[-t,,t,] for some small ¢, > 0 depending on ; and all the previous properties
are preserved. Again by Lemma [3.2.3] we can find a sequence of large T' - c and

constants C7 = or(1) such that ¢7 := ¢(-,¢t - T') + Cp touches u from above at
(z7,s7) € By x (T =t,/2,T +t,/2) in (QnBY) x [T —t,/2,T +1,/2]
with |xp — 2| + |s7 = T| = or(1). Moreover, we have when 7 > 0 is large,

¢r(T)>u+5/2, on (9QnDB;)x[0,),
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and by
¢r(T)>u, on (Q2nB;)x{0}.

For n > 0 small, we know that

p(x) = (max f)z1 + ¢7(0,7)

is a stationary solution to (3:1.3), p(z) > ¢r(z,T) for z € @n{z; <n} = Q, with strict
inequality when z; > 0, and p(«) also touches u(-,7') from above at zp. However,
this is a contradiction to the comparison principle [3.5.3|because by the construc-
tion p > u on the parabolic boundary J7 (2, n By) x (0,7 +n) for some sufficiently
small 7 > 0.

O]

3.9 Appendix
3.9.1 Some regularity estimates

Here we present several lemmas that are frequently used.

Lemma 3.9.1. If a bounded function u is harmonic in Bf, and in the sense of
viscosity

Glu* <M and Oiux > -M, on B{

Jor some constant M > 0, then u € Cy. .(Bj u B}), and there is a constant C' > 0

independent of u such that

||U||Ca(31+/2) <Clulpe(psy-

Furthermore, if u* = u, =0 on 9B; n {z; >0} thenw e C*(B{) and

lull ey < Clulpe sy -

Remark 3.9.2. The same result fails if one relaxes to the case that u is merely
bounded and " is subharmonic and u. is superharmonic. This is because it is

unlikely that v* = u, in the measure-theoretic sense in the interior B;.
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Lemma 3.9.3. If a continuous function v is harmonic in B, and in the sense of
viscosity
diu=h, on B]

Jor some h e Cf (B]) and a >0, thenu e C’llo’g‘(Bl+ u B}), and there is a constant C > 0
independent of u such that
gz < C Nl
We have a similar parabolic version for the above estimates.

Lemma 3.9.4. If a bounded function u satisfies 0yu = Au in D} = Bf x (0,T] for

some end time T > 0, and in the sense of viscosity
ou* <M, dyuy >-M, on Drp

Jor some constant M > 0, then there is some o > 0, u € Cl(z’ca/ 2(D} u Df), and for any

0 < h < T there is a constant C > 0 independent of u such that

”U||ca,a/2(31+/2x(h,T)) <C ”UHLw(B;x(o,T)) :

Lemma 3.9.5. If a bounded continuous function u satisfies d;u = Au in Bf x (0,T']

Jor some end time T > 0, and in the sense of viscosity
O1u=h, on D

Jor some h e Cf (D7) and o> 0, then u e CIIOJ;‘X’I/QW/Q(D} uDf), and forany 0 <7 <T

there is a constant C' > 0 independent of u such that

Hu”01+a,1/2+a/2(31+/2X(T,T]uB;/Qx(T,T]) <C ”“HL“(BIX(O,T)) :
Lemma [3.9.3] and the continuous version of Lemma [3.9.1] can be found in
[133]. Here we present a proof for Lemma [3.9.1] The proof of Lemma [3.9.4] is
similar to that of Lemma [3.9.1] and the proof of Lemma [3.9.5| can be found in

[110].

Proof of Lemma|[3.9.1]. The proof is essentially similar to the continuous case as
in [133], and here we mainly explain the issue of discontinuity near Bj. It suffices
to show that for some 0 < i < 1, we always have for small » > 0

oscu < poscu+ Mr.
+ B+
r/2 T
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To show this inequality, we consider the infimum @ of all continuous solutions w
to the equation

Aw =0 in B/

w>u* on 0B, n{x; >0}

Aw<-M on B.

Notice that @ := w - h with h the classical solution to

Ah=0 in B}
h=0, on 0*B, (3.9.1)
oh=M on B,

gives the infimum of continuous solutions p to

Ap=0 in B}
p>u* on 0B,
oip<0 on B,

which, after doing even reflection, by standard Perron’s method gives a harmonic
function « in B, such that @ = v* on 0B,. Similarly, we can define u to be the
harmonic function in B, such that @ = v, on 0B,.

By L* theory of harmonic functions and the continuity of v on 0B, n {z; > 0},

we know that

4=u=v, on B} UBj.
This shows that
lu—v|<|h], on B,

which proves the claim.

In the case that u* = u, = 0 on 0B; n{z; > 0}, we observe that by comparison
principle, & < u, < u* < —h globally on Bj. It then suffices to show that 4 is in
C®(B;) for some « > 0. Observe that i = h - Mz, where h can be evenly reflected

to be a harmonic function on B; that satisfies
h = M|xi| on 0Bj.

By [141], we know that h is in C*(B;) and hence h € C*(B;). O
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3.9.2 Tangential regularization

In this section, we introduce the tangential regularization procedure used in the
parabolic comparison principle. A tangential regularization is an inf- / sup- con-
volution involving only the tangential z’ (and time ¢ if in the parabolic case) vari-
ables with an additional harmonic (or caloric) lift. A tangential regularization is
preferred in the analysis of nonlinear Neumann problems like (3.1.3), and
(3.3.25), because the commonly used doubling variable method does not apply
due to the lack of a uniform obliqueness condition [27,/60], and the also com-
monly used standard inf/sup-convolutions does not work either due to similar

issues.

3.9.3 Tangential regularization for the elliptic case

In the elliptic case for an upper semicontinuous function « on B}, we extend

u = —oco outside B and define for ¢ > 0 the following tangential sup-convolution
€ 1 2
T u(x) :=sup{u(y) - 2—E|ac -y° s 1=y g

For a lower semicontinuous function v on B_f we define similarly the tangential

inf-convolution
. 1
Tooe) =inf {o(u) + b= s @1 =wa

The elliptic tangential regularization H°u and H.v of v and v are respectively the
harmonic lifts of 7¢u and 7T.v, that is, we define H°u as the infimum of all contin-
uous harmonic functions on B_f that is above 7°u and H.v the supremum of all
continuous harmonic functions below 7.v. The properties of the elliptic tangential

regularization can be found in [82].

3.9.4 Tangential regularization for the parabolic case

Let us now focus on the tangential regularization for the parabolic case.

¢ Parabolic tangential inf-/sup-convolution

Definition 3.9.6. Let U c R? xR be a space-time domain, u ¢ USC(U) and is finite

on U. Usually we can extend by u = —oco outside U and this extension is still upper
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semicontinuous. Define for ¢ > 0 and all (z,t) € R? x R the parabolic tangential

sup-convolution

1 1
Tou(a,0) = sup{u(y, ) = -lr =y = (6= )% s 21 =30, (v5) U},

Similarly, for v € LSC(U) bounded from below and not identically +co, we define

the parabolic tangential inf-convolution 7.v = -7¢(-v).

Lemma 3.9.7. Let u be upper semicontinuous and bounded in U. For every ¢ > 0,
the function T*u is_finite everywhere on R% x R, upper semicontinuous and %—semi—
convex in (z1,2',t) for any fixed x1. Moreover, for any R > 0,0 < ¢ < 1 we have the

Jollowing Lipschitz estimate: if z1 =y, and |z|? + |y|> + |t|* + |s|> < R? then
[T u(z,t) = T u(y, s)| < Ce (R + ||u||L°°(U)) (Jz =yl +t - s]).

Proof. The proof of the pointwise finiteness and semi-convexity in (z1,2’,t) for fixed
x1 is the same as the standard sup-convolutions.

Similar to the standard sup-convolution, by boundedness of u, for sufficiently
small ¢ > 0 there is a . > 0 such that at any (z¢,t) = (201, 7}, t0) € U there will be a

(we,te) = (z01, 7L, te) € Un B,_(wo,t) such that
Tou(zo,to) = w(wes t) — |t — ! = ~—(to — t.)>.
2 & 2¢

Notice that if |u| < M then r. = (100Me)"/? will suffice because outside the ball
B, (w0, t0) we have |z —z.|*+ (to—t.)* > 100Me and hence T=u(zo,tp) < -M < u(wo,to),
which is impossible.

To show the upper semicontinuity we consider any converging sequence of
points (x,,tn) = (Tn1,7h,tn) = (zo,t0) = (201,24, to) in U. By the above discussion,

there will be a sequence (zye,tne) = (Tn,1, Ty ¢ tne) € U n B,_(xn,t,) such that

1
Tou(Tn,tn) = w(Tne, tne) — —|7, — m;,€|2 - 2—€(tn - tn7€)2.

2
By compactness of the sequence (z,.,t,.) for each fixed ¢, we know that in a

convergent subsequence ny with limy_, e (Zn, e, tn, ) = (Ze,t2)

. . = 1 . 1 -
hinsup T u(n,,, tn, ) < u(Ze, te) - % A g(ts —t0)% < Tu(xo,t0),
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which implies that 7°u is upper semicontinuous at (zg,tg).

To show the Lipschitz estimate, we write
£ 1 / 12 1 2
Tu(z,t) = u(xe,te) — —|' —a " — —(t —to)*,
2e 2e
and because for (y, s) such that y; = x;

1 1
Tou(y,s) > u(ze,te) - —ly' - 2l - —(s - tc)?,
2e 2e

we have
1
Teu(x,t) - T u(y,s) < % (|y' —alPr(s—t) -z -2l - (t- tg)z)
< Ce (R+ ull g o)) (f =9l + 1= s1)
]

Lemma 3.9.8. Let u be upper semicontinuous and bounded in U. Let ¢ be a
smooth function crossing T<u from above (strictly) at (xo,t0) = (01,24, to) € U, and

let (zc,t.) = (z01,75,t:) € U be a point close to (zg,ty) such that
€ 1 / 112 1 2
T u(zo,t0) = u(xe, te) - £|ac5 7 2_£(t€ —19)”.

Then ¢f (x,t) = ¢(x + g — e, b+ o — t) — 52|l — x(|* = 5-(t — to)? crosses u from above
(strictly) at (x.,t.) with
1 1
lim — 2, - _ 2 _ )
) 25|x£ zol+ 25(755 to)” =0

Moreover, we have

VO (e, ) = Vo(w0,t0) = (at ) and O (e, ) = (w0, to) < ~(t ~to).

Proof. The proof is done by a simple adaptation of the arguments in [51, Proposi-
tion 8.6]. O

Corollary 3.9.9. Let U = (Bf u B}) x [0,), and u be a subsolution to (3.1.3) on
U, then for every 0 > 0 there is small 6y > 0 so that for all 0 < § < ¢y, the parabolic
tangential regularization T°u is a subsolution to (3.1.3) on

(Bi_gUBj_g) x[0,00).
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Proof. By Lemma [3.9.8, any smooth function crossing 7°u from above will also
cross u from above with a small additive constant and small-distance translations

in time and tangential directions. O

Lemma 3.9.10. Let u be upper semicontinuous in U, then the upper half relaxed
limit

in U
limsup™7u = {u, m

=0 —o00, elsewhere.

In particular, for any compact subset K «c R% x R we have

lim max 7 u(z,t) = max u(z,t).
=0 (z,t)eK (z,t)eK

Proof. This convergence property is a corollary of Proposition 3.7 in [60]. O

e Caloric lift

Let Dy = B; x (0,7) be a space-time cylinder and D7 := By x (0,7] the positive

interior. For any g € C (0,D%) there is a solution u e C(D.) n C* (D7) of

Owu=Au in D}
u=g on dpD7.

We show a similar result above a subsolution to Au > d;u.

Lemma 3.9.11. Let v be a bounded upper semicontinuous function on D_} and a
subsolution to dyv < Av in D, then there is a unique u > v on D;. such that u solves

Owu = Au in the classical sense in D, and

limsup  u(y,s) =v(x,t)
DFa(y,s)~(x,t)

Jor any (x,t) € 0p D7
Proof. We define
u(z) :=inf {p(a:) i pE C(D_}) , Op>Ap, and p> v} .

By standard Perron’s method we know that u satisfies the required properties. [J
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Definition 3.9.12. We call u the caloric lift of v on D7, and denote
Ho :=u.
For a supersolution w to d;w > Aw we can define similarly Hw := -H(-w).

An important property of caloric lift is that it preserves the sub/supersolution

conditions of (3.1.3).

Lemma 3.9.13. Suppose u is a (upper semicontinuous) subsolution to (3.1.3) on
D_; in the sense of Definition , then its caloric lift Hu is also a subsolution to
(3.1.3).

Proof. In the interior Hu satisfies the heat equation in the classical sense, so we
only have to worry about the boundary condition. By Lemma|3.9.11] we know that
Hu = v on the boundary 0, D7, in the sense of semicontinuity, and because Hu > u
in the interior, any smooth function crossing Hu from above at the boundary point
will also cross u from above, and therefore Hu inherits all the viscosity subsolution

conditions of u. O

Let us now discuss some initial regularity of caloric lifts.

Lemma 3.9.14. Letv be as described in the previous lemma. Ifv is continuous

lop5
at (zo,to) € Op D7, then the corresponding caloric lift Hv is continuous at (o, to).

Proof. Let w(s) be a modulus of continuity of v‘ B0D3 at (zo,t0) and define, for (y,s) €
Op D7,

hs(y,s) = v(wo, to) + w(ly — zo| + |s - to]).
By definition h, > v > h_ on 0, D.. Extend h. to the parabolic interior Dj, by solving

Ah, = 0¢h.. This gives us a continuous upper barrier h, and lower barrier h_ of u

at (zo,tp), making u continuous at (zo,t). O

We use the following interior estimate.

Lemma 3.9.15. Let u be a bounded solution to the heat equation d;u = Au + f
in By x (0,T] for some f € C**/?(By x[0,T]), then there exists a constant C' > 0

depending only on a, 0 < h < T and dimension d such that

HuHC2+‘171+‘1/2(B1/2><(h,T]) <C (HUHL‘X’(le(O,T]) + ”f”ca,aﬂ(glx(o,T]))‘
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Proof. See [110]. O

The following lemmas are useful in the proof of Theorem |3.5.3| This first re-
sult allows us to show that caloric lifts of Lipschitz (in time) boundary data are

Lipschitz (in time).

Lemma 3.9.16. Let u be a bounded solution to the heat equation 0yu = Au in U x

t1,t2) for some relative open domain U cc Bf u B} and u|— is Lipschitz, then
1 1 U

’'x [tl 7752]
Jor any relative open subdomain V «c U and small r > 0 there is

|0kl Lo (v ety 47,801y < 00

to the whole R xR with the same

Proof. Let g be a Lipschitz extension of u Trx[t o]

Lipschitz constant. We solve for 4 an auxiliary function satisfying

8th =Ah inU" x (tl,tg]
h=g on 9U x [t1,t3]
Ah(-,t1)=0 inU".

Suppose L > 0 is the Lipschitz constant for g, then by comparison principle with

the testing function h(z,t;) + L(t - ¢;), we know that
|h(z,t) — h(z,t1)| < L(t - t1). (3.9.2)

On the other hand, by applying the maximum principle on h(z,t + s) — h(z,t) for
s >0, combining (3.9.2) and the Lipschitz regularity of ¢ we know that

10¢h]| oo (0 t1,£2)) < ©©-
Now the proof follows by considering the decomposition
u=(u—nh)+h,

where v - h is smooth near U’ as it satisfies the zero Dirichlet boundary condition

on U’, while & is Lipschitz in time.
O

This next result shows that a solution of the heat equation is (quantitatively)

differentiable at a point where the boundary data is C'!.
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Lemma 3.9.17. Let U «c Bf u B be a relatively open domain. Suppose v is a lower
semicontinuous supersolution to the heat equationonU* x(0,T) andu € C(Ux(0,T))
is a subsolution to the heat equation. If v touches u_from above at (xg,tg) € U' x(0,T)
and both u Urx(07) "Vl (0.1

rr — 0" and smooth functions ., &, on on

are CH! at (xg,t0), then there is a sequence of radius

(By, (20) U By, (20)) x (to =%, to + 77,
such that:
(A) & touches U from above at (xg,1p),
(B) 1y, touches V' _from below at (xg,to),
(C) 0u(&k — Yr) (0, t0) = 0,

(D) and
Jim V(& ~ o) (20, t0)| 0.

In particular, if u=v e C(U x (0,T")) satisfies the heat equation in U x (0,T") then u
is differentiable at (zo,tp).
Proof. To define ry, &, v, we first choose a small number r; = r > 0 such that

u<v in Bj(x0) x [to -2t +7%].

U'x(0,T) and v

mials on dR? x R of the form

By the C!! regularity of u

Uro.r) At (z0,%0), we can find two polyno-

P(z',t) = u(xo, to) +p- (2’ — () +b(t —tg) - C (|a:' - x6|2 +(t- to)z) ,

and
Q(a',t) = u(xg,to) +p- (2’ - 1'6) +b(t—tg)+C (|x' - x6|2 +(t- t0)2) )

where p e 9R?, be R and C > 0 such that

Q=>v P

> >
Urx(0,1) = Ylurx(o,1) =

and since u touches v from below, we have

* P touches v from below at (xg,tg),

U’'x(0,T)
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* () touches u

U (0.T) from above at (xg, )

respectively in the domain B} (zg) x [tg — 72, to + 7%].
We define ¢; and ¢; to be the caloric lifts (see Definition |3.9.12) in B} (z¢) x (to—

r2,to + ) that share the same boundary data v on
B} (o) x [to — 7“2,t0 + 7'2] N (B:(aco) U B{(mo)) x (to — 7"2, to + 7"2],

with

51‘{35120} =Q and wl‘{m:o} = P.
By the comparison principle for heat equations, i, and &; satisfy the conditions (A)
and (B). The condition (C) is satisfied because of boundary regularity of heat equa-
tions near (zg,t;). Moreover, this construction can be repeated for any shrinking
radius 7, —» 0" with r; < r; = r. To complete the construction and check condi-

tion (D), we verify the convergence of the gradients of ¢y, ;. This is achieved by

observing that the function

(¢k - fk)(rky + X, 7’,%8 + t())

Hk(ya S) =
Tk
satisfies the following heat equation:
GSHk:Aka in BIX(—l,l),
Hy, =2C (rily/|* +ris*) on Bj x (-1,1],
H,=0 on Bf x [-1,1]~ (B u B}) x (-1,1].

By Lemma we have
Ve (& = ¥r) (o, to)| = [VyHip (0,0)] = 0 (1),

which completes the construction and condition (D) is checked.



Chapter 4

Regularity of a gradient degenerate
Neumann problem

This chapter is composed of the work with William Feldman on the regularity the-
ory of a gradient degenerate problem that arises from the homogenized equations
in the previous chapter. The work has been published by “Journal de Mathéma-

tiques Pures et Appliquées”.
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1. Introduction

This paper considers the following critically degenerate Neumann problem
Au=0 in B
! (1.1)
min{du, |[V'ul} =0 on Bj.

Here we have denoted 0; = ¢; -V for i = 1,...,d, V' = (9a,...,04), Bf = By N{x; > 0} ¢ R? and
B, = By n{z; =0} C R L The contact set of u, formally defined as

Cy:={z € B :0u>0}C{xeB]:|Vul =0} (1.2)

is of central interest.

This problem appears in the study of certain singularly anisotropic one-phase Bernoulli free boundary
problems arising from homogenization (see Section 1.3.2 below). In elliptic PDE terms, the problem (1.1)
is an example of a PDE with gradient degeneracy. The non-local PDE operator 0;u and the gradient
degeneracy |V'u| are both first-order derivatives making the problem critical.

We will study the regularity and comparison principle for solutions of (1.1). First, we will show that
solutions are Lipschitz continuous. Then we prove the optimal C''/2 regularity of solutions in d = 2. In
higher dimensions d > 3, we prove optimal regularity under the condition that « only takes finitely many
distinct values on its contact set C,,.

The gradient degenerate Neumann problem (1.1) is closely related to and, in fact, generalizes the well-
known Signorini or thin obstacle problem [2,17,21,22,27]

(1.3)
min{dyw,—w} =0 on Bj.

{Aw =0 in By

Notice that w in the thin obstacle problem (1.3) is also a viscosity solution to (1.1) with w = 0 on C,,
and w < 0 on the whole flat boundary Bj. Unlike the thin obstacle problem, the problem (1.1) does not
involve any pre-defined obstacle. However, we will show that any viscosity solution u to (1.1) is constant on
each component of the “contact set” C,, defined in (1.2) (see Lemma 2.8 below). Thus our “contact set” C,,
generalizes the role of the contact set in the thin obstacle problem, and our problem falls under the general
class of unconstrained free boundary problems surveyed in [19].

Although Signorini solutions solve the degenerate Neumann problem (1.1), the problem (1.3) allows
additional solutions that do not arise from a Signorini problem. There is, in general, non-uniqueness of
solutions to the problem (1.1) even with Dirichlet data posed on the outer boundary 0By N {z; > 0}.
Maximal subsolutions of (1.1) just solve the Neumann problem. Minimal supersolutions, on the other hand,
generally have nontrivial contact sets C,,. In some cases, the minimal supersolution corresponds to a Signorini
problem, but even when C, has only finitely many components solutions may bend below or above the
“obstacle” (see Fig. 1). Our final main result of the paper is a comparison principle (see Theorem 1.6) which
characterizes minimal supersolution by one additional non-local viscosity solution property, the boundary
mazimum principle. We expect this comparison principle to allow for regularization arguments, and to have
applications in homogenization.

The generalization brings several new challenges in the analysis of regularity. For example, because of
the absence of a thin obstacle, it seems unclear that we can obtain semi-convexity/-concavity of a solution
as in the thin obstacle case [2,27]. We solve this challenge by proving pointwise differentiability via a
different approach that combines the nontangential convergence theories and the Almgren monotonicity
formula. There are also possible piling-ups of infinitely many components of C, with u having infinitely
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many different values on them, which might ruin the differentiability of a solution (see Theorem 1.4).
However, this challenge seems unattainable in the current context so we will defer this issue to future work.

The problem (1.1) can also be viewed as a critical case of a class of gradient degenerate elliptic problems.
In the pioneering work [24], Imbert and Silvestre studied the following type of degenerate elliptic equation

\Vo|YF(D?*v) = f

with F' being uniformly elliptic. This research continued in the case of non-local operators of order 1 < o < 2
in several works [1,12]

(Vo[ TA/ 2y = f. (1.4)
In this context our problem (1.1) falls at the critical order o = 1 where the gradient degeneracy and the
non-local PDE operator are of the same order. Our work is the first to discuss finer properties in this
challenging critical case for gradient degenerate PDEs of this type.

1.1. Main results

Matching the optimal C1'/2 regularity of the thin obstacle problem, we will show the following main
result on the regularity of (1.1) in dimension 2.

1
Theorem 1.1. Suppose that u solves (1.1) and d = 2. Then u is in C’ﬁ;j’ (Bf U B}) and there is a universal
C > 1 so that

Il g (57 < Ol (L5)

We can also prove similar regularity in dimension d > 3 under the condition that u takes at most finitely
many values on its facets.

Theorem 1.2. Suppose that u solves (1.1), d > 2, and u(C,) C R is finite. Then u is in C'IIO’C% (Bff UBY) and
llll 1. (57,) < Cllull oo - (1.6)

where C is universal when d = 2, and in d > 3, at most, C depends on d and the minimal gap of the
degenerate values as defined below

gap(u) := min{|a — bl;a # b, a,b € u(Cy)}. (1.7
Remark 1.3. The minimal gap is always positive under the assumption u(C,) < oo, and it is a useful

quantitative parameter of the latter condition. In dimension d > 3, we can slightly improve the bounding
coefficient for a smaller regularity exponent 1/2 > a = «(d) > 0 by proving the estimate:

[l ere (7)< €l
with C' depending at most on d and #u(C,). Unlike the positive minimal gap (1.7), the quantity #u(Cy,)

sets no restrictions on the distances between any two distinct degenerate values. See Remark 6.11 for the
details.
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The proof of the conditional regularity also shows the following result, which is useful to interpret the
remaining open issues about the regularity of (1.1). If u were to fail to be differentiable at the origin then
u would need to have infinitely many facets in any neighborhood of 0.

Theorem 1.4. If u solves (1.1) in B and u fails to be differentiable at 0 then #u(C, N BL.) = +oo for all
0<r<l1.

Of course, we do not have any example of non-differentiability, so it may be possible to rule this scenario
out using other methods. We will further interpret this conditional result below in Section 6.

1.2. Ideas of the proof

1.2.1. Nontangential convergence and almost everywhere differentiability

In Section 3, we establish the Lipschitz estimate by using a doubling variable method and the Jensen-Ishii
lemma [10,25]. To go beyond the Lipschitz regularity, the typical approach in the Signorini problem goes
via a semi-concavity /semi-convexity estimate [2,27]. This technique does not seem to work in our setting.
Instead, in Section 4, we utilize the classical theory of the non-tangential boundary behavior of bounded
harmonic functions [20,23]. Indeed, the gradient Vu is harmonic and bounded because of the Lipschitz
estimate. By applying the non-tangential convergence theory, we show surface measure almost everywhere
differentiability (including nontangential directions) of solutions w to (1.1) on Bj.

1.2.2. On 2D regularity

In [3, Section 2|, an idea by Hans Lewy was introduced to observe the optimality of the C L1/2 regularity
of the thin obstacle problems. In Section 5 we show that this idea can also be applied to the gradient
degenerate Neumann problem (1.1) in dimension d = 2. Let Vu = (d1u, d2u) be the bounded gradient and
then we can define

F = 0u+i01u
as a complex analytic function on Bfr . Its square satisfies
G := F? = |0qul? — |01u|? + 2i01udsu =: U +iV.

By the boundary condition of (1.1), we know that V' = 0 on the flat boundary B/, and hence V' can be
harmonically extended to the whole By via odd extension. By classical complex analysis, this means that
G is a complex analytic function in the whole B;. Now F = v/G will admit C/2 regularity across B and
hence u € CH'/2.

1.2.3. Conditional regularity in d > 3

In Sections 6 and 7 we establish the conditional regularity results of Theorem 1.2 and Theorem 1.4.

Our work introduces a distinct method for addressing pointwise differentiability, which avoids relying on
the semi-convexity estimate typically used in thin obstacle problems [2,27]. As previously noted, our specific
equation (1.1) does not lend itself to semiconvexity-based analysis. Instead, our novel approach integrates
the property of non-tangential almost everywhere differentiability with the Almgren monotonicity formula
to establish pointwise differentiability. The Almgren monotonicity formula has been extensively applied in
the study of thin obstacle problems, see for example [3,18,21] and other references therein. In our case there
is an additional error term in the derivative of the Almgren frequency functional which we have, so far, only
been able to control using the condition #u(C, N B1) < oco. This is the only place where the condition is
used in the proof of pointwise differentiability in dimension d > 3.
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Next, using the pointwise differentiability property, we establish a C®-type improvement of flatness
iteration. In the Cl-“-iteration, similar to the set-up in [24], it is useful to consider the following tilted
boundary condition

min{d1u +mq, |V'u+m'[} =0, (1.8)

with m = (my,m') € R% Unlike the iterations in [24], we show that there is a general constraint on the
gradient m: if osc B U < 1 satisfies (1.1) with the boundary condition replaced by (1.8) then the vector
m = (mq,m’) € R? will satisfy

| min{ma, [m/[}| < K(d),

for some positive constant K (d) depending only on the dimension. This dichotomy classifies the allowed
gradients “m” in the iterations into two cases m = (mq,0) with m; > 0 or m = (0,m’) with m’ € R4~1.
We emphasize here that this dichotomy idea and the improvement of flatness procedure essentially does not
depend on the finiteness condition #u(C, N By) < oo, and hence we would obtain a full C1'® estimate as
long as we had pointwise differentiability.

1.8. Motivations and literature

1.8.1. Unconstrained free boundary problems and gradient degenerate elliptic equations
The gradient degenerate problem (1.4) has drawn much attention in recent years, and can be in general
categorized into the class of regularity matching problems, see Section 2.2 in the survey of Figalli and
Shahgholian [19] on unconstrained problems. In particular, the homogeneous version of the equation (1.4)
can be viewed as a regularity matching problem: for a bounded domain @ C R™
{|Vu|”’AU/2u =0 inQ
(1.9)

u=g outside €2,

where (2 is a bounded open domain. In this problem u satisfies a non-local elliptic problem outside the free
domain {|Vu| = 0}, in the interior of which the gradient vanishes. Multiple regularity results for different
choices of v and ¢ have been discussed [1,12]. In [12], a C1® regularity result is obtained for (1.4) for
1 < 0 < 2 and o close to 2. The proof relies on a perturbative method around the case o = 2, which is
included in the well-known work of Imbert and Silvestre [24]. Recently in [1], under the condition that the
exterior datum ¢ admits only one solution to the homogencous equation (1.9), an optimal C* regularity
result is obtained for the case 1 < ¢ < 2 with

o—1
14+

a(v,0) = (1.10)

As 0 — 27, the estimate remains uniform and coincides with the result when o = 2 [24]. The gradient
degenerate Neumann problem (1.1) can be categorized into the nonlocal gradient degenerate problem (1.9)
in the case that o = 1. Indeed, if u is a global solution to (1.1) then we know that [6,30]

O1u = AIE{ *u

with Ai,ﬂ the fractional Laplacian on R%~!. Now any global viscosity solution to the equation (1.1) satisfies

IV'u| A0 =0
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in the viscosity sense. However, by the optimal regularity exponent as described in (1.10), the C* regularity
reduces to a Lipschitz one when ¢ — 17, which means that (1.1) lies exactly in the critical case of the
gradient degenerate problem (1.9).

The original strategy of Imbert and Silvestre [24] relies on the following property — which generalizes to
similar nonlinear but local PDEs:

all viscosity solutions of |Vu|"Au =0 in By solve Au=0 in B;.

Flat solutions of inhomogeneous problems then inherit regularity from the solutions of the homogeneous
problem. However, in the non-local case 1 < ¢ < 2, we don’t have the same property:

Vu|YA7?u =0  does not imply A7y =0,

which is due to the nonuniqueness of solutions to the homogeneous problem (1.9). Previous results in the
literature either require o near 2 to inherit regularity from the second order case [12,13], or the most
recent result [1] obtain regularity under the assumption that (1.9) has a unique solution to apply a similar
improvement of flatness strategy again. In our problem, we also have a similar nonuniqueness issue, but we
are specifically interested in general solutions of the homogeneous problem (1.1) in cases of non-uniqueness
where the minimal supersolution is nontrivially distinct from the Neumann solution. We also build on several
ideas from [24], including the Lipschitz estimate and the formulation of the C1:* iteration, but the source
of differentiability is distinct and is more related to the thin obstacle theory. Thus, our techniques combine
ideas from the gradient degenerate clliptic PDE theory and the thin obstacle problem.

1.8.2. Singular Bernoulli free boundary problems

Our original motivation to study (1.1) comes from a connection with a singularly anisotropic one-phase
Bernoulli problem. Specifically, consider the Bernoulli-type one-phase problem set in the exterior of a com-
pact region K

Au =0, in {u>0}\K,
u=1, on K, (1.11)
|Vu| = Q(Vu), on d{u>0}\K,

with the anisotropy @) being a 0-homogeneous function of the form

1, e#£e
Qle) = { (1.12)
2, e=e,
where e, es, ..., eq form an orthonormal basis for R?.

This type of singular anisotropy @) arises from a natural homogenization problem for the classical Bernoulli
one-phase problem [5,7,14,15,26]. Specifically, consider the following one-phase problem with laminar oscil-
latory heterogeneity.

Au, =0, in {u. >0} \ K,
U =1, on K, (1.13)
|Vue| = q(z1/e), on d{u. > 0}.

Here g is a 1-periodic function on R. While the energy minimizing solutions of (1.13) converge to solutions

of a classical Bernoulli problem, it is known that the minimal supersolutions u. instead converge to the
minimal supersolution of the anisotropic problem (1.11), see [5,14].
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There are some results on the regularity of solutions to (1.11) in the case when K is convex [9,15,16],
however little is known without convexity.

The connection between the anisotropic free boundary problem (1.11) and the gradient degenerate Neu-
mann problem (1.1) comes from the formal asymptotic expansion of flat solutions. Such formal asymptotic
expansions can be leveraged, rigorously, to obtain regularity of flat solutions in many PDE problems. The
general idea was introduced by Savin [29] and first leveraged for free boundary problems in a very influential
paper of De Silva [11].

To be more specific: suppose that u solves the homogeneous one-phase problem in B

Au=0 in {u>0}NBy, with [Vu|=1 on {u>0}N5B
and is e-flat, i.e.
(r1 — )+ <ulx) < (r1+e); in By
for some small enough € > 0. Then one considers the formal asymptotic expansion
u(z) = (x1 + ew(x) + o(e)) +.
Computing the boundary condition
1= |Vul> =1+2e0w+o(e) on d{u> 0}~ {x; >0}
one finds that w should solve the Neumann problem

Aw=0 in Bf
w=0 on Bf.

De Silva’s approach [11] shows the rigorous validity of this asymptotic expansion and uses this to establish
CY@ regularity of the free boundary of sufficiently flat (universal ¢) solutions.

Later in [9], Chang-Lara and Savin studied the regularity of 9{u > 0} when u is constrained in the way
that u = 0 outside a smooth obstacle domain W, that contains K. They proved optimal C''"'/2 regularity
of the free boundary that is near OW,y, under the assumption that W, is C'. The key observation in
their paper is that when u is sufficiently flat in {u > 0} N B; (), the free boundary can be well-approximated
by the function graph of a solution to the thin obstacle problem (1.3). The derivation from the asymptotic
expansion of (1.11) to the equation (1.1) follows a similar logic to [11].

An analogous formal asymptotic expansion of the singular anisotropic Bernoulli problem (1.11) leads to
the gradient degenerate Neumann problem (1.1). More specifically if u solves (1.11) in B; and is e-flat

(x1 — &)+ <wu(z) < (z1+¢)y in By
then we can formally expand
u(z) = (r1 +ew(x) + o(e)) 1
If we ignore the higher-order terms, we have, at a free boundary point
1< Q(Vu)? = |Vul? = 1 + 2e0,w,

which requires that dyw > 0. If |V'w| > 0 then Vu = e; + eVw is not parallel to e; and hence
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1=Q(Vu)? =1+ 2dw.

This formally leads to the boundary condition of the limiting problem: dyw > 0 and if |V'w| > 0 then
01w = 0, which can be simplified as min{d;w, |V'w|} = 0 as illustrated in (1.1).

In Section 9 below we follow the approach of [9,11] to show a rigorous flat asymptotic expansion for
directionally monotone solutions of (1.11).

Proposition 1.5. For all 7 > 0 there exists g > 0 so that if u is a minimal supersolution of (1.11) in By
and is e-flat (9.5) with slope p = ey and € < &g then there is a solution w of (1.1) so that

(1 +ew(r) —ne)y <u(x) < (21 +ew(x) +ne)y in By
Actually, we can show that w is a minimal supersolution of (1.1), see Remark 8.3.
1.4. Non-uniqueness and comparison principle for minimal solutions

As is known in gradient degenerate problems [1], we don’t in general have uniqueness for problems of the
type (1.9) for 0 < o < 2. The same phenomenon also occurs when we consider the problem (1.1) with a fixed
boundary data on 9B N{xz1 > 0}. The Perron’s method minimal supersolution plays an important extremal
role. It satisfies an additional viscosity solution property, the boundary mazimum principle (see Lemma 8.1).
Our last main result of the paper is a comparison principle characterizing the minimal supersolution.

Theorem 1.6. Let v be a super-solution (see Definition 2.2) and u a sub-solution (see Definition 2.1) that
satisfies an additional boundary mazimum principle as described in Lemma 8.1. If v > u on the boundary
OBy N {xy > 0}, then we have v > u on the whole By .

A similar comparison principle for the Bernoulli-type problem can be found in [15, Theorem 5.3]. The
usefulness of this sort of theorem is that it gives a “local” viscosity solution characterization of the minimal
supersolution. This uniqueness property can be used in the proof of homogenization or other regularization
limits, for example as done for related free boundary problems in [15,16].

In general, without the boundary maximum principle, the gradient degeneracy causes the comparison
principle to fail. The touching point between a strict subsolution v and supersolution u may occur within
the contact set C, of the supersolution u, and positivity of d;u > 0 is no contradiction. The boundary
maximum principle is enough to rule out this scenario. There are also technical challenges since we must
work with general semi-continuous sub and supersolutions and the PDE is on a lower dimensional set. To
regularize, we need to use tangential sub-/sup-convolutions with harmonic replacement.

In general, given a continuous boundary condition g on By N {x1 > 0}, we have at least three different
methods to generate solutions of (1.1). We can simply solve the Neumann problem, this gives the maximal
subsolution. We can solve the thin obstacle problem with obstacle maxy p; g from above. And we can find
the Perron’s method minimal supersolution. The Perron’s method minimal supersolution always satisfies
the boundary maximum principle, while the Signorini and Neumann solutions may not. In Fig. 1 we show
an example where all three of these solutions are distinct.

1.5. Outline
In Section 2 we will discuss the viscosity solutions to the equation (1.1) and define the contact set C,, of

a viscosity supersolution u. In Section 3 we establish an interior Lipschitz estimate for all bounded viscosity
solutions in any dimensions d > 2 by applying the doubling variable technique in [24].
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o

\\/0/1 \\/0/1

-1 -1

o 0 1 =l 0 1 1 0 1

Fig. 1. Different solutions of (1.1) with the same boundary data g(x1,z2) = —43z} + 1921 + 522 — 5. Top: (Left) the minimal
supersolution: C,, has two components; (Middle) the thin obstacle solution (1.3) with maxo g, g = 0 as an obstacle from above: it
has only one flat component; (Right) the Neumann solution / maximal subsolution. Bottom: the corresponding restrictions to B .
Notice that only the minimal supersolution satisfies the boundary maximum principle in this case.

In Section 4 we review some results from the literature on the non-tangential boundary behavior of
bounded harmonic functions and show the surface measure almost everywhere differentiability (including
non-tangential directions) of a solution u to (1.1) up to the boundary Bj. In Section 5 we prove Theorem 1.1
by applying the almost everywhere differentiability up to B{ and the complex analytic arguments.

In Section 6 we prove the Almgren monotonicity formula under the additional condition #u(C,) < co.
In the same section, we establish the improvement of flatness and hence the C1© regularity by using the
monotonicity formula. In Section 7 we finish the proof of Theorem 1.2 by using the Almgren monotonicity
again. In Section 9 we show the flat asymptotic expansion of (1.11) gives rise to the problem (1.1).

1.6. Acknowledgments
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helpful conversation with Mark Allen.

2. Preliminaries

2.1. Notations

e d=n+1>2 are dimensions.

o (z1,2') = (1,22, -+ ,24) € R? are the coordinate functions. ej,--- ,e; form an orthonormal basis for

R4 9;,i=1,---,d are the partial derivatives with respect to the directions e;. V' = (0, -+ ,d;) is the
tangential gradient.

e B,(z) is the open ball centered at = € R? with radius » > 0. B, = B,.(0).

e 01 is the boundary of an open domain © C R?.

e Ot =Qn{z; >0}

o V' =QnN{x =0}. I is the relative boundary of Q' in {z; = 0}. B. = B.(0).
e Q) is the closure of Q.

e The notation A LI B denotes disjoint union of sets A and B.
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2.2. Viscosity solutions
Let us discuss the definition of viscosity solutions to the equation (1.1).

Definition 2.1. A function v € USC (B_f) is a subsolution of (1.1) if u is subharmonic in By and whenever

¢ smooth touches u from above at xg € B] with Ap(zg) <0
0190(.@0) 2 0

Definition 2.2. A function v € LSC (B_f) is a supersolution of (1.1) if u is superharmonic in Bj" and

whenever ¢ smooth touches u from below at z¢ € B with Ag(z¢) > 0 then
min{d1(xo), [V'p|(20)} < 0.
In other words
if [V'|(x0) >0 then d1p(xg) < 0.
A continuous function is called a wiscosity solution if it is both sub- and supersolutions.

Remark 2.3. There is no comparison principle and no uniqueness for the solutions as defined above. However,
in Section 8, we will discuss the comparison principle for a supersolution and a strong subsolution, i.e., a
subsolution that satisfies the boundary maximum principle. This comparison principle characterizes the
minimal supersolutions to the problem (1.1).

We provide some special example solutions.
Example 2.4. Any solution to the Signorini problem

Aw =0, in Bf
w < ¢, on Bj
Syw =0, on{w<c}NB]
ow >0, on Bf,

(2.1)

where ¢ > supy B g is some constant. A simple example solution to this equation for ¢ = 0 is w(z,y) =
—Re ((z + iy)3/2);

Example 2.5. The sign-reversed Signorini problem

Aw™ =0, in Bf
w” > ¢, on Bj
Sw™ =0, on{w™ >é}NB]
oyw~ >0, on Bj,

where & < infy 5 g is some constant. An example solution is w™(z,y) = Re ((z + iy)*/?).

Lemma 2.6. Let ug be a family of continuous viscosity solutions to (1.1) which converge uniformly in on
compact subsets of B to a limit u., then us is also a viscosity solution.
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We omit the proof since it follows the standard argument from the viscosity solution theory.
2.3. Contact, non-contact set, and the thin free boundary

Let us now study the behavior of a supersolution u on the flat boundary Bj. First, we give a formal
definition of the contact set. This is named in analogy to the thin obstacle problem, but there is, technically
speaking, no obstacle to be contacted.
Definition 2.7. Let u be a supersolution to (1.1), then the contact set C, is defined by:

Cy = {x € B} : Jp € C* touching u from below in Bif at x with 91p(z) > 0}.
Our first result says that C, is open.

Lemma 2.8. Let u be a supersolution, then C, is relatively open in B} and u is constant on each component

of Cy.

We will return to the proof in a moment. First, we give some additional definitions, also named in analogy
to the thin obstacle problem.

Definition 2.9. Define the non-contact set N, to be the relative interior of B} \ C, and the free boundary
T, =B\ (CLUN,).

Given these definitions we have
By =C,UN,UT,,. (2.3)
Also note that, from Lemma 2.8, the free boundary I, is relatively closed in Bj and also
r,=9¢, and T, =0'N,.
Remark 2.10. We can extend the definitions of contact/non-contact/free-boundary sets to a larger class of

problems. Suppose u is a viscosity solution to (1.1) with the boundary condition replaced by the following
tilted version

min{d1u + p1,|V'u+p'|} =0, on B

for some p = (py,p’) € R?, then that is equivalent to say that u + p - 2 is a viscosity solution to the original
equation (1.1), and hence we may define

Cu = Cutpws Ny := Nyspa, and Ty : =T pp0
correspondingly.

Proof of Lemma 2.8. Let 2y € C,, and then we may assume, by translation and rescaling, that zq = 0 and
u(0) = 0, and v satisfies the following one-sided flatness condition:

u(w)Zﬂxl—E,xeB_fzzglﬂ{ml20},
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where § > 0 is the inward normal slope of the touching test function in the definition of C,, and ¢ > 0
can be made arbitrarily small (at the cost of rescaling to a smaller radius depending on 3 > 0 and the C*
modulus of the touching test function).

It then suffices to show that v must be identically equal to «(0) = 0 in a small neighborhood of 0 € Bj.
To that end, let us consider the following family of harmonic parabola barriers

ve,s (1, @) = —0 (|2’ — s|2 — ‘5|2) + g(ml)Jr +(d—1)0z2 — ¢ + ¢t,

where 6 > 0 is a small number. It is not hard to observe that when ¢ < ¢ < min{l,/}/(100d) and
s € {0} x R, |s| < 1/4, we have for x € 9By N {x; > 0}

Bx1 —e— vy 5(z) = ﬁ(x1)+ —e+06 (2 — s> —|s]?) — (d — 1)623

2

_B Sla’12 — 264" 4 1152

*§(~7E1)++ |2'|* — 202" - s — (d — 1)0x5 — ¢

= §($1)+ — déa +6— 262" - s —¢ (2.4)
B .

> §—d5 (1) +0—28]s|—¢

>0

Now we have
vo,s(2) < u(x), [s] <1/4and z € B_fr
We consider for each |s| < 1/4 the largest t* > 0 such that
ver o(x) < u(z) for all z € B_fr

Note that t* < 1 because v 5(0) = 0 = u(0).

Because v¢~ s are harmonic on Bf , the touching point cannot be in the interior. Also because of (2.4),
the touching point cannot occur at 9By N {x1 > 0} either.

Let & € B be a touching point. We claim that & = s. Indeed, we first observe that

alvt*ys(j) = g > 0.

If & # s then Vv~ (%) # 0, which contradicts the super-solution condition of u at Z.

Now, let h(s) = t*(s) be defined for each specific |s| < 1/4. Because by definition h is C1'! on the lower
side and hence h is Lipschitz, and because all the lower touching parabolas have the touching points at the
peaks, which means that the gradient of A must be 0 almost everywhere and hence equals some constant. 0O

3. Lipschitz regularity

In the course of proving the Lipschitz regularity of solutions to (1.1) it is convenient to consider a slightly
more general class of boundary conditions that arise from renormalizations of the form u(z) — u(x) —p’ - z.
Let p’ - e; = 0 be a fixed vector orthogonal to e; and consider the variant of (1.1)

{Au—() in By (3.1)

min{diu, |V'u+p'|} =0 on Bj.
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We will prove a Lipschitz estimate on this general class of equations independent of the vector p'.

Lemma 3.1. Let p’-e; = 0. There is a constant C(d) > 1, independent of p’, such that, if u is a continuous
viscosity solution of (3.1), then

0l (5, < C Il (32)

In particular, u is locally Lipschitz continuous in Bf' U By.

The idea of the proof is from [24, Lemma 4]. Basically, this is a version of the Bernstein method for
proving Lipschitz regularity in nonlinear elliptic and parabolic equations which uses doubling of variables
when differentiating in the PDE is not possible due to insufficient regularity and lack of a good smoothing
procedure. The origin of the idea goes back to [25].

Proof. By homogeneity of the equation, we can assume that [[ul| o p+) < 1/2. It suffices to show that we
can find L; > 0 and Lo > 0 such that, for all zg € Bf'/2 (and hence zq - 1 > 0),
M= sup u(z)—u(y) — Liw(|z —y|) — Lo|z - xo|? — Laly — 20]* <0, (3.3)
azc,yEBfr

where w(z) = s— 252 if s < 1 and w(s) = w(1) if s > 1. If one proves such an inequality then the Lipschitz
constant will be bounded from above by all L > Ly + Ls. Indeed, by boundedness and continuity of u in
Bf' , it suffices to consider the case when |z — y| < 1 and z,y € Bf . In this case, we choose zog = y and
obtain

u(@) = u(y) < Liw(lz = yl) + Lofo =y < (L1 + Lo)lz — y.

Assume towards a contradiction that M > 0. Note that, since u is continuous the maximum in (3.3) is
achieved. Suppose that (z,y) € B_f X B_f is a pair that achieves the maximum. Then x # y since, otherwise,
M < 0 contradicting the assumption. Note that this is where we use the fact that u is a continuous viscosity
solution, for semi-continuous viscosity solutions v* () —u.(x) can be strictly positive allowing the maximum
to occur when x = y.

Then we obtain, by the assumption M > 0,

Liw(lz = y|) + Lafz — zof” + Laly — zo” < u(z) — uly) < Ju(z)| + [u(y)| < 1.
By choosing Ly = (4/r)? for some fixed small number 1 > r > 0 we obtain that |z — x| < r/3 and
ly — 2] < r/3. Now we may assume that both = # y are contained in B,.(zo) N Bf' cC B;'/3 U B§/3.

We now apply the Jensen-Ishii Lemma, see [10, Theorem 3.2], to construct a limiting sub-jet (g, X) of
u at x and super-jet (gy.Y) of u at y, where

Gz = q+2La(x —x0) and g, =q— 2La(y — 20), (3.4)

with ¢ = L1w'(Jx — y|)=—% and for all small > 0 (dependent of the distance dist(z,y))

[z—yl
X 0 zZ -7

with
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1 1 1 1 (z—y)@(@—1y)
0 [ (R D YA R S S
lz—yl |z -yl |z — yl |z -yl |z —yl

1 1 1 1
=L — Id — ] il
1K|xfy| \x—ylw) * <2|x—y|1/2 |xfy|)J®j]

Notice that we have the identity

Ly 1

A et R—
Ied 2 |z —ylt/?

For notational convenience, we will merely discuss the limit case in the rest of the proof, although it will be
more accurate to discuss everything before taking a limit. Let us first discuss the case that both z,y € Bf' .
By harmonicity of u in Bf we know that

tr(X —Y) > 0.

5) we obtain

On the other hand, if we apply any vector of the form (v,v)7 to (3.
(X =Y)v-v < (4Ls + 21)|v|?, (3.7)
and if we apply (j, —j)7 then we have

(X =Y)j-j<A4Lo+2n—2L1|x —y|~Y? < 4Ly + 29— Ly,

when r > |z —y| > 0 is chosen small. Suppose {j, &, - - , &4} is an orthonormal basis for R? then we obtain
d
tr(X —Y)=(X-Y)j-j+ > (X =Y)é& & <d(4Ly +2n) — L1 <0
i=2

if one chooses L; large enough.
We also claim that 2 ¢ B] or otherwise because we assumed zg - e; > 0

—Y1
|z — yl

Gz - e1 = L' (Jz — y)) —2Loxg9 €1 <0,
contradicting the Neumann subsolution condition of u at « € Bj.

It then suffices to consider the case that = € Bf and y € B}. In this case, we apply the supersolution
condition and because

T
lz -yl

gy - e1 = L' (|2 —yl) + 2Lz (w0 - €1) > 0,

we know that ¢, = (g, - e1)er — p’ with g, - e; > 0 according to the supersolution condition 2.2. Now we
arrive at this last case that y = (0,%’) € C,, according to Lemma 2.8 and because u restricted to B is linear
on connected components of C,, we have the following inequality

e-Ye<O0, foralle L e;.

In particular, by combining this inequality with (3.7) we obtain

e-Xe < (4Ly 4 2n)|v)?, forall e L e;. (3.8)
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Let j = |§:§\ =: (j1,7’) as before with j' = 3¢ € B} for some 1 > 3 > 0, then if we apply (j + &,&)T to
(3.5) we will obtain

(j+&)-X(j+&) <é-Yé+j-Zj+10Ly+ 109 < 10Ly + 109 — Ly,
and we may also apply (j — &, —&)T to obtain, similarly,
(j—&)- X(j — &) < 10Ly + 105 — L.

For the case 8 > 0 we can take

j+eé j—é = -
5 ) - y €35, €d
VInP+11+ 82 VIn?+ 11812
as an orthonormal basis of R% and combine all the above estimates to obtain

d
(G- -X(G—e)+) &-Xe

=3

+
i+ =B

<

(10Ly + 109 — Ly) + (d — 1) (10Ly + 10n) — Ly

\V]

— 28

AN
o

)

where on €; - Xe; we have used the bound (3.8). In the case § = 0 we may choose € = e2 and &; = e; for
each ¢ = 3,--- ,d and then obtain a similar result. The contradiction of the inequality to the harmonicity
of u leads to the proof of the lemma. O

4. Nontangential convergence

According to the estimate in the prior section, we know that the gradient Vu of a viscosity solution u to
the equation (1.1) is bounded and harmonic on B;' for all r < 1. We will apply classical harmonic analysis
results on the boundary behavior and Poisson integral formulae for bounded harmonic functions in Lipschitz
domains.

The following result can be found in the paper of Hunt and Wheeden [23, Page 311], the exact statement
in dimension d = 2 can also be found in the book of Garnett and Marshall [20, Corollary 2.5].

Theorem 4.1. Suppose h is a bounded harmonic function in a Lipschitz and starlike domain ) then there
is a bounded function f on 02 such that h converges to f nontangentially almost everywhere and h can be
recovered from the Poisson integral of f on OS).

In our paper we will focus on the case that 2 = Bf' , which satisfies the conditions as described in
Theorem 4.1

Now let u be a viscosity solution of (1.1). By Theorem 4.1 there is a full measure set £ = E,, C Bj so
that the nontangential limit of Vu exists at each y € F. Furthermore, since, again by Lemma 3.1

u| is
) Bi
a Lipschitz continuous function on Bj, it is differentiable in the tangential variables almost everywhere on

Bj. Thus we may also, without loss, assume that u

B is differentiable in the tangential directions at all
1
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y € E. We notice that at this stage we don’t know whether the nontangential limit of V'u coincides with

the tangential gradient of u|, .
1

Combining the above information, there is a bounded R%valued function P on Bj that satisfies
Vu(z) = P(y), Vx — y € E nontangentially, (4.1)
for a full-measure subset £ C B]. In particular, we denote

o:=e1-Pand 7 :=|P|=+|P]? -2 (4.2)

In the following, we would like to show that u is differentiable in F and in particular, P'(y) = V'u
for all y € F.

5 ()

Lemma 4.2. For any bounded viscosity solution u to the problem (1.1), there is a full measure subset
E, C B!, on which u is differentiable and the gradient Vu(y) = P(y) for all y € E, with P as defined in
(4.1). The corresponding o and T as defined in (4.2) satisfies

min{o(y), 7(y)} =0, Vy € E,,.

Moreover, u satisfies the Neumann boundary condition d1u = o on Bj in the distributional weak sense:

/VU~V¢+/U¢:0, for all ¢ € C2(Bf L BY).

B B

Proof. Let r > 0 be small, and we would like to consider the following families of functions with |z| <
].7 I > 0

) uly+re) —u(y),

up(x .

By the Lipschitz estimate in Lemma 3.1, we know that the above family of functions has convergent
subsequences. Let r;, — 0 be a subsequence such that u,, converges uniformly to some other Lipschitz
function ue, in B . By classical viscosity solution theory, we know that u., also has to be a viscosity
solution to (1.1).

On the other hand, by the nontangential convergence of Vu to the boundary, there is a full-measure
subset I, of Bf such that the nontangential limit P(y) as defined in (4.1) exists for y € E,,, and for 21 > 0

uly + i) = uly)

k—r o0 Tk
v tx) - xdt
= lim fo wy +te) -
k—ro0 Tk
=P(y)-x.

This equality is also true for z; = 0 because uq, is Lipschitz continuous up to Bj. Since P(y) is uniquely
determined, we know that the above convergence of u,, holds for any convergent subsequences of 7 — 07,
B (y) = P'(y) for all y € E.
Now the lemma is proved by observing that any viscosity solution to (1.1) that takes the form P(y) -z will

and hence we obtain differentiability at y € E,. In particular, we have V'u

satisfy
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min{ Py (y), [P'|(y)} = min{o(y), 7(y)} = 0.

To show that u satisfies the Neumann boundary condition in the distributional weak sense, we first
observe that, by interior regularity of harmonic functions, for any ¢ € C§°(Bf U B})

/ Vu-Vo+ / O1ugp = 0.

B n{z1>1/k} B n{z1=1/k}

By applying the nontangential convergence of dyu(1/k,z’) — o(a') as k — oo and the Lipschitz estimate
3.1, we know that after sending k — oo,

Corollary 4.3. For an arbitrary p' € R? such that p' - ey = 0, a viscosity solution w, of (3.1) also satisfies
min{dwy (x), |V'wy (z) +p'|} = 0, for almost all x € By,

in the sense of nontangential convergence. In particular, there exists a constant L = L (d, [lwp HLQO(Br)) >0

such that if [p'| > L then wy satisfies the zero Neumann boundary condition on Bi/z in the classical sense.

Proof. The nontangential convergence can be derived similarly to Lemma 4.2. On the other hand, by the
Lipschitz estimate, Lemma 3.1, the function w,, is uniformly Lipschitz with the Lipschitz constant L =
L(d,||wpy| ;) > 0 independent of the choice of p'. If one choose [p’| > L, then we have |V'w, () +p'| > 0

almost everywhere on B] /20 which implies that 01w, = 0 almost everywhere on Bj /2 By the second part of
12
weak sense. By classical regularity theory for Neumann problems, this implies that w, satisfies the Neumann

Lemma 4.2, it implies that w, satisfies the zero Neumann boundary condition on Bj ,, in the distributional

boundary condition in the classical sense on B} 5o O
Corollary 4.4. There is a full-measure set E, C B such that o(y) =0 for all y € E, N (N, UTy,).

Proof. We pick E, to be the set of differentiability of u and y € F, N (N, UT,). Let us now consider the

u(ra+y)—u(y)

blow-up function v(z) = v,(z) = satisfies the following ¢ = ¢,-flatness

u(rz +y) — u(y)

vp(x) = .

=p(y) =+ O0(er)
o)1)+ + V'uly) -z + O(er),

where x € B_f, r > 0 and as r — 0T, the flatness &, — 0. By Lemma 4.2 we know that o(y) > 0 and if
o(y) > 0 then 7 = |V'u(y)| = 0, and hence we may without loss write

vr(@) = o(y)(z1)+ + O(er).
We argue similarly to Lemma 2.8 by contradiction: if o(y) > 0, then we construct a function of the form

o(y)z1/2 — 6(x2) + 20(21)? — v.
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Choose § > 0 and v properly, so that the function is below o(y)z; —Ce, on 9By N{xy > 0} for small r > 0,
and it will touch v, only on Bj. If the touching point is 0, then because 0 is in N, UT,, o(y) < 0. If the
touching point is not 0 then the touching point has to be in N, LT, too by the supersolution condition of
v, which still implies that o(y) <0. O

5. Optimal regularity in dimension d = 2

In this section, we present the proof of the optimal C''/2 regularity of any viscosity solutions u to the
equation (1.1) in dimension d = 2.

The idea starts with the classic use of complex variables, originally due to Hans Lewy, and with well-
known application in thin obstacle problems, see [2, Section 2]. Consider the complex analytic function

F = Ou + i0yu,
and its square
G = F? = |0yul® — |01ul* + 2i01udsu =: U +iV.
We focus first on the imaginary part
V = 201udqu.

Since it is the imaginary part of an analytic function V is harmonic, it is also bounded in Bf due to
Lemma 3.1. Furthermore, by Lemma 4.2, we have that, for almost every y € By,

V(r) =0 as x € Bf —y. (5.1)

In other words, V' = 0 on Bj in the sense of nontangential convergence. By applying Theorem 4.1 then V'
satisfies zero Dirichlet boundary condition in the classical sense on Bj and so V can be odd extended to a
harmonic function in the whole disc By, which we still denote by V.

Then, by classical complex analysis, V' admits a unique harmonic conjugate in the entire B;. It must
agree with U in the upper half ball and so we denote it as U, a harmonic extension of U to By. Notice that
the odd symmetry of V' implies that U is even symmetric with respect to x; — —x;.

Thus we proved the following lemma.

Lemma 5.1. The function F is analytic in By and its square G = F? has a unique analytic continuation to
the whole disc By.

With this lemma, we are now able to prove Theorem 1.1.

Proof of Theorem 1.1. According to Lemma 5.1 we know that U has a harmonic extension to the whole
disc B;. Also we have the formula U = |0;u|? — |02u|? and so, given that the supports of |0;u| and |Gaul
are disjoint on Bj, we claim that

o = |01u| = /U_ a.e. on By, (5.2)

where U = U, — U_ is the standard decomposition into positive and negative parts. Since U is harmonic
in the entire B; and therefore U_ is locally Lipschitz in By, the identity (5.2) implies that o € Cllo/cz(Bi).
To prove the claim we first observe that by the nontangential limits of d;u, Theorem 4.1 and Lemma 4.2,

for almost every y € B}
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G(z) = |0yul® — [01u)® + 2id1udou — 7(y)? — o(y)? as x € Bf — y non-tangentially.

On the other hand, we know that G is defined and holomorphic in B; so the non-tangential limits must
agree with the value of the function

7(y)? — o(y)? for a.e. y € BY.

-
Py
<
=

I

Q
=
<
=

Il

Then, using that o(y)7(y) = 0 almost everywhere on Bj,

U-(y) =o(y)* and Uy(y) =7(y)* on Bi.

This justifies the claim (5.2).
Then, since u solves, in the distributional weak sense,

—~Au=0 in Bf with dju=0=+/U_ on B,

by standard C1® estimates for the Neumann problem with a C%“ boundary condition we obtain that
1
u€ Cllo’g (Bf uBj). O

6. Conditional regularity in dimension d > 3

In this section, we prove C1'* regularity of a solution u to the problem (1.1) under the following additional
condition. Instead of assuming that u(C,) is finite, as stated in Theorem 1.2, we make an equivalent (see
Remark 6.3) assumption with the relevant parameter more clearly quantified:

u(Cy) is a finite set so that for any connected components I and J of C,, with u(l) #

A
u(J) the separation condition dist(7,.J) > ¢ holds. (A5)

In terms of this separation hypothesis, we aim to prove the C*“ regularity result.

Theorem 6.1. Let u be a viscosity solution to (1.1) that satisfies condition (As), then there is a small
a=a(d) € (0,1) such that u € Cll.f(Bf' U B}) and there is a constant C = C(d)0~“ > 0 such that

IIUHCI,Q(f/J < Cllull g sty -

Remark 6.2. The controlling constant “C' = C(d)6~*” can actually be replaced by “C(d, N)” with N =
#u(Cy, N By) (see Remark 6.11). We retain the current exposition for the convenience of the proof.

The proof will make use of the well-known Almgren frequency formula, which has seen frequent use in the
thin obstacle problem [3,18,21,28]. The main reason for our conditioning on hypothesis (As) is to guarantee
the monotonicity of the frequency function. It will be made clear in the computations in Section 6.1 that
the possible occurrence of infinitely many connected components of C,, piling up on a single point seems to
ruin the monotonicity property.

Remark 6.3. Even though the condition (Ajy) is somewhat artificial because we cannot verify it in many
interesting cases, it is indeed satisfied in the case of the classical Signorini problem and it demonstrates the
central difficulty of our problem (1.1). The Signorini problem corresponds to the case that u(C,) = {0} is
a singleton and also u < 0 on Bj. The singleton case also includes the cases of the sign-reversed Signorini
problem as introduced in Example 2.5. However, we are not able to make any general guarantee on when a
particular boundary condition may admit a solution to this sign-reversed Signorini problem.
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Remark 6.4. As mentioned above the hypothesis that u(C,) is finite, and hypothesis (Aj) are in fact equiv-
alent, the latter just quantifying a useful parameter. Let u be a viscosity solution with [Ju| ;- (Br) = 150
that w is Lipschitz with Lipschitz constant at most L = L(d) > 0. Suppose additionally that «(C,) finite.
Then call § = L~ min{|u(z) — u(w)| : z,w € C, and u(z) # u(w)}, which is positive due to the set u(C,,)
being finite. Let I, J be a pair of components of C,, such that u(I) # u(J). By Lipschitz continuity of u, we
have

dist(I,.J) > Mm)—zu(y)‘ >4,

where z € I,y € J.
6.1. Almgren monotonicity formula

In this section, we will study the monotonicity of the Almgren frequency function for the gradient
degenerate Neumann problem (1.1). Due to the above remarks it suffices to consider the case that

u(Cy N By) = {0} (6.1)

When we prove Theorem 6.1 below we will just make an initial re-scaling to a ball of radius J to achieve
this hypothesis. The initial scaling determines the dependence on § in the theorem.

The following computations, if not particularly mentioned, are obtained after a mollification procedure
and an appropriate use of Lemma 4.2. Let u be the even extension of a viscosity solution to (1.1) such that
u(0) = 0. Consider the frequency functional

r Yul?2  rD(r

Differentiating the denominator gives

H(r) = d; Li) +2 / wdu, (6.3)

OB,

where 0, is the unit outer normal derivative on 0B,.. Now we aim to integrate by parts in the second term.
Recall that o, as defined in (4.2), is the nontangential limit of d;u on B} from Bj". We can justify, using the
distributional weak formulation as discussed in Lemma 4.2, that the distributional Laplacian of u is given
by

Au = QO'dIHd_1|B£ in Bj.

Using this identity we find

—1
H'(r):—dr H(r)+2 |Vu|2+4/ua

B B, (6.4)
_ ?H(r) +2D(r) + de(r).

Remark 6.5. This final term ¢(r) := [ B Uo is a major difficulty that we are currently only able to deal with
via conditioning on the hypothesis (As), which has allowed us to reduce to the case u(C, N By) = {0}. In
this case, we have u = 0 on C, N By, and on the other hand, we observe by Corollary 4.4 that o = 0 a.e. on
(Ny UTy,) N By, which shows that cu = 0 a.e. on the whole B} and hence ¢(r) =0, 0 <7 < 1.
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On the other hand, we also have after a mollification procedure, Rellich’s formula

/ |Vul|? = ? / |Vul|? + 2 / (Byu)® — %/(m - Vu)Au
0B, B, a

OB B

=2 [1vap 2 [ @,
B, a

B,

where Au = 20 d?-[d_1|c and by Lemma 4.2, (z - Vu)o = (2’ - V'u)o = 0 a.e. on Bj. The mollification

argument for obtaining 66.5) is valid because of the Lipschitz estimate in Lemma 3.1. Collecting these
computations we have proved the monotonicity formula for u
N'(r) 1 D'(r) H'(r)

N(r) r  D(r) H(r)

—9 (faB,,. (81/“)2 - faB,. uayu>

faBT udyu fE)B,‘ u?

> 0.

Notice that if N(r) = x for 0 < r < 1 then N'(r) = 0 and by the above Cauchy-Schwartz inequality we
know that there is g(r) for each 0 < r < 1 such that

To determine g we observe on the other hand,
d
rd—logH(T) =d—1+2N(r)=d—1+ 2k,
r

which implies that H(r) = H(1)r?:*4=1 and by (6.3)

1 d—1
g(r) /u2= /u@,,u:§<H’f H) =EH(7"),
r r
9B, oB,

and thus g(r) = &/r. This implies that u is a xk-homogeneous function. We summarize the above computa-

tions in a theorem.

Theorem 6.6 (Almgren Monotonicity Formula). Let d > 2 and u be a viscosity solution to (1.1) in B,
evenly extended to By, which has u(C, N B1) = {0}, u(0) =0 and 0 € T',,. Then the quantity

r Vul|?
N(r) = N(r,u) = 7% | u2|
OB,

is monotone increasing in 0 < r < 1. Moreover, if N(r) = k for all 0 < r < 1 then u is a k-homogeneous
function in By.

6.2. Pointwise differentiability

Let u be a viscosity solution evenly extended to the whole ball B; that satisfies (As). We would like to
consider the following blow-up sequence at a fixed point 0 € I', C Bj, tz € By and we also assume u(0) = 0
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u(tz)

w(z) = . for 0 <t <1

Notice that [lul|co.z,) < 2 ||u|\cu,1(§1/2> as t — 0%, and when ¢ is sufficiently small, by condition (As),

u(Cy,) = {0}. In particular, we have after passage to a subsequence t; — 0, there is an ug € C%!(B;) such
that w;, — up uniformly in Bi.

Lemma 6.7 (Blow-up limit at the free boundary). Suppose u is a viscosity solution to (1.1) and satisfies the
condition (As). If 0 € T, and u(0) = 0 then
t E—
@ — 0 ast— 0 uniformly on By .
Remark 6.8. The differentiability of a solution w to (1.1) up to B} can be obtained partially by using interior
regularity of Neumann or Dirichlet problems near N, and C,, respectively. This lemma completes the proof
of pointwise differentiability by establishing the differentiability on T',,.

Proof. We prove by contradiction and assume there is a blow-up limit ug # 0 and wu;, — ug uniformly on
Bif' as k — oco. By the argument in (6.4), we know that H,,(r) > 0 for all 0 < r < 1 and hence for each r
we can find ko(r) > 0 such that H,, (r) > $Hu,(r) > 0 for all k > ko(r).

To prove the lemma, we notice that by the Almgren monotonicity formula (see Theorem 6.6),

N(r,uy,) = N(rtg,u) — N1, u)=r>0,

as k — oo, and on the other hand, we know that

Uty Uy,

1/2 = ,71/2
(faBT. “ﬁ) Hui, ()

Vi =

satisfies for sufficiently large k and a constant C' > 0 independent of k

1okl 208,y = 1 vkl L= (s,) < C, and /\Vuk|2 < N(rtg,u) < N(1,u) < C. (6.6)
B

T

By interior estimates of harmonic functions, we have local uniform convergence of Vi to Vuo/ [|uoll 255,
in B, \ B.., and because of boundedness of their L> norms by the Lipschitz estimate in Lemma 3.1, we have
the strong convergence of vy in H'(B,). This shows that

T Vuy, [2
N(r,ug,) = M — N(r,up), as k — oo.

f OB, u?k

From this we obtain that N(r,uo) = & for all » > 0, and therefore ug is x-homogeneous on R? according to
Theorem 6.6. If ug # 0 then it can only be a 1-homogeneous function by Lipschitz regularity.
Thus wug has the form

ug(r,8) =rh(0), r > 0,0 € 0By N {x1 > 0}.

Since ug is also a viscosity solution to (1.1), the function h must satisfy

Agh(@) + (d - 1)}1(9) =0, #eodB N {$1 > 0},
min {—aﬁh(e), Vo R(O)]2 + h2(0)} =0, 9B,
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where Ay is the Laplace-Beltrami operator on dB; N {x; > 0}, 07 is the outer normal derivative of 9By N
{z1 > 0} on the boundary d' B and V. the tangential gradient on &' Bj.
We first claim that

h=0.
o' B;

This can be obtained by the following Green’s formula with the linear function ¢(x) = p-, which all satisfy
Apl + (d — 1) = 0 on the sphere,
0= / L(Aph + (d—1)h) — h(Apl + (d — 1))
dB1n{z1>0}

= /Eaﬁh—haﬁﬂ
= / L0zh + hpy
9'B!

The claim is proved by taking p = e;.
On the other hand, we claim that we can apply h and do integration by parts to obtain

|Voh|> = (d—1) / h? + / hozh

dB1N{z,>0} dB1N{z1 >0} B (6.8)
=(d-1) / h?.
OB1N{z1>0}
For the above equality, we used that
/ howh = 0, (6.9)

8B

This is because, by Lemma 4.2, min{&ug(x), |V'uo|(z)} = 0 for almost every z € B] in the nontangential
convergence sense, which by homogeneity implies

min { ~0:h(6), v/ [V O + F2(6) } = 0,

for almost all § € 9’ Bj also in the sense of nontangential convergence. By a similar proof of the second
part of Lemma 4.2, we can justify the validity of integration by parts and the fact that hdzh = 0 almost
everywhere on 0'Bj.

Now we can subtract off a linear function by considering h = h — vz so that h also satisfies (6.8) and

faBm{xl>0} h = 0. For this mean zero condition just choose

f(’)Blﬁ{xl >0} h

faBlﬂ{zl>O} (1)+

Notice that v < 0 because
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d—1) / h = / —Agh = /aﬁhgo.

OB1N{x1>0} OB1N{x1>0} 0’ B}

As for (6.8), because Agh + (d —1)h = 0 in dB; N {x; > 0} it suffices to check (6.9) for h. This is proved by

/ hnh = / hoah

B B,
- / hdsh — / h
o' B, B
=0.

If h = 0 then ug = y|z1| and because g is also a solution to (1.1) and by prior discussions v < 0, we obtain
v =0.
If b # 0, then

-[aBlﬁ{w1>0}

|Voh)|?

e =d— 1. (6.10)

f OB1N{z1>0}
On the other hand, we know that the second Neumann eigenvalue

2
f@Blﬂ{x1>0} Vogl >0

inf - >
0£g€H (8B1N{x1>0}) jaBlm{x1>0}g
9B, {x; >0} 970

A= )\N72(831 n {1’1 > O}) =

is equal to d — 1 and the minimizing functions g must be restrictions of linear functions of the form p’ -
with p’ € R% and p’ - e; = 0 [32, Chapter 3]. By (6.10), we know that A must be equal to a Neumann second
eigenfunction and so

ug(x) = ylwa| +p' -z

is a smooth solution to (1.1) for some p’. Because, again, ug is a viscosity solution to (1.1) and v < 0, we
know that v = 0 and ug(x) = p’ - x for some p’ - e; = 0.

To show that p’ = 0, we argue by contradiction and assume that there is a sequence s; — 0% such that
fj = us,; converges locally uniformly to p’ -2 for some p’ # 0 as j — co. Now, we obtain a sequence £; — 0t
such that

is uniformly bounded on B; and satisfies boundary condition
min{al?j: |v,7j +p//€j|} =0, on Bi
in the viscosity sense. According to Corollary 4.3, we know that when j is large ?j must satisfy the zero

Neumann boundary condition on B /2 and hence u,, = f; must also satisfy this condition, which contradicts
the assumption that 0 € I, for allt > 0. O
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6.3. Improvement of flatness

Combining Lemma 6.7, the interior regularity of zero Neumann and Dirichlet problems, we obtain point-
wise differentiability (including nontangential directions) of v on Bj. To obtain the improvement of flatness
results, we plan to first consider the following three different cases respectively

(I) The first case deals with the small gradients, and it essentially corresponds to the original boundary
condition

min{dyu, |V'u|} = 0.

(IT) The second case deals with large tangential gradients, and it essentially corresponds to the tangentially
modified boundary condition

min{du, |[V'u+¢'|} =0,

with ¢ - e; = 0 and |¢/| large.
(III) The last case deals with large inner normal derivatives, and it essentially corresponds to the normal
modified boundary condition

min{61u + q1, |V'ul} =0,
with ¢; > 0 large.

In fact, it turns out that these three cases are enough to derive the full improvement of flatness results. This
can be obtained by Lemma 6.14 that shows the dichotomy of gradients: a solution w, with oscu < 1, to

min{d1u + q1, |[V'u+¢'|} =0

will require | min{q1, |¢’|}| to be bounded by a constant independent of u. Now, with a bounded cost, we
can modify u so that it is contained in one of the three categories we introduced above.

Lemma 6.9 (Improvement of Flatness I). Let u be a viscosity solution to (1.1) in By with either u(C,NBy) =
{0} or C, N By =0, and osCpt u < Ty for some fired Ty > 0. There is a 1/2 > p = pu(d,T1) > 0 such that
for each u as described there is 1/2 > v = v(u) > pu such that

1
inf —p- < —v. 6.11
pléle (gjc{u p-x} < 57 (6.11)
Remark 6.10. Notice that here 77 is absorbed in v(u) and p(d, 1), instead of writing vT} and pT;. We will
use similar notations in the following improvement of flatness lemmas, where 71, T> and T3 are constants
to be determined.

Remark 6.11. This lemma can actually be improved to the case that #u(C,NB1) < N for some fixed positive
integer N with a slight modification to the proof. In this way we can replace the constant “C' = C'(d)§—*”
in Theorem 6.1 by “C(d, N)”. That is, the controlling constant can be made independent of the minimal
gap in u(Cy, N By), but solely depending on the dimension and the number of elements in it.

Proof. According to Lemma 6.7, for blow-ups on T, and the interior regularity of the solution on C, LIN,
we have the following convergence



26 W.M. Feldman, Z. Huang / J. Math. Pures Appl. 209 (2026) 103863

. oscg+{u—p-x}

-0, asr— 0.
pER

Thus for each u there is a v/ = v/(u) € (0,1) such that for every 0 < r < v/, the following inequality holds

1
inf osc{u—p-z} < -r. 6.12
Jnf, Bbi{ prap < g (6.12)

We now define
n(u) = max{0 < s < 1; (6.12) holds for r = s} > 0.

It then suffices to show a uniform positive lower bound for n’s since we will obtain (6.11) immediately by
taking v = n/2. We argue by contradiction and assume that there exists a sequence of functions u; that
satisfy the conditions described in the statement while

n(u;) = 0 as j — oo. (6.13)

Because oscp+ (uj) < T4, we know by the Lipschitz estimate, Lemma 3.1, that (up to a subsequence) u;
converges locally uniformly to some u in Bfr LI B. By classical viscosity solution theories, un, also satisfies
the conditions as described in the statements. Indeed, it suffices to check that either uq (C,, N B1) = {0}
or C,.,NB; = (). Suppose there is a number s # 0 such that s € use (Cu,, N B1), then we can find a relatively

open component I, C C,_ N By such that us(Is) = s. By the local uniform convergence of u; to us on

Uoso
B U B} we know that for some small § > 0, u; are uniformly close to s on I, N By_s for large j. By the
assumption u;(C,, NB1) = {0}, we know that u; satisfy the zero Neumann boundary condition on I,NB;_;,
which implies that u.. also satisfies the zero Neumann boundary condition on I, N By_s, contradicting the
assumption that I, C C,_ . A similar proof can show that, in general, the number of degenerate values of
the blow-up limit %, does not exceed the number of the degenerate values of u;’s. This addresses the issues
as discussed in Remark 6.11.

On the other hand, by the pointwise differentiability of u.,, we know that for some small 77 > 0 there
must be some p € R? such that

which contradicts the assumption (6.13). O

Lemma 6.12 (Improvement of Flatness II). Let u be a viscosity solution to (1.1) with the boundary condition
replaced by

min{du, |V'u+¢'|} =0,

for some ¢’ € {0} x R, and oscpt u < Th for some fized Ty > 0. There exists J = J(d,Tz) > 0 such that
if || > J, then there exists v = o(d, T2) > 0 with 1/2 > ¢ satisfying

1
inf osc{u—p-x} < =
s B,,+{ pra}< g
Proof. According to Lemma 3.1 and Corollary 4.3, we know that the Lipschitz constant L = L(d,
||UHL°°(B+)) > 0 of u in Bf—/2 is independent of the choice of ¢'. If one chooses J = 2L (d,T5) > L, then u
1
satisfies the zero Neumann boundary condition on B /2 and osc Bf, U < T3, and then the improvement of
1/2
flatness comes naturally from the smoothness of Neumann solutions. O



W.M. Feldman, Z. Huang / J. Math. Pures Appl. 209 (2026) 103863 27

Lemma 6.13 (Improvement of Flatness I11). Let u be a viscosity solution to (1.1) with the boundary condition
replaced by

min{&lu +qi, \V'u\} =0,

for some ¢1 € R, and 0sCpr U < T3 for some fixed T5 > 0. There exists I = I(d,T3) > 0 such that if g1 > I,
then there exists v = v(d,T5) > 0 with 1/2 > ~ satisfying

1
inf osc{u—p-z} < =7. 6.14
pg}l{d%if{u prah <5y (6.14)

Proof. Let us study the family of functions

u
w=x+ —,
q1

where ¢; > I to be chosen. Let € = T3/I, we know that w are bounded solutions to (1.1) that are uniformly
flat in the sense that

r1—e<w<zT +e.

By a similar argument to Lemma 2.8, we may choose I = 400 max{1, T5}d so that ¢ < 1/(400d). We then
obtain B£/4 C Cy. This also implies that v = C for some constant C on 33/4. By an odd reflection, u — C
can be extended to a harmonic function in By /4 with oscp, ,{u — C} = oscp, , {u} < T3. By applying the
interior regularity of harmonic function we can determine the constant 0 < v < 1/4 that satisfies (6.14). O

Lemma 6.14 (Dichotomy of Gradients). Suppose os+c(u) <1 solves
Bl

{Au =0, in Bf (6.15)

min{Au +mq, |[V'u+m/|} =0 on B}
in the wiscosity sense for some m = (my,m’) € R9. Then there is a constant K = K(d) > 0 such that
| min{m,, |m’|}| < K.

Proof. Suppose that there exist a sequence u; satisfying oscg+(u;) < 1 and (6.15), but [min{m;,,, [m/;|} —
00 as j — oo.

We can assume that either (i) min{m; 1, |m]|} = m;; for all j or (ii) min{m; 1, |m}|} = |m}]| for all j.
We consider the two cases separately.

First suppose that min{m; 1, |m}|} =m; 1. We claim that

lim inf [mf[/|m;,| > 0.

It suffices to consider the case that m;; < 0. To show this we consider

wh= My L
b
T myal o myal

which by assumption on u; is a bounded sequence of functions. Observe that wjl satisfy the boundary
condition
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If a subsequence |mf|/|m; 1| — 07, then by the compactness of wjl. (this is because of the Lipschitz estimate,
Lemma 3.1), after passage to a subsequence, wjl. will converge locally uniformly to a viscosity solution to
(1.1). On the other hand, this sequence converges uniformly to —z1, which is not a viscosity solution to
(1.1) and shows the claim.

We further claim that it’s impossible that |m; 1| — oco. We divide into cases depending on whether
m’;/|m; 1| stays bounded or not. If m’ /|m; 1| stays bounded then, after passage to a subsequence, we can
suppose that m’/|m;1| — mi, € {0} x R4=! with |m/_| > 0 (by the first claim). This implies that the

1
oo

limit function wl, = £ is a viscosity solution of min{dwl,, |V'wl + mL|} = 0 on B, which is not
true. If m’ /|m; 1| — oo then by Corollary 4.3, for sufficiently large 7, wjl satisfies zero Neumann boundary
condition on By /2 which also contradicts the form of the limit function wl, = +z; because of compactness
of zero Neumann solutions with bounded oscillation on Bf/Q.

In the case min{m; 1, |m}|} = |m}| we define

Uj i m;j1
= e T
m;

Z1.

This implies that w? satisfies the original boundary condition (1.1). In this case, we observe that when j is
large, w]2 (after passage to a subsequence) has one-sided flatness in the way that

wf(z) >ml, x4+ —o0;(1), forallz € B_f

!

with lim —-

— ) d—1 11ha — 2 — 0
8 T = m, € {0} x R""" in a proper subsequence, [m{,| = 1, and |[w?(0)] < 1/|mf| = 0;(1).

This contradicts the supersolution condition of wjz for large j according to a similar argument to the proof
of Lemma 4.4. 0O

6.4. CLo-iteration

Before proving the theorem, we write a lemma that summarizes the improvement of flatness results in
the previous subsection. Define the set of allowed gradients

T = {(a1.¢') € RY; min{q1, |¢'|} = 0},
and for R > 0 we define the fattening
Tr = {(a1,¢') € R; [min{q1,|¢'[}| < R}.
Lemma 6.15. Suppose that u is harmonic in Bf with
min{dyu + q1,|V'u+¢|} =0 on By,
for some q = (q1,4") € Tr and osc+(u) < 1. If v(C,NB1) has at most one element with v := q-x+u (which

is a viscosity solution to (1.1); see Remark 2.10), then there is a 1/2 > v =v(u) > 0 and k = k(d,R) > 0
such that v > k and

inf ( ) < 1
inf osc(u —p-x —v.
pER4 B b -2
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Proof. We define ¢ € T as follows

_ q, if min{q1,|¢'|} = ¢ 3 _
q:= ] ] , , and ¢: .
qier, if min{qy,|¢'|} = |4,

Notice that |G| < R because g € Tr and

e 8t
q, if min{q1, |¢'|} = |¢']-

Now the function w := ¢ -z + u satisfies (1.1) with the boundary condition replaced by
min{o1w + g, |V'w+ 7} =0,

where § = (¢;,7') € T, and oscpy (w) < 1+ 2R.

If |g| > 2max{I(d,1+ 2R),J(d,1+ 2R)} =: A(d, R), then the improvement of flatness follows from
Lemma 6.12 and 6.13, where J(d, T2) and I(d,T3) are defined. Here we choose T = T3 =1 + 2R.

If [g| < A(d, R), then we know that v = u + ¢ - x satisfies the original (1.1) with 0SCp+ (v) <1+4+2R+
2A(d, R). Since v(C,) has at most one element, we can apply Lemma 6.9 to obtain the improvement of
flatness with T3 = 1+ 2R + 2A(d, R).

We may define x(d, R) = min{u(d, T1),(d, T),v(d,T3)} > 0. O

Proof of Theorem 6.1. First, we re-scale to reduce to the case that u(C, N B1) = {0}. If u satisfies condition
(As), then we can consider w(zx) := w and observe that w(C,, N By) has at most one element.
Furthermore w will be bounded independent of § due to the Lipschitz estimate (Lemma 3.1) and

[Ulcre By a(xe)) < 0 Wlcra (B, 2)-

To prove that u is CL%(B} U BY) it suffices to show that u is C® at 0 in the sense that there is

loc

C = C(d) > 0 and p € R? such that

OS_E(U —p-x) <Crtte r e (0,1). (6.16)
B}

Indeed, by classical arguments this implies Cllo’ca of u when restricted to B}, which then implies the Cltf
regularity of u in the whole By” U B} by classical estimates for Dirichlet problems.

To show (6.16), it suffices to find a sequence (gx, %) such that ¢, € R?, and

os+c(u —qp-x) <7t forallkeN (6.17)

Tk

where ry, — 0 as k — oo and 1 > r::1 > k(d) > 0 for all k and some k(d) > 0. If this is done then the
constant C' in (6.16) will take the form =1+,

We start with ug = w such that 0sCpt (ug) < 1 and go = 0. We fix R = K(d) as in Lemma 6.14,
Ty =1+ 2K(d) + 2A(d, K(d)) and T, = T5 = 1 + 2K(d) as in the proof of Lemma 6.15. By applying

Lemma 6.15 to u, we obtain 1/2 > vy > x(d, K(d)) =: x(d) > 0 and p; € R? such that

1
os+c(ufp1 cx) < §V1.

B
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We now choose o > 0 small so that £* > 1/2. Suppose for k& > 1 we have already constructed g, € R¢ (notice
that we already have q; = p; and 71 = 1) such that (6.17) holds true. We then consider for z € Bi" L B}

ug(z) = 7",:1_“‘ (u(rex) — qx - (TEx)) .

Notice that oscp+ (ug) <1 and wy, satisfies (1.1) with boundary condition replaced by
min{d1ux, + r; “qx.1, |V uy + r;aq,’c|} =0.

By Lemma 6.14 we obtain that 7, “q, € Tk, and then we may apply Lemma 6.15 with R = K (d) to u; and
obtain 1/2 > vg11 > K, pry1 € R such that

1
osc (Ug = Pr+1°T) < SVkt1-
Vi1 2

Setting 741 = rrVr+1 and gry1 = g + i Pr+1, We will obtain

1
1 1
0s¢ (U= qry1 ) < Tk+a§wc+1 <rmit. O
Th41

7. Conditional optimal regularity in d > 3

In this section we discuss the optimal C''"'/2 regularity of a viscosity solution u to (1.1) satisfying the
condition #u(C, N B1) < 4o00. The proof uses the Almgren monotonicity formula Theorem 6.6 again in a
similar way to results for the thin obstacle problem. Let us start with a more detailed version of Theorem 1.2.

Theorem 7.1. Let u be a viscosity solution to (1.1) that satisfies condition (As), then there is a constant

C(d,8) = C(d)d=? > 0 such that
HuHCl,l/Q(ﬂ) <C ||uHL°O(Bfr) :

To obtain optimal regularity we would like to consider functions of the form

u(tz)
L, N2
(td_—l Jom, u )

where u is evenly extended to the whole ball By, tx € B;. We would like to consider the blow-up limit of
wy at the base point 0 € T, and u(0) = 0. Notice that w; is controlled in the sense that

we(zx) =

HwLHLZ(BBI) =1 (7.1)

On the other hand, by the Almgren monotonicity, we have

/|th\2 = N(1,w;) = N(t,u) < N(T,u), 0 <t <T.
B,

Unlike (6.6), we don’t immediately have a uniform L> bound for w;, and thus these L? estimates are not
enough for working with the blow-up limits, and we need an additional L? to L™ estimate to proceed.

As discussed in Remark 6.4 it suffices to consider the case that u(C,, N B1) = {0}, since if u satisfies (Ay)
then it satisfies #u(C, N Bs) = 1 in all balls of radius 4.
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7.1. An L? to L™ estimate

When u(C, N Bq) = {0} then u also solves the following no-sign Signorini problem

Aw =0, in Bf
min{dyw, |w|} =0, on Bj (7.2)
w =g, on 0B; N {z; > 0},

in the viscosity sense. Note that solutions to this problem may only be C'/2 regular, for example, w(z) =
Re(xy + i|x1|)'/? solves, but we are just using this as a convenient setting to prove the L? — L estimate.

Remark 7.2. Given a viscosity solution w to (7.2), we will obtain a partition
B} =Cy Ul UN,,

where N,, = {Jw| > 0} N B} is open and T, = O'N,, is called the free boundary of w. Notice that the
definitions of these sets are essentially different from those for solutions to (1.1) in Remark 2.10. An example
that shows this difference is w(x1,29) = Re(xa + i|z1|)*/2. This example is a solution to (7.2) but not
(1.1). Notice that for any N > 0 there exists a smooth function ¢y touching w from below at 0, while
016N (0) > N > 0, which means that 0 € C,, if in the sense of Definition 2.7, but it is in fact contained in
T, by the definitions of A, and I',, as described above. However, the definitions will coincide if a solution
solves both (1.1) and (7.2).

Lemma 7.3. Let w be a continuous viscosity solution to the equation (7.2), then there is a constant C' =
C(d) > 0 such that

||wHLoo(Bl+/2) <cC HgHLz(aBlﬂ{leO}) : (7.3)
Remark 7.4. Using the same proof we know that for some constant C' > 0 and all » > 0
Hw”Loo(B:/Z) < Crmi? lwll 2By »
where C is independent of 7.
Proof. Let g4 = max{g,0}, g = min{g,0}, and denote v, v_ respectively the Neumann solution with

boundary data g, g_. By classical theories v+ are smooth in Bf" LI Bf up to the flat boundary. We claim
that any continuous viscosity solution w to (7.2) has to satisfy

v <w<wy, in Bf.

Once we prove the claim the estimate (7.3) will follow from the classical theories for Neumann solutions.
The upper bound w < vy can be immediately obtained by observing that w is also a Neumann subsolution
and g < g4 on B N{x; > 0}. To obtain the lower bound we consider the following maximization problem
for small g >0

max v_(z) —w(z) + fz1)+ = B.
z€BT
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By comparison principle of harmonic functions and g_ < g on 9B N{x; > 0}, the maximum point x, must
occur in Bf if the maximum value is positive. Let us first consider the case that g_ # 0. In this case v_ < 0
in Bfr L B} by strong maximum principle, and hence

w(x,) < v_(z.) — <0.

Moreover v_ + 6(z1)+ + C touches w from below at z, for some constant C, which contradicts the super-
solution condition of w at z..

In the case g— = 0 we would like to show that w > 0. Let us similarly consider the following maximization
problem

max f(z1)4 — B — w().
zeBT

Also by maximum principle the maximum point x, can only occur on Bj if the maximum value is positive.
This shows that

w(z,) < - <0,

and then B(x1)4+ + C touches w from below at x,, which also contradicts the supersolution condition of
w. 0O

7.2. Blow-up profiles

In this section, we discuss the possible blow-up profiles of the function sequence w; as discussed after
Theorem 7.1.

According to (7.1), we know that the blow-up sequence w; have bounded L?-norm on the boundary
portion 9B N{x; > 0}. By applying Lemma 7.3, we obtain boundedness of w; in L>°(By/2) (when extended
to the whole ball by even reflection). Now using the C'1 estimate, Theorem 6.1, the sequence of functions
wy is bounded in C'H® (m), which shows the following lemma.

Lemma 7.5. The sequence of functions w, is compact in both I* (81/4) and C* (31/4).

By applying this lemma, we can find ¢; — 07 such that w;, — wp in both H'(Bj/4) and C* (Bl/4) as
j — o0o. On the other hand, we have for 0 <r < 1/4

N(r,wo) = lim N(r,wy,) = lim N(rt;,u) = N(0", u) =: &.
j—o0 j—o0
Applying Almgren’s monotonicity formula, Theorem 6.6, we obtain the following characterization of all the
blow-up limits.

Proposition 7.6. Let u be a viscosity solution to (1.1) that satisfies the condition (As), then the blow-up limit
wy as defined above is a nonzero global solution to (7.2), and is homogeneous of degree k = N(07,u) > 1.

Now, we would like to classify all the x-homogeneous solutions w, to (7.2) in dimension d = 2. It can
be checked (see Appendix A) that after reflection and normalization, any nonzero homogeneous viscosity
solution w,, of degree x > 0 has to take one of the forms for k € Z, in Table 1.
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Table 1
Classification of k-homogeneous solutions to (7.2) in dimension d = 2. See
the proof in Appendix A.

K wy (z1, T2) Cw, N By 'y, "B Ny, NBy

1 |z1] | 0 0

2k 4+ 1 Im ((z2 + t]z1|)™) Bi \ {0} {0} 0

2l Im (w2 +ile)”) {0} x (0,1) {0} {0} x (~1,0)
k +Re ((z2 + i|lz1])") 0 0 B;

4k—1

= we have

Remark 7.7. In the case k =
Im ((22 +ilz1])") = —Re ((—22 + i|z1])")

correspond to the nontrivial homogeneous solutions to the Signorini problem in Example 2.4. In the case

K= LQ_B we have

Im ((x2 + ¢|z1])") = Re ((—x2 + i|z1])™)
correspond to the nontrivial homogeneous solutions to the sign-reversed Signorini problem in Example 2.5.

In particular, if £ > 1 then we know that x > 3/2. In higher dimensions, we can also obtain this property
by using the ACF monotonicity formula, see [21,28].

Theorem 7.8. Let w be a homogeneous viscosity solution to (7.2) of degree 2 >k > 1. Then k = 3/2, and
w(z) = Im(zy 4 i|z1])%? = —Re(—zq + i|z1])/?,
after a possible rotation in R4 and normalization.

Sketch of Proof. We outline the idea of the proof here. See [21,28] for detailed proofs. Given w, extended
evenly to the whole ball By, we would like to consider the following two functions with e € {0} x R4~!

vy = max{d.w, 0}, v_ = max{d_.w,0} = max{—0.w,0}.

By C!® regularity, Theorem 6.1, we can discuss everything in classical setting. Therefore, by the boundary
condition (1.1), we know that vy are harmonic wherever they are positive, which shows that both of them
arc subharmonic. On the other hand, we have v_ - vy = 0. By the ACF monotonicity formula,

L[ Vor]? [Voo]?  jes
91 =1 22 | (a2 ~ r e (1)

rd

td T

is monotone in r > 0. When 1 < k < 2 then the monotonicity implies that ¢.(1) = 0, which means that one
of v is identically zero and hence O.w is either nonnegative or nonpositive on the entire R%. We denote

S, ={eeS?¥2:= 9B} :du >0},
and
S_ ={ecS*?:=9B]:0.u<0}.

Notice that S, = —S_ # 0, S=2 = S, US_ and both are closed subsets. Since whenever d > 2, S92 is
connected and hence Sy NS_ # (. One can choose e) € S; NS_ to reduce to the orthogonal subspace of
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{0} x R4 with respect to e(!). Proceed with the same procedure we can obtain an orthogonal sequence
e ... eld=2) guch that we can reduce to the subspace spanned by e* € {0} x R~ with e* - e() = 0 for
all j =1,---,d— 2, which is equivalently solving the problem in the case that d = 2. In this case we know
that the only homogeneous solution with 1 < x < 2 is of the form

w(z) = Im(zy + i|z1])*/? = —Re(—z2 + ilz1)¥%. O
7.3. Optimal regularity in dimension d > 3 under condition (Ays)
To prove Theorem 7.1, we follow the framework in [22] and start with the estimation near 0 € T,,.

Lemma 7.9. Let u be a viscosity solution to (1.1) that satisfies condition (As) with osCgru < 1, w(0) =0
and 0 € I',,. Then |Vu(0)| =0 and there is 7o = C(d)d > 0 such that

lv(z)] < Clz[*2, |z] < ro,
where C > 0 is universal.

Proof. For the proof recall the definition of the frequency function N(u,r) = TI?((TT)) in (6.2) with D(r) =

[, |Vul* and H(r) = [, u*. By Theorem 7.8 we know that for 0 <r <o

< N0, u) < N(r,u).

N w

This implies that
d
ralogH(r) >d+2 for 0<r<my,
and then
H(r) < Orit2.

After integrating with respect to » we know that

/uZ < Crd+3.

B,

The proof is now completed by applying Remark 7.4. 0O
Now we can prove the optimal regularity estimate for all the viscosity solutions to (1.1).

Proof of Theorem 7.1. We follow the reflection arguments in Theorem 6.7 in [22]. Similar to the proof of

Theorem 6.1, it suffices to consider the case that u(C,) has at most one element. For each zy € Bfr/Q U Bj] /2

we define d(zy) = dist(xg,',) with T, the free boundary of u. We claim that either
B(.’L’07 d(.ﬁC())) N Bi C Cy, or B(l‘o, d(.”[,())) N Bi C N (74)
Indeed, by the partition B} = C, UN, UT,, we know that A := B(zo,d(z0)) N B} can be partitioned into

A=(ANCHUANN)UANT,).
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We assume without loss that A # (). By definition of d(xg), we know that AN T, = § and so if neither of

7.4 is satisfied then A will be a disconnected set, which contradicts of the fact that it is an open subball of

Bj. If A, C C, then we extend u to the whole B(zo,d(zo)) by odd extension, and if A,, C N, then we

extend u to the whole B(z,d(zo)) by even extension. By Schwarz reflection, these are smooth extensions.

To show C'/2 it suffices to show that for |£ — 7| < 31—2, &ne BT/Q L 31/2’
|Vu(€) = Vu(n)| < Clg = |2,

for some constant C' > 0. In the following C' > 0 means a universal constant that may change from line to

line. If d(§) > = (or symmetrically d(n) > 1), then we can use the smoothness of u in B(¢, 35) in either

the case of odd or even extension as described above. If d(n) < d(§) < 11—6 and |[€ —n| > d(§)/2, then by the
gradient estimate we have

B

[Vu(é)| <

sup |ul
) B(&,d(e))

U
)

(

IA
B

sup  |ul
(&) B(go,2d(8))

(">
- |£ - 77|1/27

U

ININ
Q Q

where & € T, is a point that |€ — &| = d(¢). Similarly |Vu(n)| < CJ¢€ — n[*/2. In the last case that
d(n) < d(¢) < {5 and |[£ —n| < d(£)/2, we use the interior estimate for second order derivatives of harmonic
functions and obtain

ClE —n)

Vu(§) =V IGER

[Ve®) = Vul)l < =g | sup_Jul
ClE —nl

sup  |ul
d(€)?  B(go.2d(e))

< Cl¢ = nld(©)~"?
<Cle-9"2 o

8. Minimal supersolution and comparison principle

In this section, we study the minimal supersolutions to (1.1) by using Perron’s method and prove the
characterizing comparison principle. Given a fixed continuous boundary data g on the boundary portion
0B; N {z1 > 0}, a minimal supersolution with respect to the boundary data g is defined as

vg(z) := inf{v(z); v is a supersolution to (1.1) and v > g on dB; N{z1 > 0}}.

Unlike the general viscosity solutions to (1.1), a minimal supersolution will satisfy an additional strong
subsolution condition.

Definition 8.1 (Strong subsolution). An upper semicontinuous function w is called a strong subsolution to
(1.1) if it is a subsolution and there are no C* up-to-boundary function of the form ¢(z1,z’) = ¥(x1) that
touches u from above in 2, N Bfr at some zp € Bj and ¢ > win Q, \ QN Bfr where () is an arbitrary open

domain of R? containing x and Qp, = J, .o Br(y) for some small h > 0 so that Qj N B_fL cc Bf uB;.

yeQ
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We will show in the following subsections that this strong subsolution condition is equivalent to the
boundary maximum principle, and is indeed a necessary condition for a minimal supersolution.

Remark 8.2. In Section 9, we will discuss how the flat asymptotic expansion of the minimal supersolutions
to (1.11) gives rise to the strong subsolution property of the asymptotic limit. This, by the comparison
principle, Theorem 1.6 (which we will prove in this section) will then lead to the equivalence of the three
notions of solutions: the minimal supersolutions, the solutions that satisfy the strong subsolution condition
(or the asymptotic expansion limit arising in (1.11)) and the solutions that satisfy the boundary maximum
principle.

To prove the comparison principle (see Theorem 1.6) for supersolutions and strong subsolutions we face
several difficulties due to the degeneracy of the problem (1.1). The degenerate Neumann boundary condition
in (1.1) is incompatible with the classical doubling variable arguments. We cannot use the classical sub-
/sup-convolution either, because otherwise the sub- /super-solutions are not preserved under the mollification
procedure. We overcome this issue by introducing the “tangential” sub-/sup-convolution technique along
with a harmonic lift (see Section 8.2 and 8.3).

Remark 8.3. Combining the discussions in Section 8 and 9, we know that the following three functions are
equal to each other if they share the same boundary data on the boundary portion 9By N {z; > 0}

1. the asymptotic expansion of the Singular Bernoulli problem as discussed in Section 9, which satisfies an
additional strong subsolution condition as defined in Definition 8.1;

2. the viscosity solution to (1.1) that satisfies an additional boundary maximum principle as described in
Lemma 8.1;

3. the minimal supersolution to (1.1) as discussed in Section 8.

8.1. Boundary mazximum principle

Let us now show that the strong subsolution condition is equivalent to the boundary maximum principle.
To that end, let us recall the concept of sub/sup-convolutions.

Definition 8.4. Let U C R? be a domain and u,v : U — R. The sup-convolution of u € USC (U) is defined
fore >0

1
u®(z) = sup {u(y) - —|z— y\Q} ,x €R™.
yEU 2¢e
The inf-convolution of v € LSC (U) is defined as
. 1 2 n
v.(2) = inf {v(y) + ooy}, 2 € R
yeU 2e

For the convenience of discussing the limit of inf/sup-convolutions, let us also introduce the half-relaxed
limits of Barles [4].

Definition 8.5. Let u* be a family of functions that is bounded from above, then the upper half relaxed limit
of u* is defined as

limsup*u®(2) := lim sup u”(x).

k— o0 k=00 >k, |z—2|<1/k
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If vy, is a family of functions that is bounded from below, then the lower half relaxed limit is defined as

lim inf,vg (%) := lim inf v ()
k—00 k—oon>k,|z—x|<1/k

Remark 8.6. Let us recall some of the basic properties of sub/sup-convolutions (see [10,31] and the references
therein).

1. It is known that v, and u® are, respectively, semiconcave and semiconvex, specifically v.(x) — 21—€|:t\2 is
concave and uf(x) + 5=|z|? is convex. In particular, both u* and v. are also Lipschitz continuous.

2. If w is subharmonic in a domain {2 then u® is also subharmonic in a slightly smaller domain Q. CC €.

3. The lower and upper half relaxed limits defined above are always, respectively, lower and upper semi-
continuous.

4. When wu is upper semi-continuous, then we have the following half-relaxed convergence

. .
u = lim sup™u®.
e—0t

A similar convergence holds for lower semi-continuous v:

v = liminf,v..
e—0+

5. If w = limsup*u® on a compact set X C R%, then we have

lim sup max (u*) < max(u).
k—o0 K

A similar statement holds true for v = lim inf, v, then

L inf mi > min(w).
im inf min (vg) > H}éﬂ(u)

6. Let u be an upper semi-continuous function and call its sup-convolutions u°, then because u® > u, on a
compact set K C R? we have

li f) = :
lim max (u) m}@x(u)

A similar result also holds for lower ones.

Next, we show that strong subsolutions satisfy a boundary mazimum principle.

Lemma 8.7 (Boundary Mazimum Principle). Let u be a strong subsolution as defined in Definition 8.1, then
we have for any subdomain ) CC Bj

- 8.1
max u(z) = max u(z), (8.1)

where &'QY is defined as the relative boundary of Bj in {z1 = 0}.

Remark 8.8. We notice that if a subsolution u satisfies (8.1), then it will also satisfy the strong subsolution
condition.
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Proof. We extend u to B; evenly and consider it as an upper semi-continuous function defined on the whole
R¢ by setting it to be —oo outside B;. It can be observed that u is subharmonic in B;. Let u® be a family
of sup-convolutions of u, then according to Remark 8.6 we know that u® are Lipschitz, subharmonic in
Bi_ (), and u® converges in B—fL to u as € — 0 in the sense

. * g
u = lim sup™u®.
e—0+

Suppose there is a subdomain Q CC B} and positive numbers d, p > 0 such that

max u > max u + 4,
Q QN0

with Q, 1= J,cq B, (z) CC Bj. According to Remark 8.6 (5) and (6), for sufficiently small € > 0 we have

uf(y) < maxu —25/3 for y€Q,\ Q. (8.2)
Q

On the other hand, we pick for convenience a subsequence €; — 0% as j — oo, and using Remark 8.6 (6)
again on the set K = Q, we obtain a sequence u; := u® such that

lim max u; = maxu, (8.3)
j—oo Q Q

and the following property is satisfied by combining (8.2) and (8.3)

max u; < maxu; —9/2, (8.4)
a0 Q

for sufficiently large j.
To make a contradiction, we assume L; > 0 to be the Lipschitz constants of u; (we may, without loss,
assume that L; — 0o as j — 00), then we construct

wj(m) = maxu; + IOOLJ'(JIl)Jr,
Q

that touches u; from above in ©, x [0,7] at some z; € Q with r > 0 small so that ©, x [0,7] cC B] U B].
We claim that w; — u; > 6/2 > 0 on the fattened boundary ©, \ Q x [0,7]JQ, x [r(1 — p),7]. Indeed, on
the set Q, x [0/L;,7], we always have

Wj — Uy > 986 > 5/2
For z € Q,\ Q x [0,6/L;], we have by (8.4), for sufficiently large j

w;(z) = maxu; + 100L;(z1)+
Q

> max u; + /2 + 100L;(z1) 4
20

> u;(z) +4/2.

This completes the claim.
Now there is a sequence ¢; — 0 (which is because w;(0) = maxg u; — maxgu) such that w; + ¢; touches
u from above in Q, x [0,r]. We claim that the touching must be at some point in 2. This is because w;



W.M. Feldman, Z. Huang / J. Math. Pures Appl. 209 (2026) 103863 39

are harmonic the touching must occur on the boundary of Q, x (0,r), in which case we can reduce to the
boundary portion € due to the strict ordering on the fattened boundary 2, \ Q x [0,7]JQ, x [r(1 — p),7].

Indeed we can choose j sufficiently large so that |c;| < 6/4, and then we have by the previous claim the
strict inequality

wj+c >uj+c;+6/2>u+d/4 in Q,\Qx [O,T]UQ_,, x [r(1—p),r],
which contradicts the strong subsolution property. 0O
8.2. Tangential sub/sup-convolution

For the comparison principle proof, we will use a procedure based on inf/sup-convolutions in the tangential
variables and harmonic replacement. This is natural for the nonlinear Neumann problem, which could also
be viewed as a nonlinear fractional order PDE problem on the lower dimensional Bj.

Let us now define the tangential inf/sup-convolutions.

Definition 8.9. Suppose u, —v € USC(B_fr), then the tangential sup-convolution of u is defined as

1
Teu(z) := sup {u(r +h)— 2—|h|2} ,
s+he BT (0); heRd-1 €

where x = (z1,2’). The tangential inf-convolution of v is defined as T.v := —=T°(—v).

Remark 8.10. Let u € USC(B_T), then we may naturally extend u(z1,2’) = —oo for = ¢ B_IL(O) and then
u € USC(]0, 1]x R4~1). The advantage of this extension is that we may extend the tangential sup-convolution
formula to

Teu(z) = sup {u(x +h) — i|h|2} for z € [0,1] x R,
heRd4—1 2e

Similar extension can be done to v.

Now we will briefly establish several properties of the tangential inf/sup-convolutions that follow from
or have very similar proofs to the properties of standard inf/sup convolutions which were collected in
Remark 8.6.

Lemma 8.11. For any € > 0 small and fized x1 € [0, 1], the tangential sup-convolution T u(x1,x") is semi-
convez in &' € RI™L. For every e, TCu is upper semi-continuous in [0,1] x R41L,

Proof. The first statement is an immediate consequence of the same result for the classical sup-convolution
recalled in Remark 8.6. To show the second statement, we consider a sequence of points z,, — z € Bf . For
each z, there corresponds an h,, € B5(0) such that

1
Teu(zn) = u(zn + hn) — — |hnl?.
2e
By compactness of h,, we may obtain after passage to a subsequence
hp = hoo,

which implies that
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1
limsup Tu(zy,) = limsupu(zy, + hy) — 2—E|hn|2

n—o0 n—o0
(e o+ o) = o hool?
<Tfu(z). O
Lemma 8.12. Let u be an upper semi-continuous function, u® the classical sup-convolution, then
u® > T u > u, (8.5)
and in particular,

lim sup®7°u = u.
e—0t

Proof. The inequality (8.5) can be obtained by the definition directly. The half-relaxed limit can be obtained
by applying the inequality (8.5) and Remark 8.6 (4). O

Lemma 8.13. Let u € USC(E) and zy € Ff If a smooth function ¢ touches T=u (strictly) from above at
o, and

1
T u(zy) = u(ze) — 2—|x0 —z.|? for some x.€ xo+ R
e

Then (x) = ¢(x + xo — )
and V'i(xe) = V'd(x0) = L

+ 2i| — x0|2 will touch u (strictly) from above at x. € B—f that is close to x,
( ) Rd 1

The proof is omitted since it is similar to the standard sup-/inf-convolution, and the details of the proof
can also be in [8, Proposition 8.6].

Applying this lemma it is standard to check that the inf-convolution and sup-convolutions preserve
viscosity super and subsolution properties respectively.

Corollary 8.14. If u is a supersolution (subsolution) to 2.2, then Tou (T u) is still a supersolution (subso-

lution) to 2.2 (or 2.1) in BLW for some small v = ~y(g) > 0. Moreover, if u is a strong subsolulion, then so

is TCu in Biv' The constant v — 0 as € — 0t.
8.3. Harmonic lift

In this section, we study the harmonic lift of a given bounded subharmonic function v on B_1+ The results
are standard but we want to carefully enumerate the properties of the harmonic lift since v will only be
upper-semicontinuous.

Using Perron’s method, we can define for z € Bifr

w(z) :=inf{u(z); ueC (E), superharmonic and u > v in By }. (8.6)
Note that maxz v is one such superharmonic function so the infimum is well-defined. By the standard
arguments in Perron’s method for the Laplacian, we have w = w* = w, is continuous and harmonic in the

interior Bjf.

Lemma 8.15. Let w be as defined in (8.6), then w* = v on OB .
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Proof. Indeed, since v = v*, we have by the equivalent form of upper envelope

v(z) =v"(z) = inf{h(z); he C (Ff) ,h>wvon Ff}, z EBifL

there will be a sequence of continuous functions h,, . € C (?f) for z € 831", such that h, .(z) = v*(z) =

v(z) as n — oo. Now we construct w,, , such that

Aw, . =0, in B
W, » = hn,z: on anr’

and the w,_ . are continuous up to anr because the boundary data is continuous and the domain is outer
regular. By definition of w, we always have

w < Wy, in B—f
This shows that we have
w*(2) < wp .(2), Yn,
which shows the inequality w* < v. The other side can be obtained directly from the definition of w. O

Definition 8.16. Let v € USC (B_f') be a bounded subharmonic function, then we defined its harmonic lift
to be, with w from (8.6), w* € USC (Ff) N C> (By), which is harmonic in Bf and w* = v on dB; . The

lower semicontinuous harmonic lift of a bounded superharmonic function in Bf' is defined similarly.

Suppose u is a bounded subsolution to in the sense of Definition 2.1 then v is also a subharmonic function.
We denote the harmonic lift of v as 4. For a supersolution v, in the sense of Definition 2.2, we may do a
similar procedure and obtain ©.

Next, we show that the harmonic lifts of sub/ supersolutions are still sub/supersolutions.

Lemma 8.17. Suppose u,v are respectively bounded sub-/supersolutions to (1.1). Then 4,9 will still be sub-
/supersolutions. Moreover, if u satisfies the boundary mazimum principle then 4 will as well.

Proof. The interior PDE follows from the properties of harmonic lift established above. Because of the
inequalities # > u and @& = u on the boundary dBj", if a test function ¢ touches @ from above on Bj then it
also touches u from above at the same point. The viscosity subsolution property of @ follows immediately
from this observation. The supersolution property is similar.

As for the boundary maximum principle, this property depends only on the values on Bj, and @& = u on
Bi. O

8.4. Comparison principle

Let us now prove the comparison principle in dimension d > 2.
Proof of Theorem 1.6. It suffices to consider bounded u, v since we can replace, for some big N > 0, u by
max{u, —N} and v by min{v, N'}. Note that u is upper semi-continuous and v is lower semi-continuous the

compact set Bf, so there is some N > 0 large so that w < N and v > —N. This combined with v > u on
the boundary ensures that min{v, N} > max{u, —N} on the boundary for N large enough.
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We first claim that for all s > 0 there is a 6 = §(u, v, s) > 0 such that

v+s>u on U Bg(m)ﬂB_f'::Dg.
z€0B1N{x1>0}

Indeed, otherwise there will be a sg > 0 and a sequence z; — @ € dB1N{z1 > 0} such that v(z;)+so < u(z;)
for all j, then we have

u(z) —v(z) > limsupu(z;) — v(z;) > s9 > 0,
Jj—o0
which contradicts the assumption.
For £ > 0, we now study in the smaller domain U, = BLV(E), with both £ and v = v(g) > 0 sufficiently
small. Fix sg > 0 small and in the following we always assume ~(g) < 6(u, v, s9) =: dp. On U, we define

4% := Teu and 9, := T.v.

By Lemma 8.17 these are, respectively, an upper semicontinuous strong subsolution of (1.1) satisfying
boundary maximum principle, and a lower semicontinuous supersolution of (1.1) in U.. We write @ and
0, dropping the e-dependence when it is not important. Notice that because 7¢u and T.v are continuous
when restricted to Bf, @ and 9 are also continuous up to B by standard boundary barrier arguments for
harmonic functions.

Now we make a perturbation to a strict supersolution. Let 1 > ¢ > 0 be a fixed small number, we further
consider the following modified functions

u=4°=14 and v=19.—n(z1)s+ + 10n.
It then suffices to show that

u—7) = u — ). 8.7
m%((u v) ;(2%’5}“ v) (8.7)

Indeed, if we have established this equality, then on one hand we have
max (T — T) > max (7T u — Tov) — 1000
U. Ue

> max(u — v) — 1007,
Ue

and on the other hand, we have by Lemma 8.15, 8.11 and Remark 8.6 (5)

T-7) = U — n(z1)4 — 10
agf{’é;(“ ?) Bgta\gg,(’f u — Tev +n(zx1)+ — 10n)

< maxT*°(u—v)+ 100y
D50

= max(u — v) + o-(1) + 100
D50

< 50 4 0:(1) + 1007.

Sending ¢, sg,n — 07 completes the proof.
Let # be a point in U. where the maximum in (8.7) is achieved. We need to show that # cannot be in
U. U U!. By strong maximum principle for harmonic functions & ¢ U..
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We now show that & ¢ U.. According to Remark 2.10 we partition the flat boundary portion Bj into

(o) =N UCpUTy,
with My = N3, Cy = Cg and I'y = I';. For convenience, we will write them as AV, C and I respectively.

We may without loss assume that £ € N UT, because if # € C then 4 — 9 = 4 — K in a component of C
for some constant K, and by boundary maximum principle of 4 there will be another point 2* € I' = 9'C
such that @(2*) = u(#). We can then replace & by this new &*

Next, we observe that, by the definition of tangential sub/ sup-convolutions, at the maximum point & there

exist two quadratic functions Py, P, on R9~! and a constant ¢ such that P, > T B B = Py
and P;(%) = Py(#) =: I. In particular, for some ¢ € R¥~! we can write
1 1
Pi(z)=1+q (' —2)+ —|2' — 2|?, and Py(z') =1+q- (2 —2) — —|2’ — 2% (8.8)

2e 2e

For convenience, we assume ¢ = 0, since it will not affect the proof. We claim that for any kA > 0 small there
exists a smooth function w that touches v from below at Z and

ow

—(2) > —h.
oz, &) 2

This claim will immediately imply that £ € A UT and lead to a contradiction because otherwise w” =
w + n(z1)4+ — 10n will touch ¢ from below at & and 0,w" (&) > n — h > 0, violating the supersolution
condition.

To prove the existence of such w, we let € > 7 > 0 be a small number and consider in the half ball B (%)
the following functions w,; with ¢ = 1,2:

Aw;;(x) =0, z € B (2

)
wri(z) = a(z), x € OB (%) N {z > 0}, (8.9)
wr;(0,2") = Pi(2"), x=(0,2') € Bf (&) N{z1 =0}

The boundary data is potentially discontinuous on B (£) N {z1 > 0}, so we are solving (8.9) by Perron’s
method as in Section 8.3. However, the boundary data on B is polynomial so w;, are smooth in a neigh-
borhood of £. Now w; 1 touches @ from above and w; > touches 4 from below at &, because of the ordering
(wrp)s >0 > w} 5 on the boundary OB;'. According to the subsolution condition of 4,

awT,l

) > 0.
(9131 (x)_o

Notice that, on the other hand, w3 touches v from below at Z. We then just need to show that dyw; (%)
is sufficiently close to d1w, 1(#) when 7 is chosen small. To that end, we need to control W, = w,1 — wr 2,
which will satisfy the following equation,

A, () = 0, x € B (i),
i () = 0, z € OB (2) N {zy > 0}, (8.10)
@, (0,27) = Py(2)) — Py(a’) = P(a'), z=(0,2') € BF(&)N {z; =0},

where by (8.8) P(z') = L[z’ — 2%. By the transformation w,(z) := 5.(7z + &), we observe that w;
satisfies
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Aw.(z) =0, z € Bf(0),
w,(z) =0, z € 0B (0) N {z > 0}, (8.11)
w,(0,2") = |2'1?, z=(0,2") € Bff (0)N{z =0},

which has a universal bound C' on its Lipschitz constant in By, and so
[0ri- (0)] = Z|dre,(0)] < C=~',

which can be made arbitrarily small by choosing 7 small enough depending on e. Note that ¢ > 0 is a fixed
positive number in this argument. O

8.5. Minimal supersolutions are exactly the solutions satisfying boundary mazimum principle
In this section, we show that the minimal supersolution to Equation (1.1) will satisfy the strong subso-

lution condition, and hence the boundary maximum principle.
To construct a minimal supersolution let us first write (1.1) in the following form

Au=0 in Bf
min{du, |V'u|} =0 on B (8.12)
u=g on 0By N{z; >0},

with g an arbitrary continuous function.

Definition 8.18. An upper semicontinuous function w is called a viscosity subsolution to (8.12) if it is a
subsolution to (1.1) and u < g on 9By N {z1 > 0}. Similarly, a lower semicontinuous function v is called a
viscosity supersolution to (8.12) if it is a supersolution to (1.1) and v > g on 9By N {z1 > 0}.

One can easily check that
Wsub () 1= — |9/l »
is a subsolution to (8.12) that satisfies boundary maximum principle on Bj. Similarly, we know that

wsup = 191l

is a supersolution to (8.12).
Define the Perron’s method minimal supersolution

Umin () := inf{v(z); v is a supersolution to (8.12) }. (8.13)

Proposition 8.19. The function vy, is the unique viscosity solution to (8.12) that satisfies the strong sub-
solution condition, Definition 8.1, and equivalently the boundary maximum principle.

Remark 8.20. By applying comparison principle, Theorem 1.6, it can be observed immediately that all
viscosity solutions to (8.12) are bounded from above by the solution vy to the mixed boundary problem

Avy =0, in Bf
UN = ¢, on OB N{z; > 0} (8.14)

ooy =0, on Bf,
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and from below by the minimal supersolution v, to (8.12). In Example 2.4, the solution w(z,y) =
—Re ((z +14y)3/?) to the Signorini problem coincides with the minimal supersolution to (1.1) because w
satisfies the boundary maximum principle. In Example 2.5, the solution w™(z,y) = Re ((x + iy)5/2) to
the sign-reversed Signorini problem is also the minimal supersolution because it also satisfies boundary
maximum principle.

Proof. By the discussion above Proposition 8.19, we have established that wgu, < v i= Vmin < Weyp 15 a
well-defined bounded function. By applying a slight modification of the classical Perron’s method, we know
that the lower envelope v, is a supersolution, and (v,)* is a subsolution. Moreover, (v.)* = v, in Bj is
harmonic, and we also have (v,)* = v, = g on 0By N {z1 > 0}.

It then suffices to show that (v.)* also satisfies the boundary maximum principle. Indeed, with the
boundary maximum principle we can apply the comparison principle 1.6, which implies that (v.)* < v,
and then v = (v,)* = v, on the whole B}, which implies the continuity of v up to boundary and that v is
a viscosity solution to (8.12).

We would like to show using the strong subsolution condition, which is equivalent to the boundary
maximum principle according to Remark 8.8. Suppose for a bounded supersolution @ to (8.12), the upper
envelope 7* does not satisfy the strong subsolution condition, then there is a smooth up to boundary function
Y(21,2") = ¢(w1) (We may without loss assume that ¢ (z1) < 0) that touches * from above at z € By, and
there is a domain © containing z with Q4 =, cq Br(z) N Bf cC By U By for some small h > 0, so that

>0+ s, on )\ Q,

for some small constant s > 0. To reach a contradiction, we consider the function

{min{f},w —s/2}, inQy
Ve =

v, elsewhere.
The proof will complete if we observe that v, is a supersolution to (8.12) but there is a point z; €  such
that v.(20) < 9(20). Indeed, v. = v outside 2 and 1) — s/2 is a supersolution, and hence v, is a supersolution
to (8.12). On the other hand, by definition, there is a sequence z; € Bi" Ll B} such that z; — z and
9(zj) — 0*(2) as § — oo. One can check that v.(z;) < 0(z;) for a sufficiently large j. O
9. Flat asymptotic expansion of a singular Bernoulli problem

In this section, we study the following discontinuous anisotropic model

Au =0, in {u>0}\W,
u=1, on W, 9.1)
|Vu? = Q%(Vu), on d{u > 0},

with the anisotropy @ being a 0-homogeneous function of the form

Q) = {1’ cra (9.2)

2, e=eq,

where e, es,...,eq form an orthonormal basis for R?. More rigorously, we will assume u to be a minimal
supersolution to (9.1). For the definitions and discussion of such solutions, see [14,15].
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We already know that when W is a convex domain, then the free domain {u > 0} is also convex and the
regularity problem of the free boundary can be casily reduced to the case discussed in [9], and the optimal
regularity is exactly C11/2.

In the case that W is non-convex, we would like to divide the free boundary 9{u > 0} into two disjoint
parts:

Hu>0} = {|Vu|>1}UR=AUR, (9.3)
where “|Vu| > 17 is defined in the sense of viscosity. We would like to show the following facts:

1. A is relatively open in d{u > 0};
2. A is composed of open subsets of orthogonal hyperplanes of e;.

Based on the second statement we would like to show that the free boundary will be C1'* in a neigh-
borhood of A U & A. Following the idea of [9,11], we would like to study the asymptotic expansion of the
solution u near A U J'A.

Let us begin with a more precise definition of A.

Definition 9.1. A is composed of all the points 2 € d{u > 0} such that there is a smooth function ¢ touching
u from below at x satisfying V¢(x) parallel to e; and |V¢(x)| > 1.

According to this definition, we know that any point & € A is an inner regular point of 9{u > 0}. For
the convenience of the arguments, we may without loss assume that z = 0 and the solution u satisfies a
half-flatness condition in a unit ball By = B1(0) for small € > 0

u(z) > Ve(0) - o —e = azqg —¢, (9.4)

for some a > 1 and we can also assume Bs(2e1) N By C {u > 0} N By.
Let us now prove that O{u > 0} is flat near x = 0.

Lemma 9.2. With the above assumptions, we show that there is a small number 6 > 0 such that Bs N {u >
0} = Bs N {1 > 0}.

Proof. Observe first that by (9.4) we know that for 7 = Le;

1
25(04—1)—8>>6,

1

for t = (0,t,--- ,t4)T € {0} x R4, |¢| < 1/20. By Harnack inequality, we may without loss assume that

u(x) > €, Vo € By (T).

Let w be a positive function such that it is strictly subharmonic in the annulus A = Bs4(T) \ By/20(Z) and
is 1 on the inner boundary and 0 on the outer boundary. We extend w to be constantly 1 in the inner disc.
It is enough to take

w=c(lz—=7"=(3/4)77),x €A

with ¢ chosen so that the conditions above are satisfied.
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Now we follow De Silva’s argument and compare
w(z) > 21 — e+ Coe(w(z) — 7) =1 v-(x), © € Byo?

This is true indeed for 7 = 1, and we want to show that this is also true for 7 = 0. Let 1 > 7* > 0 be the
smallest number such that the above inequality holds then by strict subharmonicity and strict inequality
inside B /20(Z) the touching point can only be at the boundary. But because of strict inequality [V | > 1
at the touching point, the touching point can only be the origin, which is naturally excluded by choosing
Cp < 1/2. This shows that 7* < 0 and hence the inequality also holds for 7 = 0.

The same argument shows that vo(z + h(0)e;) touches u from below at the origin for some unique
h(0) ~ . Let ||k o (_s 5 < Ce be the function such that for each |¢| < 1/20 we have that vo(z —t+h(t)e1)
touches u from below exactly at the boundary. Similar as before, all the touching points will be of the form
(h(t) + ¢)e; — t for some constant ¢ and cach fixed t.

Now the function h(t) is semi-convex and Lipschitz. Moreover because of the existence of upper touching
functions having gradient zero at each [t| < § we conclude that VA(t) = 0 in the viscosity sense and hence
h(t) = h(0) is a constant. 0O

9.1. A Harnack inequality assuming both flatness and the free boundary being a function graph

We are interested in the regularity of the free boundary near the relative boundary &’A of A in d{u > 0}.
Let 0 € &' A and we consider a solution u to (9.1) that is restricted to the unit ball B;(0). Unlike in the case
of Chang-Lara and Savin [9], we don’t necessarily have the inner or outer regularity of the free boundary
at 0, and so we don’t immediately obtain the differentiability of u near the origin. However, because of the
definition of A and Lemma 9.2, we do know that if u admit differentiability at 0 then |Vu|(0) = 1 and hence
after a rescaling and a small translation, the following flatness condition will be satisfied:

(- p)+ <ulz) <(z-p+e)t, z € B1(0), p € 9B1(0). (9.5)

For the convenience of analysis, we also assume that the free boundary is the function graph of a continuous
function f on the set {x -p = 0}.

The main difficulty of our problem is that we don’t a priori know the position of the facets A, but we do
know the following dichotomy: either 0{u > 0} N By /4004y = Au N B1/(a004) (i-e. the whole free boundary in
B1 /(4004) is completely flat), or the following Harnack inequality is satisfied.

Lemma 9.3. Let p(z) := x - p and | = 155;. There exist constants € = &(d) > 0 and 1/2 > p = p(d) > 0
such that if u satisfies the anisotropic boundary condition |Vu| = Q(Vu) with Q defined in (9.2) on the free
boundary 0{u > 0} N By that is a function graph, u is harmonic in its positive set satisfying the e-flatness
condition (9.5) with 0 < & <&, then if at T = £p

u(@) = p(@) + 5. (9.6)
either
i. the free boundary satisfies O{u > 0} N Bysy = Ay N Byyy, and so is completely flat in By/y;
ii. or there is a point x* € 0{u > 0} N By4 not contained in Ay, N Byyy and
u > (p(x) +ce)y, in B, (9.7)

for some 0 < ¢ =c¢(d) < 1.
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If u(T) < p(T) + 5, then similarly
u< (p(z) + (1 —c)e)s, in By. (9.8)

Remark 9.4. This Harnack inequality doesn’t assume 0 € 9{u > 0} N B;. It also shows that there is no
degeneracy in the flatness parameter € as p = e;.

Proof. We focus on the first case that u(Z) > p(T) + § = 1/5 + 5, because the second case exactly falls in
the case of De Silva [11]. In this case, by classical Harnack inequality, we obtain for some universal constant
m >0

u(x) — p(r) > me, Yo € By (T) . (9.9)

Let w be a positive function such that it is strictly subharmonic in the annulus A = Byy,/5(%) \ B, /20(T)
for some [ > 0 to be determined, and is 1 on the inner boundary and 0 on the outer boundary. We extend
w to be constantly 1 in the inner disc. It is enough to take

w=¢lz -7 -(1+1/5)7"7),z€ A

with ¢ chosen so that the conditions above are satisfied. Indeed, w is strictly subharmonic in A when
v > d— 2. We will choose 7 = d — 1 in the following proof.
Now we follow De Silva’s argument and compare for z € By/3(0) and 7 > 0

u(z) > p(r) + me(w(r — 2) — 1) =t vr.(x), © € By)o? (DS)

Notice that we always have the above inequality for 7 > 1 because of the e-flatness assumption (9.5). Even
for 7 =0, by (9.9) we still have

u(x) > vo,(x), 2 € By2(0), and z ¢ A+ z. (9.10)

On the other hand, we claim that the portion of the barrier free boundary d{v. . > 0} \ {p(z) = 0} is
contained in B, (2") with 7(I) = /31/5 + 312 /4 and 2’ = z—p(z)p. Indeed, the barrier free boundary portion
0{vr. > 0}\{p(x) = 0}, no matter what z € B;/»(0) and 7 > 0, is contained in A+zN{p(x) < 0} C B,;)(z').

Let us now choose a proper [ = [(d) > 0 so that for all 0 < £ < g, z,7, the barrier free boundary portion
Hvr, > 0} \ {p(z) = 0} is the graph of a convex function on {p(xz) = 0}. According to implicit function
theorem, for ¢ > 0 small, the boundary d{v, , > 0} can be denoted by a function & = g(¢’), with (£1,&) a
new Euclidean coordinate system of R¢ such that O¢, = p- V. It then suffices to show that, for a constant
I = 1(d), g is always a convex function. Indeed, we can observe that if we write v, ;(&1,£) = & — €9(§),
with ¢(§) = —m(w(§ — z) — 7), we obtain

(1 — 8851 ¢)V5/g = 5V5/¢, (9.11)
and hence
(Ve)g=e(Ve) ¢+ O(). (9.12)

But we know that

L (Ve)e

mc

- E -7

E—z—aprt

~

Y

= E (9.13)

Id(g—1)x(@-1) —v(v +2)
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with the smallest eigenvalue

¢ = 2 N
=2 +16 — 21— /5P

T=7(v+2) 0,

WIH require
1 1
! 72 2 2
|§ z | < 1|§1 <1 / I l‘fl Z1 / |

Since € € v, > 0} C {—e < p(x) < 0}, we know that |{1—21—1/5| > 1/5—-1/2 > 0for 0 < I < 2/5. On the
other hand, by the prior discussions on (1), we know that on the nontrivial portion d{v. , > 0}\ {p(z) = 0}

€] = |2’ = 2| < (D).
This means it suffices to set

r(l) = /31/5 + 32/4 < %(1/5 —1)2), (9.14)

or simply choose | = ﬁ.

By the previous paragraph, we deduce that there is at most one point y* = y*(7, z) on the nontrivial
portion of the barrier boundary d{v, . > 0} \ {p(z) = 0} such that Vv, . is parallel to e; at y*. Let us now

discuss the position of y* for different z and 7. Observe that if one writes 1 = p - p, then we have

vr 2 (2) = p(x) + me(w(z — z) — 1)
= p(z — meTp) + mew(z — 2)
= UO,z—mETp(x - mng)

= UO,z—ﬂp(x - 61))’

where we define f = me7. By this formula we have

y*(7,2) = y" (0,2 — Bp) + Bp.

Furthermore, we have for 2’ = z — p(2)p

y* (1, 2) = y" (0,2 = Bp) = y™ (0, (p(z) — B)p) + 2’ + Bp.

Thus, we obtain that the positions of y*(7,z) are just translations of y*(0,(p) =: y*(¢). Using this one
parameter family of y*, we now consider the following subfamily of v, ,: for each 7 > 0 such that if
y*(1,0) = y*(—meT) + meTp exists in the nontrivial portion d{v,o > 0} \ {p(z) = 0} and the tangential
magnitude |(y*)'(r,0)| = [(y*)' (—meT)| < 1/4, we choose z = 2/(7) € By/2(0) N {p(x) = 0} so that

2(7) + (") (=mer) = (27,

which means that we can make sure that (y*)'(7,z(7)) = (¢*)’, and therefore the touching point can never
be y* by the assumptions on x*; for the rest cases (either 7 > 0 doesn’t correspond a y* or |(y*)'| > 1/4)
we choose z(1) = 0.

We are now able to complete the proof by simply considering the De Silva argument (DS) with v, .
replaced by ¥, := vy ;) and hence showing the inequality (9.7) for some constant {/2 > u > 0 (even
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though we wrote [/2 in the De Silva argument (DS), we eventually obtain the improvement in a smaller ball
of radius p). Let 7% > 0 be the smallest number such that (DS) is satisfied for ¢.-+. Because of our choice of
z = z(7), it suffices to consider the case that y*(7*, z(7*)) exists but |(y*)' (7%, z(7*))| > 1/4 (in other cases,
because the touching can never happen on y* due to our choice of z(7), this is a similar touching argument of
De Silva, which shows that 7* = 0). In this case, z(7*) = 0, and the boundary portion 8{,+ > 0}\{p(z) = 0}
is the function graph of a convex function §; = g(&’) on B,(;y(0) N {p(x) = 0}, and Ve g(0) = 0. According
to (9.11), (9.13) and (9.14), we know that the function ¢ is in fact emh(d)-strictly-convex for some h(d) > 0,
and hence

9(0) + emh(d)|(y")'(r*,0)]> < g ((y*)'(%,0)) <0,
which shows that

mh(d)I2
16

On the other hand, we have

which shows that

This leads to the following inequality

h(d)?
16

u(z) > p(x) + me {w(x) —w(g(0),0) +

Because the gradient of w is bounded near the origin and the point (g(0),0) is e-close to the origin, we know

that there is a constant u(d) > 0 such that for all z € B,,(4(0), |w(z) — w(g(0),0 Swand
Iz (d) 9 32

h(d)i?
32

u(z) > p(x) + me

} , for all z € B4)(0),

h(d)1?

64d1000¢ * o

where we can simply choose u(d) =

Corollary 9.5 (Harnack Inequality). There is a universal constant €, such that if u is a viscosity solution to
(9.1) and it satisfies at some point xy € O{u > 0} and for some p € 0B1(0)

(x-p+ag)sr <ulz) <(x-p+bo)s, in Br(xg), (9.15)
with
bo—ag <er,0<e<?
then
(xp+a1)y <ulz) <(z-p+bi)+, in Bru(xo),

with
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ap < ay <b; <bg, by —ar; < (1-c)er,
and 0 < ¢ < 1 universal.
Proof. The proof is essentially the same as De Silva. O
The above corollary, by a similar argument in [11, Corollary 3.2], shows the following result.
Corollary 9.6. The functions

w(x)—x-p
€

We =

have a uniform Holder modulus of continuity at 0 in By, outside a ball of radius /2, i.e. for all x € By
with |z| > /&

we () — we(0)] < Claf”.
9.2. A compactness result

In this section, we show Proposition 1.5 by proving several lemmas.

Remark 9.7. We will also show that for p # e1, the function w corresponds to a solution to the zero Neumann
boundary condition.

To prove this proposition we would like to study the following blow-up families of functions

u(z) —x -
wolz) =MD = TP (9.16)
€
We argue by contradiction and assume that there is a subsequence (uy, €x), where uy, is a solution to (9.1)

in B1(0) with ex-flatness and e, — 07, and we define

U — TP

(9.17)
€k

Wy =

By Corollary 9.6 and Arzela-Ascoli theorem, we know that wy has compactness in C'(5/2), which allows
us to assume that for some w € C*(By/o N {x - p > 0}), the following uniform convergence

w — w, uniformly on By /s. (9.18)

In particular, the free boundary (0{us > 0}) N By, converges in the Hausdorff sense to {z - p = 0} N By s.
Now we finish this section by characterizing the equation for w in the following lemmas. For notational
convenience we define the following subsets of {z - p > 0} N By /5:

Bt .= {z-p>0}NByyand B :={x-p=0}NDBp.

Lemma 9.8. For general p € 0B1(0), the limit function w is a viscosity subsolution to the following Neumann
problem

Aw=0 in BT,
(9.19)

Opw >0 onB,
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where 8, = p- V. Moreover, the function w is harmonic in BT.

Proof. Tt suffices to check the condition on the flat boundary because harmonicity of wy’s are preserved
under uniform convergence in the interior. Suppose there is a smooth function ¢ touching w from above at
some g € B’, then by standard theory there are (¢, xx) such that ¢, = ¢ + ¢ touches wy from above
at € By N ({ur > 0} U 0{us, > 0}), and (cp, ) — (0T, z0) as k — oo. Denoting ¢, = x - p + rpr,
it is equivalent to say that ¢ touches uy from above at xj for each k. By performing the transformation
o p+n(x-p—x0-p)— Cn)(x-p—x0-p)? for suitably chosen 1, C(n) > 0, we may assume without loss
that zp € (O0{ux > 0}) N By 2. Now because |Vug| > 1 on the free boundary for each k, we have

1+ 26k8p¢($k) + O(&k) = |V(]§]€|2 >1,
which implies that
Opp(z9) > 0. O

Lemma 9.9. In the case p = ey, w satisfies the strong subsolution condition, Definition 8.1. That is, there
are no C' up-to-boundary function of the form w(x1,2") = (x1) that touches w from above in p N Bf' at
some xg € B’ and ¢ > w in Qp, \ QN B where Q is an arbitrary open domain of R¢ containing o and
Qi = UyeaBn(y) for some small h > 0 so that Q, N B cC B U Bj.

Proof. Similar as before, we have ¢ = 1 + e, (¢+ cx) touching ux, = 1 + cxwy, from above at x, € H{ug >
0} N By, that converges to xg as k — oo. Because of the strict inequality ¢ > w in €, \ QN B} and uniform
convergence of wy to w, we also have ¢r > ug in Qp \ QN {ug > 0}. If |01 0| (zx) < 2, then

_— {min{um (¢%)+(x —me1)}, in QN BY,
k=

[ elsewhere

will become a new supersolution that is strictly smaller than uy for some small 0 < < r; — 79, which is
impossible because uy is assumed to be a minimal supersolution to (1.11). Now, we have

1+ 2e.01p(wp) + o(ex) = [Vor|* > 2,
which implies that
U'(0) = Ovp(xr) > O(1/ey),
for any k large. O
Lemma 9.10. For general p, we extend w to the whole By /3 evenly, and then w is subharmonic in By z.

Proof. It suffices to check points x € Bi/z- Indeed, suppose ¢ touches w from above at = € Bi/zv then we

may start with locally (z, =z - p, z = (zp,2))

w(l'p, :1:/) _ SD('Z.IH CC/) +2(10(_xp’ ‘T/) .

Now we have

Aw(fbp, 0) = AQD(Ipa 0)7 3p¢(1‘p7 0) =0,
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and v also touches w from above. Let 9. = 9 — ex, + C; for small € > 0 and some C. > 0. By standard
theory, we may choose C; so that 1. also touches w from above at some z. € By, and x. — z as € — 0t.
We claim that all z. ¢ B /2 because the function w satisfies 9w > 0 in the viscosity sense, and hence if
ze € B} /2

Opthe(xe) = Opyp(we) — € 2 0,
which violates the definition of ¢). Therefore, z2 € By/z \ Bj 5, and so Ap(z) = Ay(z) 2 0. O

Lemma 9.11. In the case that p = ey, we show that if a smooth function ¢ touches w from below at some
x0 € B and satisfies |V'|(xo) > 0, then we have

81(,0($0) S 0.
Proof. We follow a similar procedure as the proof for subsolution and obtain a converging sequence
(ck, k) — (0T, 20) such that ¢ := x1 +ex (¢ +cx) touches uy from below at z € (O{ux > 0}) N By 2. Since
[V'o(x0)| > 0, for large k we also have |V'¢(xy)| > 0, which implies that by the super-solution condition of
ur at xy,
1> |Vor[(x1) = 1+ 26101 0(xx) + oler),
and so we obtain d;p(zx) < 0 for all large k. This completes the proof. O

Lemma 9.12. In the case that p # e, then w is harmonic inside By /5.

Proof. This is immediate by observing that for any touching function ¢ from below, there is some § > 0
such that

Ip+ CeVepl> — |(p+ CeVy) - e1]” >0,
independent of small e > 0. O
Proof of Proposition 1.5. The proof is done by combining the above lemmas. O
Appendix A. Classification of homogeneous solutions in 2D
In this section, we discuss the classification of homogeneous solutions of the form
u(r,0) =r*m(0), r >0,k > 0,0 € 9B N{x; >0}
to the equation (1.1) in dimension d = 2. Before discussing the classification, let us notice that any homo-
geneous solutions as described above to the problem (1.1) are also homogeneous solutions to the no-sign

Signorini problem (7.2). This is because, by the boundary condition of u, we know that m (similar to the
boundary condition of & in (6.7)) satisfies

min {7aﬁm(9), VIV-m(@)2 + m2(6)} =0 for 0B,
which implies that m also satisfies

min {—dzm(0),|m|(0)} =0 for 6 € &'Bj. (A1)
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Therefore, we only have to discuss the homogeneous solutions to (7.2). At this point, the analysis becomes
very similar to the classical Signorini case, but we present the details anyway to be complete.
In dimension d = 2, we call x1 = y and xo = x, and take 6 to be the standard polar coordinate, i.e.
tanf = £. We can further write
u(r,0) =r*m(0) for r>0,0¢€[0,n].

Due to (A.1) and u being harmonic in Bj, we know that m satisfies

{m”(@) +K2m(9) =0, for 6 € (0, )
min{m/(0), [m[(0)} = min{—m/(x), [m|(x)} = 0.

The general solution to the equation can be written as

Megeneral = @ cos(Kl) + bsin(k0)
for some real numbers a, b. By the boundary condition, we have (we can without loss assume that £ > 0)

min{b, a|} =0,
and
min{asin(km) — beos(km), |a cos(km) + bsin(km)|} = 0.

Suppose b > 0 then |a| = 0 and we can further assume that b = 1 after normalization. This implies that

min{— cos(k), |sin(km)|} = 0.
Since cos(km) and sin(km) can not be both zero at the same time, we obtain either

cos(km) < 0, sin(km) = 0,

or

cos(km) =0, | sin(km)| > 0.

In the first case we have k = 2k — 1, k € Z, and in the second case we have kK = 2’“2_1, k € Z 4. From this

we get
m,, = sin(kl), k =2k — 1, or (2k —1)/2, k € Z. (A.2)
In the case b = 0 and |a| > 0, we can normalize so that |a| = 1, and obtain

min{=+ sin(k), | cos(km)|} = 0.

This gives in the casc a =1, k = ‘““T_B and in the casc a = —1, k =

4k—1
2

,or in both cases k =k fork € Z_..
From this we get

m,, = cos(kl), k = ork,keZy, (A.3)
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or

my = — cos(kb), k = —— ! ork,keZ,. (A4)

Now combining (A.2), (A.3) and (A.4), we have that any x-homogencous solution u,, to (7.2) takes one of
the following form with k € Z

1. Fork =2k —1or (2k—1)/2

ue =Im (22 + i[21])");
2. For k = 43 or k

u,; = Re ((x2 + i]21])");
3. For k= %=L or k

u, = —Re ((z2 + i|z1])7) -

Notice that the cases k = #=2E with u,, = FRe ((z2 + i|z1])") can be identified after reflections with the
case k = (2k — 1)/2 with u,, = Im ((z2 + #|21])%).
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Chapter 5

(Non-)gradient flow structures of the
mean curvature flow

5.1 Introduction

Mean Curvature Flow (MCF) is widely known to be a formal gradient flow of the
perimeter functional. To be more specific, let T; = J;(I'y) c R? be a smooth family
of hypersurfaces, where J; satisfies the following ODE

{jt:V(t,Jt), te [0,1],
Jo(x) = x.

If the vector field V(¢,-) = H = N is the mean curvature vector field on I';, then
the trajectory I'; is called a mean curvature flow. On the other hand, by the first

variation formula of the perimeter, a MCF satisfies

d a1 / 7112 10 ,d-1
— I'y)=- H|“d 5.1.1
U ) = [ |HPar, (5.1.1

where #%! is the d - 1-Hausdorff measure on R?. Formally speaking, we can
naturally define a Riemannian structure on the space of hypersurfaces: at a hy-
persurface I' c R?, the tangent space is defined as all the normal vector fields on

I, and for V', W* in the tangent space, there is an inner product
(V- WH)p = /F VLT anL, (5.1.2)

In the above Riemannian structure a MCF is indeed a formal gradient flow of the
perimeter H41(.).
This structure, however, turns out to be degenerate. By the work of Michor

and Mumford [127,/128], the geodesic distance between any two hypersurfaces is

247
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zero. Now it is very natural to ask: is there an alternative gradient flow structure
for MCF on a nondegenerate metric space of hypersurfaces?

To deal with the issue that pushforwards of Hausdorff measures do not pre-
serve uniformness under the flow of general normal vector fields, Shi and Vorot-
nikov [162] proposed a new Riemannian structure with tangent space defined as

a subspace of vector fields on I' composed of V such that
divpV = Const., (5.1.3)

where divr is defined as the tangential divergence on I'. For V,W in the new

tangent space, the inner product is defined as
(VW) = fr VWi, (5.1.4)

Notice that, different from (5.1.2), the right-hand side of involves the tan-
gential components of V and W.

In the Riemannian structure described above, Shi and Vorotnikov discussed
the gradient flow of perimeter functional and discovered a new geometric flow
called Uniformly Compressing Mean Curvature Flow (UCMCF). The MCF itself can
also be understood as a flow in the new structure by modifying the tangential
components of the mean curvature vector fields [2], but because of the modifica-
tions in (5.1.4), the velocity field that drives UCMCF has a nontrivial difference
from that of MCF in general.

Moreover, UCMCEF is also a gradient flow of log perimeter in the space of nor-
malized Hausdorff measures. This space is canonically embedded into the Wasser-
stein space (in the sense of Otto’s formal Riemannian structure [139]) because the
tangent space is defined as before and the inner product is simply a normalized
version of the inner product

(V, W) :=]£X7~Wd7-td’1. (5.1.5)

This embedding ensures that the geodesic distance induced by (5.1.5) is non-
degenerate because it is lower bounded by the Wasserstein distance. Similarly,
tangentially modified MCF can also be discussed in this normalized structure.

More detailed discussions of the structure and the flows are contained in Section
2.
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In [128], Michor and Mumford also proposed a nondegenerate metric for plane

curves by adding a term that involves curvatures to
(V4 W)y = fr(1+/<;2)I7L-I7VLdH1, (5.1.6)

where x is the scalar curvature of the curve. In this structure, MCF can be

understood as a flow directly without any further modifications.

The Riemannian structures and are appealing for various rea-
sons. First and foremost they both result in nondegenerate geodesic distances on
the space of embedded curves. The Shi-Vorotnikov uniformness-preserving met-
ric is also appealing for preserving the “density of grid points” on the curve, a prop-
erty that helps increase the computational stabilities of surface evolutions|132].
The tangential constraint and the metric also arise in evolution
models for incompressible membranes [87,/132,/135]. Both metrics were intro-
duced in the context of studying the MCF or MCF-like flows as gradient flows.
It is natural to ask if the MCF itself is a gradient flow of some functional under

these metric structures. In this paper we show that it is not in both cases:

Theorem 5.1.1. The mean curvature flow for simple closed plane curves is not
a gradient flow either in the Riemannian structure proposed by Shi and
Vorotnikov [162] or proposed by Michor and Mumford [128].

As far as the author knows, no results concerning non-gradient-flow properties
for MCF have been published (neither do those on rigorous gradient flow struc-
tures). On the other hand, many works over the past few decades indicate that
MCF can be well approximated by true gradient flows. For example, it is known
that MCF can be understood as the sharp interface limit of the Allen-Cahn equa-
tion, which is an L? gradient flow of a Ginzburg-Landau type functional [97]. The
well-known MBO thresholding scheme [126] for MCF is proved to have a discrete
gradient flow structure [76,111].
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5.2 Some preparations
5.2.1 On a submanifold of the Wasserstein space

In [162], Shi and Vorotnikov discussed a special Riemannian structure on the
space
Co={TeC™ (S*1;R?); I is an embedding of S¢! in Rd} /~,

where “~” is the equivalence relation that identifies any two embeddings with the
same image. Although the arguments in this section can also be applied to higher
codimensional cases, we will focus on hypersurfaces. The new structure naturally
gives an embedding i : C; - Wy(R%) to the 2-Wasserstein space of probability

measures on R?, where the assignment i is defined as

A ‘Im(F)

= () (5.2.1)

i([T]) -

We will not distinguish T', [T'], i([T']) and Im(T") when it is unambiguous. For
example, “dI"” will simply mean “d (i([T']))”.

Definition 5.2.1. We call C; endowed with the metric (5.1.5) the Coherent Space
of hypersurfaces in R?. At each I € C4, we would call TrC, the space of all vector
fields V on T satisfying (5.1.3) the Coherent Tangent Space at I'.

We start by discussing the paths in C;. Let ®,(x) be a flow map of the following
ODE

{@ =V(t,®), te[0,1], (5.2.2)

Do(z) = z.
We consider T’y := ®,(T'y) (flow of images) and observe according to first variation
formula [97], for every smooth test function ¢, I'; (as normalized Hausdor{f mea-

sures) should satisfy
d d fHd—l
L [ ar, =L f gt
dt/C CTodt q:‘t(FO)C HA-1(Ty)
1 X / d*l 1 / . = d*l
= s YV @A s [ Cdivr, V (2,
HA-1(T,) '/Ft v¢-V(t,)dH +7—[d*1(1“t) cm ivp, V (t,-)dH

_; ; (4 . d—l,; d-1
T fr A V(8 )AH fr .

:va-V(t,-)dl“t+/((divrtf/(t,-)—[dintf/(t,')dFt)dFt.

(5.2.3)
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Observe that if V is smooth, then we have by Poincaré inequality,

‘ dt f Gl

which means that the path I'; is in fact a Lipschitz path in the Wasserstein space.

<C’(HV”L2 +||divy, V (¢, ) - fleptV(t )dry

B )WCHL%, (5.2.4)

Let us now interpret ®;(I'y) (flow of images) as a pushforward of measures.

Proposition 5.2.2. Let I', = &,(I'y) be defined as before with respect to a smooth
vector field V, then T; as a family of probability measures should satisfy for all

smooth test functions ¢,

d .
Efcdrt:fv(-(vvatUt)drt,

where V* is the normal component of V and U, satisfies the following elliptic equa-

tion
Atht—/V Hdr, -V - H,

(5.2.5)
f U,dT =

Moreover, if ®, is the flow map of the vector field V* + vr,U:, then we have

d I‘FO

HI-1(To)

Hd—l‘rt

HI(T,) =)

(5.2.6)

Remark 5.2.3. (i) The transformation
P-= Ppt : TFtWQ - TFtWQ
‘7 d Vl + Vr‘t Ut

is a projection, where Tr, W, is the space of all smooth vector fields on I'; (we
would call this the Wasserstein tangent space). Indeed, if we call ndivp W =

divrW — [ divpWdI', then it can be seen by the following computation
f ¢ndive, (V* + Vi, Uy )dTy = f ¢divy, V4T, - / divy, VdT, - / ¢dr,
+ [ carUir,
:fg(-v. ; +[V-FIdFt)dFt (5.2.7)
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(ii)

(iii)

(iv)

v)

Observe that the projection P = Pr, only relies on the information of the
current surface I';. Moreover, the image of the projection Pr is indeed the
coherent tangent space because of the above remark. Since the structure
defined in is simply the restriction of Otto’s formal Riemannian struc-
ture [139], we arrive at the conclusion that C; is indeed a Riemannian sub-

manifold of W, (R%).

The vector field V* + vr,U: can be written as the gradient of some function.
Indeed, if we take an ¢-tube neighborhood of I';, then we may just find that
V% = vV, onT, for some function V; that is nonconstant only along the normal
trajectories. Extending U; as a constant along the normal trajectories, we
then can write, at least in a e-tube neighborhood of I'; there is a function

V; + U; such that V* + vr,U =vV(V;+U) on T'y.

This proposition tells us that given any smooth path of curves I';, t € [0,1],

there is a smooth reparametrization ®;(6) : S*! - I'; c RY satisfying

\Jdet (Dg®7 Dydy) = 1,/15%!,
where [; := H¥1(T',). In particular if d = 2 then we have |9y®¢| = I;/27.

When d = 2, we know that C; is connected by paths of the above type. This
is indicated by the Whitney—-Graustein theorem, which states that regular

homotopy classes of plane curves can be classified by their turning numbers.

Proof. First observe that

f ¢divy, VT, = f divy, (CV') = Vr,C - VD

o i (5.2.8)
:_[CV-HJertC-VdFt.

Now the last term in formula (5.2.3) becomes

/VC-VdFtJrandintf/dFt - f((/V-FIdFt—V-FI)+VlC-f/dFt.

Using this equation and the estimate (5.2.4), we are able to solve

d . i i
. f ¢dr, = [ V¢ - Gyl = f V¢ Vdl; + f ¢ndivr, VT,
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with G minimizing the L?-energy [ |G;?dl';. This is equivalent to solve
f VC : étdrt = f VC : Vdft + f Cndint Vdft
fg(fﬁﬁdrt—f/ﬁ)+vl<.f/drt.

Fixing ¢ = 0 on I';, we observe that a solution G‘t should share the same normal

component with V. Hence we need only compute the tangential component, which
is equivalently solving

f V1, ¢ QudTy = f g(/ V- Hdl; - V.H) drl;. (5.2.9)
Moreover, because the normal part of G; is fixed, we just need to minimize the
L*-energy of its tangential part Q;. To that end, we recall that the space of tan-
gential vector fields on I'; (which has the same topology as the unit sphere) can be
decomposed as the direct sum of two orthogonal subspaces: gradients of func-
tions and divergence-free vector fields. Here a tangential vector field S is called

divergence-free if for all test functions ¢ € C{°(R?)
f Vr,¢ - §dT; = 0., (5.2.10)

Observe that if @, is a solution to (5.2.9) and S is a divergence-free vector field,
then @, + S is still a solution to (5.2.9). Therefore, to minimize the L?-energy of

the tangential component it is equivalent to find Q; satisfying

/ |Q; + S|2dT; > [ |Q;|*dTy, ¥ divergence-free S,
which gives us the following variational formula

/ Q; - Sdr'y = 0, V divergence-free S.
Now we may write for some function U; € H(T';)
Q;f =vr,Us,

and then we can modify as

[ ve-vnvar,= [¢( [ V-far - v-f)dr,
which is equivalent to solving the elliptic equation (5.2.5). We immediately ob-
tain the smoothness of Q; from the standard elliptic theory. Equality is

obtained by observing that ®; is a constant-speed reparametrization for I'; for all
t. O
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5.2.2 The uniformly compressing MCF

Let us now discuss a geometric flow that is very similar to MCF. We define the log
perimeter functional R on C; as R(I') :=log H4}(T"). Its differential can be written
explicitly: Let I'; be a path with respect to some vector field V for t € [0,1]. Then

we have by the first variation formula

d
—R(T
o (T't)

d d-1 ‘
— logH T
o i g (I'y) 0

o Hd_l
- H - Vd————
»/1:0 'del(l—‘o)
—fH-f/dro.

The (coherent) tangential derivative of R at I'y is the realization of the above dif-

ferential in the coherent tangent space Tr,C;, which means that there is a unique
Ve,R(Io) € Tr,Cq such that

fvcdR(ro)-Vdroz—[H-Vdro, VV eTr,Cy

The gradient flow of R with respect to the coherent metric was first in-
troduced by Shi and Vorotnikov [162] and is called the uniformly compressing
mean curvature flow. It is the following interface evolution written in weak form:

I, :[0,T] - C4 satisfies for all smooth test function ¢,

%fcdrt=—/VcdR(Ft)'VCdrt-

Let us now compute V¢, R. Recall that for all coherent vector field V

[
|
=
<
N
=

f Ve,R-Vdr

I
|
~
.mx
<
S
=

while on the right-hand side, if we denote the normal part of V¢, R by w, and its

tangential part by v/, then we have

—[ﬁfﬂdf - w-VidnvaW-vadr

g

-

VLdr - f W ALUdD

Vhdr - f VLW HdD

<i

Lo (w-WH)dT.
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Since this holds for all normal velocity fields V*, we get the pointwise equality
H = -+ WH. On the other hand, by the coherence of the vector field V¢, R we
have the equation ~ArW = [ @ Hdl - @ - H, then we get

AW = [w-ﬁdr—w-ﬁ

[(W—l)]ﬂ\2df—(W—1)|ﬁ]2. (5.2.11)
At this stage, we obtain the following lemma.

Lemma 5.2.4. Let IV be the unique solution to (5.2.11) such that [ WdI' = 0, then

the coherent tangential derivative of R atI' takes the following form
Ve,R(T) = (W -1)H + vrW.

Remark 5.2.5. The above lemma implies that the uniformly compressing mean
curvature flow is generally not mean curvature flow. Indeed, the UCMCEF is driven
by (1 - W)H in the normal direction instead of simply H, and when the surfaces
are not of constant curvature, W is a non-trivial function, and hence the flows

are distinct.

5.2.3 MCF as a flowon C;

In previous sections, we derived the gradient flow of log perimeter under the spe-
cial submanifold structure induced by the embedding C; > W, (R?). Now we would
like to interpret MCF as a flow on C;. We may write for some surface I' and its

mean curvature vector field H = Hr
Pr(H)=H+Vrx,

where Y satisfies
NS f \H|2dT - | AP,
(5.2.12)
f Sl = 0.

Thinking of P.(H.) as a vector field on C; we can see that a MCF I, (viewed as

normalized Hausdorff measures) satisfies for all test function ¢

%/CdPthVC’PFt(FI)dFt-
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That is to say, the MCF is the flow of the vector field P.(H.) on C,. This flow may be
referred to as “tangentially modified” MCF. It is equivalent to MCF when we look
at the support of the flow.

5.3 The proof of Theorem 5.1.1

The proof of the first part is composed of Sections 3.1 and 3.2. The proof of
the second part with respect to the structure proposed by Michor and Mumford

follows the same outline and is given in Section 3.3.

5.3.1 The hypothesis and a criterion

We are interested in the existence of an energy functional F on C; such that its
gradient flow in the coherent space is exactly the mean curvature flow (also known
as the curve-shortening flow). If there were such an energy functional ¥, then
for any closed path of simple closed plane curves I'; driven by some vector field

V; € Tr, W, for t € [0,1], we would have

d . _
%f(rt) == (Prt(HFt)’PFt(W))TFtWQ

=~ [ (Hu-Vi+ Ve, 5 91,0 dT,

where ¥, satisfies (5.2.12), and U, satisfies (5.2.5). Integrating both sides with

respect to t € [0, 1] we have
1 L
0=F(T1) - F(To) = - fo / (Hy- Vi + Vi, 5 - Vr, Uy ) dlydt.

Thus if the MCF were a gradient flow in Cy, then the vector field P.(H.) would be

“conservative”: its integral along any closed path in C; would be zero.

Hypothesis 5.3.1. For all closed paths I'; driven by a vector field V; = Pr,(V;),
1 L
/0 f (Hy Vi + Y, 51 - Vi, Up) dUydt = 0, (5.3.1)

with ¥; and U; defined the same as above.



5.3. The proof of Theorem|5.1.1 257

We present the proof by giving a contradiction of Hypothesis [5.3.1] Observe
that the first term satisfies

1, . 14

H-Vdthz/ CR(T,)dt

Sy A viran= [ SR
=logl; —logly

:O7

and hence we only have to compute

1 1
fo f Vr, 5 - Vi, UpdDydt = - fo f S Ar, UpdTydt

1 N iR
- fo f S0, - VidTdt.

According to Remark (iv), we have a smooth (piecewise smooth in time) con-

(5.3.2)

stant speed reparametrization ®;(#) : S' - I'; such that |9y®;| = [;/27. This implies

that for every ¢ € [0, 1] we have
L 1 o« . .
/ YiHy - Vidl'y = o [0 Ei(e(0)) He(Pi(6)) - Vi(Pi(6))db. (5.3.3)

Assuming that s = s; € [0,/;] is a unit speed reparametrization of I';, then we have

Os = %—f&g, and hence we have
. ) | 47?
V(@:(0)) = 0.(0).  H(2u(8)) = —3-039,(9), 0 € [0,2n]. (5.3.4)
t

Moreover, the differential equation for () = ¥;(®4(9)) is

_ 2 27
085 = T [ [ 0be a0 - ogan], o< (0,2r)
L li L2mJo (5.3.5)
5¢df = 0.
We solve equation (5.3.5) via Green’s kernel G(6,¢) : [0,27]% —» R satisfying
~05G(0,€) =0¢(0) - o—, €,0¢[0,27],
2m (5.3.6)

/0% G(6,6)do = 0.

Green’s kernel G to has the following form, although we will not need it,

G(8.8) = (€~ 0)" +min(,0) - S(6+0) + 5. 5.3.7)
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Now, the solution ¥; can be written as

_ 4 2 27
zt(m:—% | co.ope o (5.3.8)

Collecting (5.3.4) and (5.3.8), we may rewrite as

[ C 7 8 3 2m 2 .
fEth'thFt:_ziéifo fo G(0,6)|05Pu(€)* 05 - (0)dEdo. (5.3.9)
t
Introducing &, := ®,/l;, we have, ignoring the constants
1 2 2 ) - .
7 /0 fo G(0,8)]05P:(&)|"0 @1 - ©(0)dEdO
t
e 2& 202% &
B /o [0 G(0,6)|05P(&)°0y Py - 1(0)/1:dEdO

2 27 N .
:fo fo G(0,6)059:()|* 05 - B1(0)ddo

2T 2T - ~ ~
rologle [ [T GO.0105)I 5B di(6)dedt

(5.3.10)

Observe that &, is also a constant speed parametrization of another closed path

I'; = Im(®;). Moreover, we have that #* ! (T;) = 1.

Lemma 5.3.2. If Hypothesis holds true for all closed paths, then given any

smooth curve I € Cy and its unit speed parametrization ® : S' - T' c R?,
2w 2 12 12 1 2w 9 2 212
f D2 D2| da——[ 1| d@f \D2®2d6 = 0. (5.3.11)
0 21 Jo 0
In particular, for any @ € R?,
2 9112 1 2w 2w 212
f - i |D20| d9:—f cp-adef D20 2d6. (5.3.12)
0 27 Jo 0

Proof. Integrating both sides of (5.3.10) with respect to time ¢ € [0,1] we have,
according to Hypothesis [5.3.1

1 21 27 - ~ ~
fo B, log l; fo fo C(8,)[02®,(€)[2028, - y(0)dedddt = 0. (5.3.13)

Fixing ®,, we observe that equation (5.3.10) still holds if we replace ®; by [,®, for

any smooth positive 1-periodic function l;. This implies that

fo%r fozw G(0,6)059:()|* 051 - 4(0)ddo (5.3.14)
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is independent of time. Since by Remark[5.2.3]|(v) C; is path-connected, the above
quantity should be a constant for all elements in C; that have perimeter 1. On the

other hand, we have
ag|<§t|2 = 283&% . i)t + 2|89(i)t|2
= 205D, - Dy + 2,

and then
2 21 9% 2025 & _1 21 9% 9 2 9% 12
[T G000 PR - Bi0)can =5 [T iREOF [ G(0.6)ofI@ v
1 2r ~
=5 J. |®,|%|05 ®,|*d6

1 27 27 ~
= [ 1@de [ (05 dde.
e [ @0 [ 1030
(5.3.15)
We have shown (5.3.11) by observing that the quantity above is clearly O for any
circle with perimeter 1. Equation (5.3.12) is derived by variation of (5.3.11) in the

direction 1. ]

5.3.2 The construction of a counter-example

Although (5.3.12) seems unlikely to hold for all curves in Cs, we provide here a

counter-example to exhibit precisely the contradiction.

Lemma 5.3.3. There exists a smooth constant speed embedding ® : S' - T' c R?

such that there is a i* € R?

27 1 2T 27
/ ®. it |[D2OPdO + — f <1>.a*d9f D20 d6.
0 21 Jo 0

Proof. We would like to construct an example of the shape illustrated in Figure
[6.1] LetT., 0 <e « 1 denote a family of curves that are smooth in a neighborhood
of scale O(¢) at each node A, B and C, and coinciding with the triangle AABC
elsewhere, and p. is defined as their arc-lengths. To illustrate the shape of I';, we
translate one of A, B,C to the origin and rotate the triangle so that the triangle

can be locally written as the function graph of

_Jeot(a/2)z,  xe€0,e],
Vi) = {—Cot(a/2)x, x €[-¢,0), (5:3.16)
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06

04

02

Figure 5.1: The example curve I is close to a right triangle with mass center O;
A-(5-9). 5= (4-5).c- (1 6),
where « € [0,27] denotes the open angle of the cone at the chosen node. We would

like to construct I'.’s by replacing ) by some function u satisfying

’U,”(.T}) = ¢6($)7 T € [—6,8],
u'(—€) = —u'(e) = —cot(a/2), (5.3.17)
u(-¢) = u(e) = cot(/2)e,

where we would like to choose ¢. € Ci°(-¢,¢) to be an even function satisfying
p-(x) =K >0o0nze (-e+e%e-¢?) and 0 < ¢. < K elsewhere. Observe that the
replacement of i) by u gives us a smooth curve near the chosen node.

Before computing (5.3.12), let us compute some basic qualities of u. By com-

patibility condition, we have
(26 + O(2))K » f b (2)dz = 2cot(a)2), (5.3.18)
—&

which implies that

K

_ _COt(:/Q) +O(1). (5.3.19)
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On the other hand, we have the derivative of v has the form

T 1 €
W (@)= [ody-5 [ ou(2)dz
—£ -&
- Kz +0(e) (5.3.20)
_ cot(a2) z+0(¢).
€
Collecting these values, we are now able to compute (5.3.12). Observe that be-
cause our refinement of triangle AABC is only at scale ¢, we have the following

asymptotics (where ®.(s) is some unit speed reparametrization of I';)

p. % 3+/3, f . ds f ID2d.2ds = O(K22) = O(1), (5.3.21)
and
f ®.|D2® |*ds = f K2dsA + / k2dsB + f k2dsC + O(1).
B(A,10)T. B(B,10e)T. B(C,10¢)nT.
(5.3.22)

Using (5.3.20) and (5.3.17), we have
9 c |u//|2
f K ds = —_—
B(A,10¢)T. - (1+|u/]?)3
e ol

= (L+ [ )5P2

e dz
-1 L (1+(Kz)?)"? o

[ cot(aa/2) > e dz
= ( € ) /:s (1+ (COt(C;A/2)x)2)5/2 +0(1)

cot(aa/2)
_ cot(aa/2) A dx L o).
£ —cot(@a/2) (1 + 22)°/?

1+ |u/|?dz

(5.3.23)

Plugging a4 = 7/2, we have

cot(m/4)
/ Kk2ds = M _ dz +0(1)
B(A,10¢) € —cot(m/4) (1 + x2)5/2

1
_ é [1 o iﬁ)w +0(1) (5.3.24)

52
6

§+0(1).
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Similarly, we have

cot(ap/2)
f /QQdS: M b ;dﬂf‘i‘O(l)
B(B,10¢) 15 —cot(ap/2) (1 + 1‘2)5/2

cot(7/6)
_ cot(m/6) — T o)
e ~cot(x/6) (1 + 22)°/ (5.3.25)

V3
:ﬁ[ d—x+0(1)
e J-VB (1+22)°?

and

t(ac/2)
f /des:M conae ;dx+0(1)
B(C,10¢) € ~cot(ac/2) (1 + $2)5/2

cot(7r/12) cot(m/12) dz
- cot(mw/12) (1 + 2)5/2
2 V3+2
+ \/_ dx +0(1)
VB2 (14 42)°
41\/5 + 25\/" 1
24

Combining (5.3.21), (5.3.22), (5.3.24), (5.3.25) and (5.3.26), we may make the

conclusion that when ¢ > 0 is very small,

1
f<I>E|D§<I>E|2ds——/@Eds/|Dg<I>€|2ds
De

+0(1)
(5.3.26)

+0(1).

1

E( 6
11 5/2 29 1 41f+25\/"
_g(_g.

~2 (0.

VI, - TVETOVE L)+ 0(1)
6 34 3 24

(5.3.27)

The proof is done by choosing ®(0) = ¢, ( ) for a small € > 0.

5.3.3 The proof of the second part of Theorem

Similar to Section 3, we prove the theorem by giving a contradiction to the follow-

ing hypothesis:
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Hypothesis 5.3.4. For all closed paths I'; in the space of plane curves driven by
a vector field V; = V%,

1 o N _
fo fF (1+ |H,P) Hy - Vi dH'dt = 0. (5.3.28)
t

Observe that the first term on the left-hand side of Hypothesis (5.3.28) is O by
using the first variation formula of perimeters. By using we can rewrite

the second term of the left-hand side as (where C is a computable constant)
! 2 E T 1 L1 p2m 242 :
fo fF \EL2H, -V, dH dt = 0/0 = fo 020, (0) 202D, (0) - b, (0)d0dt.  (5.3.29)
t t

Introducing o, = b, /l:, we have

O L OR O e IO S XOR O
B INCORIORAON
(5.3.30)
Lemma 5.3.5. If Hypothesis holds true for all closed paths in the space of
plane curves, then given any smooth curve I’ € Co, and its unit speed parametrization
d:S' - T c R?, we have
[0 D20 D2bd0 - 0. (5.3.31)

Proof. Integrating both sides of (5.3.30) with respect to time ¢ € [0, 1] we obtain by
Hypothesis [5.3.4]

11 pr2m . - L 1 21 . -
[ o [ ose)Posee)-duoro -0 () [ 103000 550,(0) - di(0)doit <.
(5.3.32)
Fixing ®;, and replacing ®; in by I,®, for an arbitrary smooth 1-periodic
function [; > 0, we observe by integration by parts in ¢ in that ®; should
satisfy

2 9% 12,95 - 27 2% 12,493 2
atfo 102, 89<I>t-<1>t(0)d9+f0 102®,[202®, - B,(6)d6 = 0. (5.3.33)
Replacing @, above by @, + i for some i € R?, we see that ®, should satisfy

27 ~ ~
b) fo 199 B 2028,d0 = 0. (5.3.34)
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Similar to Section 3, path-connectivity of C; and the computation about circles

imply (5.3.31).

Now let us construct a counterexample to (5.3.31).

Lemma 5.3.6. There exists a smooth constant speed embedding ® : S' - T' c R?
such that

2920
fo ID2D* D206 + 0. (5.3.35)

Proof. We would like to construct a curve of the shape in Figure

01

Figure 5.2: The curve is close to the right triangle AABC, with O(1) mollification
at A=(0,1), and O(¢) mollification at B = (-1,0) and C = (1,0) for some ¢ > 0 small.

Similar to the proof of lemma (5.3.3), we mollify the conic points A, B and C
by locally replacing the curve by the function graph of the solution to equation
(5.3.17). Near point A, the mollification is at scale O(1), but near B and C the
mollifications are at scale O(¢). Let I'. denote the family of the mollified curves,
4.2022 § p- < 2 +2V/2 be their arc-lengths and ®°(s) : [0,p.] - T'- ¢ R? be a family

of unit speed reparametrization of the mollified curves at scale ¢, we have the
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following asymptotics

f D202 D205 ds = f K3Nds + f K3 Nds +O(1)
B(B,10e)T'. B(C,10¢)nTl'. (5.3.36)

=B+C+0(1).

Because the curve is symmetric with respect to the vertical axis, we observe that
B and C share the same vertical component and B+C has zero horizontal compo-
nent. Moreover, since the mollified curve near C (or B) is locally symmetric with
respect to the middle-angle line passing through C (or B), the vector C has a fixed
direction that is not parallel to the horizontal line, and hence it suffices to show
that

> 0(1). (5.3.37)

‘[ k3Nds
B(C,10e)nT ¢

In fact, after rotation and translation of the curve so that C is at the origin and

the curve is locally of the form (5.3.16), we have

‘f K2Nds| = ELCL@

B(C,10¢)nT'. —e (1+ (u)2)9/2
(cot(ac/2)\’ [eotlecs2)  da (5.3.38)
N( € ) [Cot(ac/2) (1+22)"?
> 0(1).

The proof is done by choosing ®(0) = ®° (p;a) for a small € > 0.

™
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